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Modern additive technologies make it possible to create structures of variable thickness and of any shape. 

Thus, designers face problems of optimal design of a new type, and these are problems of topological optimiza-

tion. Such problems are to determine the optimal form of the structure or the optimal distribution of material 

over the structure. As a rule, the criterion of optimality is the mass of the structure. However, the structure 

must retain its bearing capacity under a certain load. The symmetric two-shear adhesive joint of the main plate 

with two overlays of the same shape on both sides is the object of study in this article. The main goal of this 

study was to determine the optimal form of overlays with variable thicknesses under certain restrictions. The 

main restriction is the strength of the structure. Furthermore, additional restrictions are imposed on the mini-

mum and maximum thickness of the overlay. Therefore, the solution to the problem is presented in the form of 

a set of the following tasks: building a mathematical model of the adhesive joint, building a numerical solution 
to the primal problem using the finite difference method, and building a genetic optimization algorithm. In the 

presented article, to improve the convergence of the genetic algorithm is proposed to use an island model that 

consists of several populations. The main feature of the proposed model of the genetic algorithm lies in the fact 

that on one of the "islands" mutations occur more frequently and with higher dispersion than on the other two 

"islands". On the one hand, this decision ensures a high rate of evolutionary selection, and on the other hand, 

the stability of the results is achieved. Several modeling problems are solved in this article. The main results of 

this research include the following: nonlinear dependence of the overlay length on the applied load was de-

termined; restrictions on the minimum thickness of the overlay, which cause the appearance of a certain “plat-

eau” at the edge of the overlay, the thickness of which is equal to the minimum allowable were defined. 

 

Keywords: constrained optimization; finite difference method; genetic algorithm. 

 

1. Introduction 

 

Adhesive lap joints are an integral part of modern 

composite structures. The widespread application of 

adhesive joints in composite structures is due to high 

manufacturability, tightness, lightweight and high aero-

dynamic efficiency. In addition, adhesive joints do not 

violate the composite structure in consequence adhesive 

joints allow to realize their high strength and mechani-

cal properties in the structures. However, a well-known 

disadvantage of lap joints is the concentration of stress-

es in the adhesive layer at the edges of the gluing zone 

[Ошибка! Закладка не определена., 78]. To reduce 

stress concentration and increase the strength of adhe-

sive joints, the following design solutions are used: in-

creasing the thickness of the adhesive layer at the edges 

of the joint [3], decreasing the thickness of the plates at 

the edge of the joint [4] (the sequence of the placement 

of the layers in the composite package is very important 

[5]), using of two or more types of adhesives [6], using 

of the transversal bonds in the adhesive joint [7], etc [9, 

10]. Moreover, using the symmetrical double-lap adhe-

sive joints makes it possible to eliminate the bending of 

the structure and therefore reduce the tear stresses in the 

adhesive layer [11, 12]. 

As a rule, mathematical models of three-layer rods 

or beams with thin pliable filler are used to describe the 

stress state of adhesive lap joints [1, 2]. The stress-strain 

state of the joint can be described in an analytical form 

in the case, if the elastic and geometric parameters of 

the layers are constant along the length of the joint. 

However, even in the trivial case, when the layer thick-

ness varies linearly, such a problem doesn't have an 

analytical solution. Therefore, to find the stress state of 

adhesive joints with thicknesses variable along the 

length, such numerical methods as the finite difference 

method [7], the Ritz method, and the finite element 

method are used. 

The problem of topological optimization of a struc-

ture is to find the optimal form of the structure [8]. It’s a 

qualitatively more difficult problem compared to the 

problem of classical parametric optimization. The main 

reason for the problem is that the desired value will be 

the function of the distribution material into the struc-

ture, but is not a set of a small number of unknown pa-

rameters. As a rule, the topological optimization of the 

adhesive lap joint is to find the optimal length of the 

adhesive joint, as well as to determine the dependence 

of the change in the thickness of the joined plates on the 

length of the adhesive zone. One of the possible way to 
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solve this problem is the discretization of the desired 

function. In this case, the problem is to find the thick-

ness of structural elements in a system of points [13]. 

The transition from continuous to discrete functions 

makes it possible to optimize the joint with a stepped 

thickness change [14, 15] (this solution is often used in 

joints of layers composites). If the desired function is 

implied to be continuous, in this case, it can be de-

scribed by known values in the system of points using 

splines [16], of the Bezier functions [17, 18]. The search 

for a sufficiently large number of unknowns by gradient 

methods is rather difficult, that's why other methods, for 

example, genetic algorithms are used to solve the opti-

mization problem. This approach implies finding the 

optimal parameters of the problem by solving a se-

quence of primal problems. The primal problem of find-

ing the stress state of a structure at the defined parame-

ters of the problem is usually solved in a two-

dimensional problem setting by the finite element meth-

od [16 - 20]. Optimization can be also carried out for the 

thickness of the adhesive layer at the edge of the adhe-

sive area [21], the size and shape of the squeezed-out 

excess glue at the edge of the joint [22], and the struc-

ture of the composite [23, 24]. 

A common disadvantage of using the finite element 

method for solving topological optimization problems is 

the relatively slow speed of the algorithm. This is due to 

the fact that optimization problems are formulated in a 

two-dimensional setting. In this case, the elements of 

the adhesive joint are considered as a continuum. As a 

result, at each iteration, it is necessary to build a new 

finite element mesh, while the adhesive layer is divided 

into sufficiently small elements. 

