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УДК 517.956.225 

THE THIRD BOUNDARY-VALUE PROBLEM OF POTENTIAL THEORY FOR A 

HALF-SPACE WITH AN INFINITE CYLINDRICAL CAVITY 

N.А. Ukrayinets, senior lecturer, dep. 405 

National Aerospace University named after N.E. Zhukovsky «KhAI» 

 

The Dirichlet problem, the Neimann problem and the mixed problem for the 

Laplace equation in a half-space with infinite circle cylindrical cavity have been 

considered in the papers [1, 2]. The generalized Fourier method [3] had used to find the 

solution of these problems. In this paper, the third main boundary-value problem of 

potential theory for this space domain is considered. 

Denote by   a half-space with an infinite circular cylindrical cavity. Suppose 

this cavity is parallel to the boundary of the half-space. We introduce two coordinate 

systems with the same origins: an rectangular Cartesian coordinate system  x,y,z  and 

a cylindrical coordinate system  , , z  . The z -axis coincides with the cylinder axis. 

The y -axis is perpendicular to the boundary of the half-space. Denote by a  the radius 

of the cylinder, and h  the distance between the origin O  and the boundary of the half-

space, with a h . So, 1S  is the boundary of the half-space  y h , 2S  is the surface 

of the cylinder  a   and the domain   is defined by the system of inequalities 

 y h, a  . 

Consider the third boundary-value problem of the potential theory in the domain 

 : 

,u 0   

 ,

1 1

1 1 01

S S

u u
u u u x z

n y

   
        

    
, 

 ,

2 2

2 2 02

S S

u u
u u u z

n

   
         

    
, 

where  ,01u x z ,  ,02u z  are the known functions. 

Use the generalized Fourier method to study this problem. We introduce a system 

of basis solutions of the Laplace equation for each boundary surface of the domain   

[1]. The functions 
 

( , , ; , ) i z y i xu x y z e
         represent the Cartesian basic 

solutions for the half-space and the functions 

   , , ; ( )
m i z im

m ms z sign e K           , , ; ( )i z im
m mr z e I        represent 

solutions for the cylinder. Here, 2 2    ,  , ,    , ( )mI x  and ( )mK x  are 
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the modified Bessel functions of the first and second kind of order m , respectively, 

, , ,...m 0 1 2   .  

Moreover, the external (internal) cylindrical basic solutions  , , ;ms z    

  , , ;mr z    are regular in  a     a  , and external (internal) Cartesian basic 

solutions  
( , , ; , )u x y z


     ( , , ; , )u x y z


   are regular in  y h    y h . The 

addition theorems for cylindrical and Cartesian basic solutions are given in the paper 

[1]. 

The general solution of the boundary-value problem can be represented as a 

superposition of the external basis solutions of the Lame equation for the cylinder 

 , , ;ms z    and the internal basis solutions for the half-space 
 

( , , ; , )u x y z


   

     
( , , ; ) , ( , , ; , )m m

m

u B S z d H u x y z d d

  


 

                , 

where  mB   and  ,H    are unknown integral densities. 

The addition theorems of the basis solutions of the Laplace equation for the 

cylinder and the half-space allow to satisfy the boundary conditions and to reduce the 

problem to the infinite system of linear algebraic equations, which is solved by the 

reduction method. It is proved that the operator of the system is quite continuous in 

space 2l  and the right parts of the system belong to the space 2l  under the condition 

a h . The existence of a solution to a boundary value problem is also substantiated. 

The results of numerical calculations were obtained for some continuous functions 

 ,01u x z  and  ,02u z . 
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