The main goal of the research is to solve the prob-

lem of topological optimization of adhesive joints in a 

one-dimensional setting. The use of well-established 

mathematical models of joints [1], [25], which are used 

to describe the stress state of adhesive joints in an ana-

lytical form, makes it possible to reduce the dimension 

of the problem without a significant loss of accuracy 

and thereby increase the speed of calculations. In addi-

tion, the one-dimensional setting of the problem makes 

it possible to use a fairly simple and efficient finite dif-

ference method to calculate the stress state of the adhe-

sive joint. This method is successfully used both for 

solving one-dimensional problems [7, 13] and for solv-

ing two-dimensional problems of joint mechanics [28]. 

In order to enhance the rate of convergence of the 

genetic algorithm, the improved island model of the 

genetic algorithm (Island Model GA) [26, 27] is used in 

this article. Island models can be classified according to 

several features, such as possible migration directions 

[26] and evolutionary selection conditions on islands. 

The model is called homogeneous [27, 28] if conditions 

are the same on all islands. The model is hetero-

geneous [29] if the conditions are different. In the ver-

sion of the evolutionary algorithm proposed in this arti-

cle, mutagenesis occurs more frequently and with higher 

dispersion on one of the three islands than on the other 

two islands. This combination has high variability on 

one “island” and stability on the other two. In addition, 

in combination with the regular migration of the best 

individuals between the “islands”, it ensures a good rate 

of the evolutionary algorithm and the stability of the 

results achieved. 

 

2. Problem Statement 

 

Consider a structure which consists of two plates, 

moreover, these plates are connected to each other by 

symmetrical overlays, Fig. 1, a. This structure is sym-

metrical and does not experience bending under the ten-

sile-compressive loading therefore it is often used in 

mechanical engineering. Since the structure is symmet-

rical, we can consider only its fourth part, Fig. 1, b. The 

transverse displacements of the middle layer of the main 

plate are equal to zero due to the symmetry of the struc-

ture. If we consider the deformation of this structure 

within the framework of the theory of rods, then, due to 

the symmetry of the structure, we can consider only the 

adhesive area and leave aside the deformation of the 

entire structure. 

 

 

(a) 

 

  
(b) 

 

Fig. 1. Scheme of a structure 

 

The structure is loaded with longitudinal forces. 

2F . The thickness of the overlay is variable along the 

length, as shown in Fig. 1, b. We have considered, that 

the thickness of the adhesive layer is constant along the 

length of the adhesive joint and uniform in all sections. 

The length of the adhesive area is L . 

The differential element of the adhesive area and 

the acting force factors are shown in Fig. 2. 



Intelligent information technologies 
 

69 

The equilibrium equations of the external (bearing) 

layers have the following form 

 

1dN

dx
  ;   2dN

dx
  ;  1dQ

dx
  , 

  1 1
1 1 1

dM ds
s x N Q 0

dx dx
    , (1) 

 

where 1N , 2N  – longitudinal forces in the bearing lay-

ers; 1Q  – shear force in the overlay; 1M  – bending 

moment in overlay;   and   - shearing and normal 

stresses in the adhesive layer; 1s  – distance from the 

neutral axis of overlay to adhesive layer, in the case of a 

symmetrical overlay structure    1 1s x 0.5 x  , where 

 1 x  – thickness of the overlay. 

 

 
 

Fig. 2. Differential element of joining 

 

The displacements of the bearing layers are de-

scribed by the following equations 

 

 1
1 1

dU
N B

dx
 , 2

2 2

dU
N B

dx
 , 

2
1

1 12

d W
D M

dx
 , (2) 

 

where 1U  and 2U  – longitudinal displacements of 

bearing layers; 1W  – transversal displacements of over-

lay;  1B x  and 2B  – tensile-compressive stiffness of 

the layers, in a case, if the layers are uniform in thick-

ness, then    1 1 1B x x E  , 2 2 2B E  , where 1E  

and 2E  – the modulus of elasticity of the corresponding 

layer;  1D x  – the bending stiffness of overlay, 

   3
1 1 1D x x E /12  . 

We have considered, that the stresses in the adhe-

sive layer are uniformly distributed over the thickness 

and proportional to the difference in displacements of 

the inner sides of the bearing layers 

 1K w   ,   1
1 2 1

dW
P U U s x

dx

 
    

 
, (3) 

 

where K , P  – tensile-compressive and shear stiffness 

of the adhesive layer, which can be calculated, for ex-

ample, as 1
0 0K E   , 1

0 0P G   , where, in turn  

0  – thickness of the adhesive layer, 0E  and  

0G  – modulus of elasticity and shear modulus of the 

adhesive, respectively. 

The system of equations Eq. (1) - (3) is reduced to 

a system of three differential equations relative to the 

longitudinal displacements of both layers 1U , 2U  and 

the transversal displacements for the overlay 1W  

 

 
2

1 1 1 1 1
1 2 12

B d U dB dU dW1
U U s 0

P P dx dx dxdx
     , (4) 

 
2

2 2 1
1 2 12

B d U dW
U U s 0

P dxdx
    , (5) 

 

4 3
1 1 1 1

4 3

2 2
21 1 1 1
1 12 2

2
1 1 1 1

1 22

2
1 1 1 1 1

1 2

1 2
1 1

D d w dD d w2

P P dxdx dx

d D d w ds dw1
s 2s

P dx dxdx dx

B ds d U dsK
w U

P P dx dxdx

ds dB B d s dU1
s

P dx dx P dxdx

ds dU
U s 0,

dx dx

 

 
    
 
 

   

 
     
 
 

  

 (6) 

 

The boundary conditions have the following form 

 

  2N 0 F ,   2N L 0 ,   1N 0 0 ,  

  1U L 0 ,   1Q 0 0 ,   1M 0 0 , (7) 

  1Q L 0 ,  1

x L

dw
0

dx 

 .  

 

The boundary conditions (7) can be written in dis-

placements as well as system (4) - (6), 

 

2

2x 0

dU F

dx B

 , 2

x L

dU
0

dx 

 ,  1

x 0

dU
0

dx 

 , 

   

   

1
1 1 2 1

x 0

2
1 1 1

1 12
x 0

x 0

dW
s 0 P u u s 0

dx

d W ds dUd
D x B 0 0;

dx dx dxdx
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    1
1 1 2 1

x L

dW
s L P u u s L

dx 

 
    

 
 

   
2

1 1 1
1 12

x L
x L

d W ds dUd
D x B L 0;

dx dx dxdx 


 
   

 
 

 

 1U L 0 ;    
2

1
1 2

x 0

d W
D 0 0

dx


 ,  1

x L

dW
0

dx 

 . 

 

The optimization problem was formulated as fol-

lows – it is necessary to find the length of the adhesive 

joint L  and the dependence of the overlay's thickness 

on the longitudinal coordinate  1 x , which provides 

the extreme value of a certain optimality criterion. Such 

a criterion can be, for example, the mass of the overlay 

or the cost of the adhesive joint. The mass of the over-

lay, up to an arbitrary multiplier, is proportional to the 

cross-sectional area of the overlay. Thus, the optimality 

criterion can have the form 

 

  
L

1

0

M x dx min   . (8) 

 

On the other hand, the cost of the structure can be 

an optimality criterion. The length of the adhesive joint 

can also be used as an optimality criterion. Since a sig-

nificant contribution to the cost of the adhesive joint is 

made by the cost of the adhesive and the technological 

processes 

 

 L min . (9) 

 

The desired values L  and the function  1 x  

must be such that the structural strength restrictions are 

fulfilled, as well as the geometric and technological 

restrictions are fulfilled. 

There are various ways of the adhesive joint fail-

ure, such as rupture of the overlay, destruction of the 

adhesive layer, delamination and pulling away from the 

laminated composite, delamination of the adhesive layer 

from the bonded plate, etc. In this article, only one re-

striction is used.  It's the condition of the strength of the 

adhesive layer. However, this is not principal for the 

running of the genetic optimization algorithm which is 

proposed in the article. The strength of the adhesive 

criterion and the adhesive adhesion to the joining sur-

faces depends on a lot of factors, such as the composi-

tion of the adhesive, the chemical composition and the 

quality of the joining surfaces processing, the tempera-

ture and curing time of the adhesive, etc. The strength 

criterion of the formed adhesive layer is determined as a 

result of physical experiments. Obviously, in this case, 

there should be high adhesion of the adhesive to the 

joined surfaces, so that the destruction of the joint oc-

curs along the adhesive, and not along the interface be-

tween the materials. It was shown in [25] that such a 

criterion is the criterion of maximum normal stresses. 

 

  
     2 2

1 max

x x 4 x
x

2 2

   
     . (10) 

 

where  x 0; L ;  1 x  – the first principal stress; 

max  – the ultimate strength of an adhesive. 

It should also be noted, in this case, due to the 

symmetry of the structure, the normal stresses in the 

adhesive layer are assumed to be several times less than 

the shear stresses. Therefore, the influence of normal 

stresses was ignored in the adhesive joint strength eval-

uation.  The criterion of strength was taken as the crite-

rion of maximum shear stresses: 

 

   maxx   . (11) 

 

where  x 0; L ; max  – the shear ultimate strength of 

an adhesive. 

Criteria (10) and (11) assume that the adhesive has 

high adhesion to the joined surfaces. In addition, there 

isn't occur the tear-off failure of the adhesive from the 

surface along the interface between materials. Other-

wise, it is also necessary to impose restrictions on the 

maximum normal stresses in the adhesive  x .  

Moreover, restrictions on the function from below 

and from above are imposed. In the first case, the thick-

ness of overlay should not be less than some certain 

value 

 

  1 minx   . (12) 

 

where min  – some technologically minimum possible 

overlay thickness, which can be equal, for example, to 

the thickness of one monolayer of the laminated compo-

site. 

On the other hand, in some cases, a restriction is 

imposed on the maximum thickness of the overlay 

 

  1 maxx   . (13) 

 

Such a restriction is dictated, for example, by some 

considerations such as aerodynamic efficiency, quality 

control capabilities, manufacturing technique etc. 

In addition to the above restrictions (10) - (13), re-

strictions on the maximum stresses in the overlay itself 

can also be introduced. This is due to the fact that the 
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destruction of the connection can occur in the form of a 

rupture of the lining. Using such additional restrictions 

does not introduce principal changes in the algorithm 

for solving the problem and, therefore, is not covered in 

this article. 

 

3. Numerical solution  

of the primal problem 

 

The primal problem is to determine the stress state 

of an adhesive joint at a defined length L  and known 

function  1 x . For the numerical solution of a system 

of ordinary differential equations with variable coeffi-

cients Eq. (4)-(6) different methods are applied. The 

direct finite difference method is the simplest and fastest 

in the case of software implementation. This method has 

shown high efficiency in calculating the stress state of 

adhesive joints this method [7, 30]. 

If there is a function  1 x , therefore, the follow-

ing functions  1s x ,  1B x  and  1D x  are also 

known. The adhesive zone  x 0;L  is divided into a 

system of nodal points with numbers from zero to 

femN . The partition interval is femh L / N . Points 

with numbers 0 and femN  are boundary points ( x 0  

and x L  and respectively). The coordinates of a point 

with a number i  is calculated using the formula 

ix h i  . Let us also introduce points to the left and 

right of the region, which lie outside the region 

 x 0;L  and have numbers 1  and femN 1 , respec-

tively. The displacements of the bearing layers at the 

points    1
1 i i

U x u ,    2
2 i i

U x u  and 

   1
1 i i

W x w  are denoted. 

Thus, the solution of the system of differential 

equations Eq. (4)-(6) is reduced to finding displace-

ments 
 1
i

u , 
 2

i
u  and 

 1
i

w . The boundary conditions 

(7) allow us to introduce displacements at external 

nodes outside the adhesive zone as unknowns. Howev-

er, the function  1 x  and related functions  1s x , 

 1B x  and  1D x  are defined only in the adhesive 

zone  x 0;L . That is only the values 
   

fem

1 1

0 N
,..,  , 

   
fem

1 1

0 N
B ,..,B , 

   
fem

1 1

0 N
D ,..,D  are defined. Therefore, 

the extreme points 0x  and 
femNx  derivatives of dis-

placements in Eq. (4)-(6) and in the boundary condi-

tions (7) are written in the difference form according to 

the symmetric finite-difference pattern. 

However, to write the derivatives of the  1s x , 

 1B x  and  1D x  in the difference form at the bound-

ary points, one-sided templates should be used. We 

write in difference form the differential equations 

Eq. (4)-(6) for the points fem0,1,...,N , as well as the 

boundary conditions (7), we obtain a system of linear 

equations for the unknowns 
       

fem

1 1 1 1

1 0 1 N 1
u ,u ,u ,...,u 

, 

   
fem

2 2

1 N 1
u ,...,u 

, and 
       

fem

1 1 1 1

2 1 0 N 2
w ,w ,w ,...,w  

, 

which consist of fem3N 11  equations. Having solved 

the system of linear equations, we find the displace-

ments of the bearing layers at the nodal points. This 

makes it possible to determine stresses in the adhesive 

layer (3) (i.e. a set of stress values and at the nodal 

points), the longitudinal forces in the bearing layers, as 

well as all other force factors in the joining elements. 

 

4. Solution of the optimization problem. 

Island genetic algorithm 
 

As mentioned above, the solution of the problem 

of topological optimization of an adhesive joint in an 

analytical form is associated with significant difficul-

ties. Therefore, to solve this problem, a genetic optimi-

zation algorithm is proposed. The length of the adhesive 

joint L  and the thickness of the overlay at the nodal 

points 
 1
i
  are accepted as the desired variables. It 

means to determine the optimal values, which provide, 

for example, a minimum mass of the overlay (8) when 

the strength restrictions (10) are fulfilled. However, in 

contrast to the problem of finding the optimal distribu-

tion of the material along the beam [13], if the thickness 

values 
 1
i
  at neighboring points differ significantly 

(this may occur due to crossing or mutations during the 

execution of the genetic algorithm), then the stresses in 

the adhesive layer (3), calculated using the finite differ-

ence method will have implausible peaks. This suggests 

that the mathematical model is losing its adequacy. 

Therefore, it is proposed to determine the optimal de-

pendence 
 1
i
  among functions that a priori have 

smoothness. This should be from the intuitive consid-

erations that, most likely, the desired function  1 x  is 

smooth, and hasn't discontinuities, corner points, and 

peaks. In articles, devoted to topological optimization, 

as a rule, Bezier functions or splines are used [16]. In 

this article, a function  1 x  is proposed in the form of 

a Fourier series expansion in cosines on the interval 

 0;1  and further scaling along the horizontal axis to 
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the segment  x 0;L . 

 

 
   

M
1 0

ni
n 1

a
a cos n

2


      , (14) 

 

If we divide the interval  0;1 , as well as the 

interval  x 0;L , into N 1  points i  numbered from 

0 to N , then the thickness of the overlay at the nodal 

points can be calculated as follows: 

 

 
 

M
1 0

n ni
n 1

a
a cos n

2


     , (15) 

 

where M  - the number of terms of the Fourier series 

used. 

The description of the geometric shape of the over-

lay in the form of a Fourier series (15) makes it quite 

easy to calculate the mass of the overlay (8) 

 

 
L

0
1

0

a L
M x dx .

2
    

 

To implement a genetic algorithm, it is necessary 

to create a fitness-function that would make it possible 

to rank various sets of desired parameters L  and 

0 1 Ma ,a ,...,a  by quality (each set in the terminology of 

genetic algorithms is called an individual). 

If the mass of the structure (8) is used as an opti-

mality criterion, and restrictions on the maximum first 

principal stresses in the adhesive layer (10) and the min-

imum overlay thickness (12) are added, then the fitness-

function will have the following form: 

 

 

 

  

  

  
  

  

0

2
1

i 1i
1 maxi

imax

1
maxi

i

2

1min
2 mini1 i

i
i

1
mini

i

0,5 a L

max

Z 1 ,max

0, max

Z 1 , min

min

0, min

  

   
   

      
     

 


  


  
  
     

  
 


  



 (15) 

 

where 1Z , 2Z  – some large numbers that determine the 

size of the penalty for leaving the solution out of the 

allowable area; 
 1
i

  – the first principal stresses in the 

adhesive layer at nodal points, which are calculated ac-

cording to (10); 
 1
i

i
max

 
 

 
 – maximum principal 

stresses; 
  1

i
i

min   – respectively, the minimum value 

of the overlay thickness. 

Thus, if the solution (i.e., the set of values L  and 

0 1 Ma , a ,...,a ) is valid, then the value of the fitness-

function is equal to the cross-sectional area of the over-

lay 00.5 a L . However, if at least in one node the stress-

es in the adhesive layer exceed the allowable values, or 

(and) the thickness of the overlay at least in one node is 

less than the permissible value, then penalty compo-

nents are added to the specified area, the value of which 

is the higher, the higher the violation of the correspond-

ing restriction. 

Genetic algorithms have some disadvantages, the 

most significant of which is the complexity of customi-

zation. It is necessary to strike a balance between varia-

bility and stability. At high variability, convergence is 

violated and even good values of the desired parameters 

found are at risk of being lost as a result of mutations. 

An approximate solution, at low variability is found 

quickly, after that the convergence slows down and the 

population degenerates. In the future, the value of the 

objective function will change little even at the large 

number of iterations. One of the possible ways out of 

this contradiction is to use the island model of the evo-

lutionary algorithm. In this case, the total population is 

divided into several isolated subpopulations (islands). 

On each of the islands, the evolutionary process occurs 

independently and in parallel with other islands. At reg-

ular intervals, the best individuals migrate randomly 

from island to island. In this article, a model with three 

islands is proposed. On the one of them the probability 

and dispersion of mutations is higher than on the other 

two. This combination of two relatively stable islands 

with one island, where the mutation rate is higher, al-

lows you to combine the speed of finding good solu-

tions with the stability and preservation of the best solu-

tions in the general population. 

The flowchart of evolutionary selection on the one 

island is shown in fig. 3. 

1) Creation of the initial population of vectors 

 j
h , where gj 1,..., N , ( gN  – number of individuals 

in a population). Each vector 
 j

h  (individual) which 

contains components 
 j

L  and 
     j j j

M0 1a , a ,...,a . Ac-

cording to the sets of parameters, we calculate the corre-

sponding values   j
j h    using the formula (15). 
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To achieve this, it is necessary to find the thickness of 

the overlay at the nodal points from the values of the 

coefficients 
     j j j

M0 1a , a ,...,a  and 
 j

L , then calculate 

the discretization step    j j 1h L N  and solve the pri-

mal problem of finding displacements in the carrier lay-

ers. By which to calculate the stress in the adhesive lay-

er. 

2) Selection. We rank the vectors that are present 

in the population 
 j

h  according to the corresponding 

values of the fitness-function j  and select from the 

population 2k  (where g2k N ) elements 
 j

h . In this 

case, the probability of getting into the sample depends 

on the number in the ranked list, or on the values of j , 

The sample should include mainly the best individuals  

 j
h  of the population, which have lower values of the 

fitness function. 

 

 
 

Fig. 3. Flowchart of a simple genetic algorithm  

(single population) 

 

3) Division of the parents into pairs. We divide 

2k  the selected individuals into pairs and get k  pairs of 

“parents”. We can divide individuals into pairs accord-

ing to different strategies, according to similarity, or 

vice versa according to differences in vectors 
 j

h . A 

measure of the similarity-difference of individuals 
 j

h  

and  i
h  is, for example, the scalar product of vectors, 

which is related to the product of the norms of both vec-

tors 

 

    
   

j i

i, j
j i

h ,h

cos

h h

 



, 

 

Another criterion of similarity-difference of indi-

viduals 
 j

h  and  i
h  is the root-mean-square deviation 

of functions (14) in the range  0;1  

 

 
 

 
 

2
i, j

j i1 M M
j i0 0

n n
n 1 n 10

a a
a cos n a cos n d .

2 2
 

 

  
         
  
  

 
 

 

However, such a criterion does not take into ac-

count the difference in the length of individuals. For 

each pair  i, j , the values of the selected criterion are 

calculated. After that, k  pairs are selected from this set. 

After that, pairs are selected from this set. In this work, 

the principle of outbreeding is applied, according to 

which pairs are selected randomly. However, the proba-

bility of being selected from a pair is higher, the more 

individuals differ 
 j

h  and 
 i

h . This is a certain guar-

antee against the degeneration of the population. 

It should also be noted that the algorithm proposed 

in the article assumes the occurrence of pairs in which 

one of the “parents” is common. That is, the best indi-

viduals will create descendant of several different part-

ners at the same stage of reproduction. 

In the simplest case, individuals are randomly 

paired. 

4) Hybridization. For each new individual, pa-

rameters 
 

L


 and 
     

M0 1a , a ,...,a
  

 are randomly selected 

from both parent individuals. The result of this opera-

tion is a population k  of new individuals, that is, “de-

scendants”. 

5) Mutations. In the version of the algorithm pre-

sented by the authors, mutations occur only in some of 

the "descendants" and only with a small fraction of the 

vector components 
 j

h . In this case, a mutation is a 

change in the values of the vector components by a 

slight deviation. The magnitude of random deviation is 

described, for example, by a Gaussian distribution with 

1. Creation of the starting population 

2. Selection 

3. Dividing the individuals into pairs 

4. Hybridization 

5. Mutations 

6. Return of new individuals to 

the population 

7. Extinction 

8. Checking the 

Stop Criterion 

YES 

NO 

Start 

End 
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zero mathematical expectation. In this case, the distribu-

tion dispersion depends on the absolute value of the 

coefficient na . In this way, the Fourier coefficients that 

are large in absolute value mutate with a larger disper-

sion, and the smaller ones mutate with a smaller one. If 

the coefficient na  is zero, then the standard deviation 

for mutations has a certain non-zero value 0 . 

6) Return of new individuals to the population. 

New individuals are returned to the main population, 

which increases from gN  to gN k  individuals after 

changes are made to the gene code. 

7) Extinction. After the return of new individuals 

to the population, all individuals are again ranked ac-

cording to the values of the fitness function j  and k  

individuals are removed from the population. There are 

also several ways to remove excess individuals. In the 

simplest case, individuals k  with the worst values of 

the fitness function are removed. In a more complex 

case, individuals are selected randomly. Moreover, the 

worst values of the fitness-function increase the proba-

bility of removing an individual from the population. 

Both approaches are used in the program proposed by 

the authors. The selection of approach is random for 

each reproducing -extinction cycle. 

8) Checking the Stop Criterion. If the Stop Crite-

rion (for example, the number of reproducing cycles is 

equal K ) is not reached, then return to step 2. 

But since several populations are considered in the 

island model of the evolutionary algorithm, the above 

algorithm is applied to each of them separately. Thus, in 

each of the subpopulations (islands), evolutionary selec-

tion occurs in parallel with the others. 

The flowchart of the island model of the evolu-

tionary algorithm is shown below in Fig. 4. 

Three islands are considered in the proposed ver-

sion of the island model of the genetic algorithm. On 

one of the islands, mutations occur with a higher proba-

bility and higher dispersion than on the other two. After 

K cycles of generation change, two islands are random-

ly selected and the best individuals (migrants) are ex-

changed. This provides an influx of new genetic infor-

mation into the population. The number of migrants 

must be significantly less than the total number of indi-

viduals on a given island. The Stop Criterion can be, for 

example, the execution of a given number of migrations. 

After stopping the algorithm, it is necessary to se-

lect the optimal solution from the entire population of 

individuals. Since the parameters of one, even the best 

individual, are the result of random mutations and hy-

bridizations, they can differ slightly from each other 

with different implementations of the algorithm. The 

average value of the parameters in the population is 

more resistant to random deviations. Therefore, as a 

solution to the optimization problem, it is proposed to 

take the sample average of the parameters of the best 

individuals of all (or one of the three) populations. To 

calculate the sample, mean, you can use, for example, 

half of the individuals in the population. This approach 

allows leveling random deviations of parameter values 

from their optimal values resulting from mutations. 

 

 
 

Fig. 4. The flowchart of the island model of the evolu-

tionary algorithm 

 

5. Numerical implementation and results 

 

Consider the results of solving the algorithm for 

topological optimization of an adhesive joint proposed 

in this article using a specific example. Consider an ad-

hesive joint, with the following parameters: 

1E 100  GPa, 2E 70  GPa, 2 3   mm, 

0 0.1   mm, 0E 2.274  GPa, 0G 0.54  GPa, 

max 30   MPa, min 0.1   mm. The adhesive joint is 

loaded with longitudinal force: а) 1F 150  kN/m;  

b) 2F 300  kN/m.  

The initial population is formed as follows: the 

length of adhesion joint is randomly assigned by the 

Gaussian distribution with the mathematical expectation 

Lm 20  mm and the root-mean-square deviation 

L 4   mm. The Fourier coefficients are calculated 

based on the assumed linear dependence of the overlay 

thickness, which starts from some random variable 

1. Creation of starting populations 

2. Running cycles of evolutionary selec-

tion on all “islands” 

4. Checking the 

Stop Criterion 

YES 

NO 

3. Migration of a group of the best indi-

viduals from island to island 

5. Processing the Results 

Start 

End 
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 1 0  with the mathematical expectation m 1   mm 

and dispersion 0.1   mm at x 0  and 

 1 L 3   mm. The number of terms of the Fourier 

series is assigned M 30 . Calculation of the stress state 

of the adhesive joint is performed by dividing the area 

into femN 100  nodal points. The number of individu-

als in the population of each island is gN 120 . Of 

these, 2k 40  individuals are selected for hybridiza-

tion at each iteration. 

On two islands, the probability of a length muta-

tion is set equal to 0.2. The length of the adhesion re-

gion during mutation changes by a random value, which 

has a Gaussian distribution with zero mathematical ex-

pectation and the root-mean-square deviation of 

0.2 mm. Fourier coefficients mutate with a probability 

also equal to 0.2. During mutations, they change by a 

random value, this value has a Gaussian distribution 

with the root-mean-square deviation 8
a 2 10    and if 

the corresponding Fourier coefficient is equal zero, and 

the coefficient of variation vc 0,02 . On one of the 

three islands, these parameters will be doubled. This 

will ensure greater diversity among the subpopulation of 

a particular island. 

The number of cycles of hybridization and repro-

duction in the interval between migrations will be set 

equal to K 200 . That is for every K 200  we ran-

domly select two islands, and these islands exchange 

m 10  the best individuals (migration). There are 

mN 20  such cycles of migrations. Consequently, the 

total number of reproduction cycles is 4000. When pro-

cessing the results, to smooth out random deviations, an 

island with the smallest truncated mean value of the 

objective function was selected. Then, the average val-

ues of the parameters of the best half of the individuals 

of this population were calculated. 

 

5.1. The first calculation case 

 

As a result, in the first calculation case 

( 1F 150  kN/m) the optimal value of the joint length 

1L 12.09  mm was obtained. The diagram of the 

change in the thickness of the overlay along the length 

of the adhesive joint is shown in Fig. 5. The straight line 

on the diagram is the thickness of the main plate and 

this line is shown for scale.  

The diagrams of the corresponding stresses in the 

adhesive layer are shown in Fig. 6. 

As we can see, the ratio of the first principal 

stresses to the maximum allowable normal stresses at 

the right edge of the joint is equal to one. A curious fea-

ture of the obtained optimal shape of the overlay is the 

presence of a section of constant thickness on the left 

edge 1 min   .  

As a result of solving the topological optimization 

problem, we see that it makes sense to have a small sec-

tion of constant thickness at the thin end of the overlay. 

In contrast to the known design solutions, where the 

thickness of the lining increases monotonously. In addi-

tion, the shape of the overlay at the right edge also has 

its own characteristics that require analysis. The pres-

ence of an inflection point for the function  1 x  in the 

vicinity of the right edge is most likely dictated by the 

fact that when solving the optimization problem, the 

strength criterion for the maximum principal stresses 

(10) was chosen, the diagram of which  1 x , Fig. 6 

has a kink in this region. 

 

 
 

Fig. 5. The thickness of overlay and main plate 

 

 
 

Fig. 6. Stresses in the adhesive layer 

 

To estimate the rate of convergence of the algo-

rithm, consider the sample mean values of some popula-

tion parameters on each of the islands at the stages be-

fore migrations. The parameters were averaged over 

80% of individuals from each of the populations.  

Diagrams of changes in the sample means of the 

objective function as a result of optimization are shown 

in Fig. 7. 
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Different marker diameters correspond to different 

islands. The island with the highest mutation rate corre-

sponds to the smallest marker. The average values of the 

objective function of the starting populations are not 

shown on the graph, since they differ many times from 

subsequent values. 

The change in the average values of the adhesive 

joint length during the optimization process is shown in 

Fig. 8. 

 

 
 

Fig. 7. Average objective function values 

 

The values of the objective function and the length 

of the starting population are not shown in Fig. 7 and 

Fig. 8. The diagrams start with N 200  cycles of the 

algorithm. This is due to the fact that the optimization at 

the initial stage is quite quickly, and then the rate of the 

parameters change decreases. That is, at the initial stage, 

the average value of the adhesive joint length in each of 

the populations was 20 mm, but in 200 reproduction-

hybridization cycles, it is already less than 13 mm. 

However, after 4000 cycles of the algorithm is 

1L 12,09  mm. 

 

 
Fig. 8. Average objective function values 

The change in the first three coefficients of the 

Fourier series during the optimization algorithm is 

shown in Fig. 9 “a” – “c”. 

 

 
 

 
 

 
Fig. 9. The Fourier coefficients: 

0a  – «a», 1a  – «b», 2a  – «c» 

 

5.2. The second calculation case 

 

As a result, in the second calculation case 

( 1F 300  kN/m), the optimal value of the joint length 

2L 92,48  mm was obtained. Thus, doubling the load 

in comparison with the first calculation case leads to the 

(a) 

(b) 

(c) 
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fact that the length of the overlay increases by almost 8 

times. 

The diagram of the change in the thickness of the 

overlay along the length of the adhesive joint is shown 

in Fig. 10. The straight line on the diagram is the thick-

ness of the main plate. 

 

 
 

Fig. 10. The thickness of overlay and main plate 

 

The diagrams of the corresponding stresses in the 

adhesive layer are shown in Fig. 11. 

 

 
 

Fig. 11. Stresses in the adhesive layer 

 

In this case, at increasing the load, it can be seen, 

that at both ends of the joint, the first principal stresses 

are equal to the maximum allowable. 

 

6. Conclusion 

 

A mathematical model of a double-lap adhesive 

joint with a variable thickness of overlay along the 

length is proposed in the article. Moreover, an improved 

genetic algorithm for optimization of the length joint 

and the cross-sectional shape of the overlay is repre-

sented. The proposed genetic algorithm refers to island 

models of genetic algorithms. These algorithms imple-

ment the idea of parallel evolutionary processes with the 

migration of the best individuals.  

The stress state of the joint is described using the 

classical Goland-Reissner model [1]. The objective 

function of the optimization problem is the cross-

sectional area of the overlay (i.e., in fact, it's the mass of 

the joint), and the desired parameters are the length of 

the joint and the Fourier series coefficients that describe 

the cross-sectional shape of the overlay. There are re-

strictions on the desired parameters in the form of the 

strength conditions of the adhesive layer and the mini-

mum allowable thickness of the overlay. The solution to 

the primal problem is to determine the stress state of the 

adhesive joint for certain parameters and checking the 

strength condition of the adhesive layer is carried out 

using the finite difference method. The proposed ap-

proach is based on the classical one-dimensional models 

of the stress state of the structure and the genetic opti-

mization algorithm and it showed high efficiency and 

speed. The use of classical one-dimensional models of 

the stress state of the joint made it possible to combine a 

fairly accurate description of the stress state of the struc-

ture with the speed of numerical calculation. The latter 

is the most important for solving optimization problems 

using genetic algorithms. 

The proposed algorithm is highly flexible and can 

be generalized to other optimality criteria, strength crite-

ria, and constraints. 

As a result of solving a number of problems and 

analyzing the results, it was found that: 

1. The dependence of the length and shape of the 

overlay on the transmitted load is non-linear. 

2. There is a restriction in the optimization prob-

lem on the minimum allowable thickness of the overlay 

leads to the fact that the found optimal shape contains a 

horizontal area of the minimum allowable thickness at 

the unloaded edge of the overlay. This design solution, 

as far as the authors of the work know have not been 

previously proposed by anyone. 

3. It is impossible to achieve a uniform distribu-

tion of stresses in the joint under the given conditions of 

the problem. The key limitation seems to be the constant 

thickness of the main plate along the length of the joint. 

Therefore, the load capacity of the adhesive joint is lim-

ited. The task of designing the joint has no solutions 

when the load F  exceeds a certain value, which de-

pends on the ultimate tensile strength of the adhesive, 

the elastic moduli of the joint components, etc.  

4. The number of iterations as well as the calcula-

tion time was reduced due to the fact that the proposed 

island model of the evolutionary algorithm was used in 

the article. Calculations have shown that in order to 

achieve similar results, which are achieved in this case 

in 4000 iterations while the classical model of the genet-

ic algorithm requires about 20000 iterations. A model 
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with 300 individuals was used for calculations and 100 

individuals at each iteration were selected for hybridiza-

tion. All other parameters of a task remained un-

changed. 

 

7. Future research directions 
 

The proposed approach can be developed and gen-

eralized in the following directions: 

1. The use of finite-difference templates of in-

creased accuracy in solving the primal problem, this 

will make it possible to carry out calculations with high 

accuracy with a smaller number of nodal points, which 

in turn will increase the speed of calculations. 

2. The number of restrictions in the problem can 

be increased. In addition to restrictions on the overlay 

thickness and the strength of the adhesive layer, some 

restrictions, such as amount of deflection, the strength 

of the overlay can be added to the optimization problem. 

3. Topological optimization of joints, in which 

pliable adhesive is used at the edges of the adhesive 

area, and more rigid adhesive is used in the depth of the 

adhesive area [31, 32]. 

4. The proposed island genetic optimization algo-

rithm can be applied for solving problems of topological 

optimization of joints of coaxial cylindrical pipes [33], 

joints with circular symmetry [12, 34] and for solving 

problems of optimization of joints in a two-dimensional 

formulation [30, 35, 36]. 

5. The proposed method can be applied to solve 

the problems of optimizing structures with honeycomb 

core [37]. 

6. The island model of the genetic algorithm can 

be further developed and complicated. For example, 

different objective functions on each of the islands [38], 

as well as combinations of genetic algorithms with other 

modern optimization methods [8, 39, 40] can be used. 

7. Optimization of joints can be carried out taking 

into account thermal and technological stresses in the 

structure [41, 42]. 
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ТОПОЛОГІЧНА ОПТИМІЗАЦІЯ СИМЕТРИЧНОГО АДГЕЗІЙНОГО З’ЄДНАННЯ.  

ОСТРІВНА МОДЕЛЬ ГЕНЕТИЧНОГО АЛГОРИТМУ 

С. С. Курєннов, К. П. Барахов, О. О. Вамболь 

Сучасні адитивні технології дозволяють створювати конструкції змінної товщини і практично будь-

якої форми. Це ставить перед конструкторами задачі оптимального проектування нового типу – задачі топо-

логічної оптимізації, які полягають у знаходженні оптимальної форми конструкції або оптимального розпо-

ділу матеріалу по конструкції. Критерієм оптимальності є, як правило, маса конструкції. При цьому конст-

рукція повинна зберігати несну здатність під дією прикладених до неї навантажень. Предметом вивчення у 

цій статті є симетричне двозрізне клейове з'єднання основної пластини з двома накладками однакової фор-

ми, з обох її сторін. Метою цієї статті є знаходження оптимальної форми прикладених накладок, які можуть 

мати змінну товщину за наявності ряду обмежень. Основним обмеженням є міцність конструкції. Крім того, 

на мінімальну та максимальну товщину накладки можуть бути накладено додаткові обмеження. Отже, 

розв’язок поставленої задачі може бути подано у вигляді сукупності наступних завдань: побудова матема-

тичної моделі розглянутого з'єднання, побудова чисельного розв’язку прямої задачі за допомогою методу 

скінченних різниць, побудова генетичного алгоритму оптимізації. Для поліпшення збіжності генетичного 

алгоритму в представленій роботі запропоновано використовувати острівну модель, що складається з декі-

лькох популяцій. Відмінність запропонованої моделі генетичного алгоритму у тому, що на одному з «остро-

вів» мутації відбуваються частіше і з більшою дисперсією, ніж на двох інших «островах». Таке рішення за-

безпечує як швидкість еволюційного відбору, так і стабільність досягнутих результатів. У роботі розв’язано 

кілька модельних задач. До основних результатів роботи можна віднести наступне: виявлено нелінійну 

залежність довжини накладки від прикладеного навантаження; наявність обмеження на мінімальну товщину 

накладки зумовлює появу деякого «майданчика» на краю накладки, товщина якої дорівнює мінімально до-

пустимій. 

Ключові слова: умовна оптимізація; метод скінченних різниць; генетичний алгоритм. 
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