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INTRODUCTION

When turbine engine operates, the air flow becomes non-uniform in
circumferential direction. The reason of this non-uniformity is flow disturbance
by stationary vanes and struts and turbine inlet temperature non-uniformity due
to finite number of fuel nozzles and burning zones in combustion chamber.
Therefore parameters of flow that streamlines rotor blades are periodical, thus
causing periodical gas forces acting the blades.

This variation of gas forces generates blade bending oscillations. If
frequency of acting force coincides with the blade natural frequency
(eigenfrequency), then resonance condition will take place; the oscillation
amplitude will increase that can break down the blade.

To avoid dangerous resonant conditions it is necessary to change the
blade natural frequency or to change the frequency of acting forces. Danger of
resonance may be decreased by decreasing amplitude of oscillations due to
lowering of acting forces or using special damping elements in the blade
construction.

Now there is no reliable method to determine the bending resonant
stresses. Usually the mode shapes, natural frequencies and oscillation stresses
are determined experimentally during engine development.

However, there is advisable to estimate oscillation performances of rotor
blades by calculations, thus avoiding crude errors. This preliminary analysis
usually includes:

— natural frequencies determination for some number of blade mode
shapes,

— dangerous harmonics estimation that initiate oscillation forces;

— resonant modes (rotational speeds of the engine rotor) determination.

Resonant modes are determined using the frequency diagrams.

Besides, forces are estimated that decrease (dump) oscillations.

There are differed bending, torsional, complex (bending and torsional) and
high-frequency platelet oscillations.

The bending oscillations on first shape mode are the most dangerous.
Then bending oscillations on second and third mode shapes, torsion
oscillations on first and second mode shapes follow.

The tasks of this tutorial are to determine the blade natural frequency of
first bending mode, to plot the frequency diagram and to find the engine
resonant operational modes.



1 DESIGN PROCEDURE

The natural bending oscillation frequency of first shape mode is
determined using the Raleigh’s energy method. This method is based on the
law of energy conservation in free oscillated elastic system. In compliance with
this law, the total kinetic and potential energy stays constant during free
oscillation of the elastic system in case the friction (damping) forces are
negligible.

Scheme of blade that oscillates on first bending mode is shown in
Figure 1.1.

neufral position

exfreme bended
DOSIHo

Figure 1.1 — Scheme of first shape mode bending
The energy balance at blade oscillations is

E,=E, +A, (1.1)

where E, — kinetic energy of blade in neutral position;
E, — potential energy of blade deformation by internal elastic forces in

extreme bended position;
A. — work of centrifugal forces on blade deformation to extreme bended
position.
Equation (1.1) is used to derive the formula that determines the blade
natural oscillation frequency.
Equations for kinetic and potential energy and for a work of centrifugal
forces are considered in the lecture course on blade oscillations [1]. They are
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as follows:

L.,2 2 L
E =j"m;“dm=4” 2¢2[Fydx; (1.2)

“ 0 2 2 0

L 2 L 2
Ep=jM—dx=1jEJ 4Y lax; (1.3)

o 2EJ 24 dx

L pa)ZL X dy 2

= |edP. = — | dx |[F(R, + x )dx, 1.4
A, = feap, = 22| (L] ax [P (R, +x) L.

where x — radial coordinate of the appropriate blade section, m;

dx — length of blade elementary piece;

dm — mass of blade elementary piece;

Vmax — blade velocity in neutral position, m/s;

p — blade density, kg/m?;

f — blade oscillation frequency, Hz;

F = F(x) — area of blade cross-section, m;

y = y(X) — bending flexure (transversal deformation) of blade cross-
section neutral line, m;

M = M(x) — bending moment in current cross-section, Nm;

E = E(xX) — modulus of elasticity, Pa;

J = J(x) — cross-sectional moment of inertia, m*;

e — maximum deformation of current cross-section aside centrifugal
force, m;

dP. — centrifugal force of the blade elementary piece, N;

w — rotor rotational speed, rad/s;

R, — radius of blade root cross-section, m;

L — blade length, m.

1.1 Natural oscillations of non-rotated blade

Let's consider the non-rotated blade. Centrifugal forces and work of
centrifugal forces A. are zero.

Thus, if the blade is located in midposition the kinetic energy will be
maximum and potential energy will be zero. If it is located in extreme position
kinetic energy will be zero and potential one will be maximum. Therefore
maximum potential energy is equal to maximum kinetic energy.

The main point of this method is to calculate the maximum value of the
blade potential energy when it is located in the extreme position, and to
calculate the maximum kinetic energy when it is located in a midposition.
Comparing these energies the formula to calculate the frequency is obtained.

For blade without a shroud
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where p, — angular natural oscillation frequency, rad/s;

Ve — volume of shroud, m?;

Yo = f(x) — blade bending flexure (maximum sag) at the appropriate
blade section;

dx?

Yosh = Yo(Xsh) — bending flexure of shroud;
Xosn — radial coordinate of shroud.

2
(d yj = f(x) — value that corresponds to blade extreme position;
0

To calculate the frequency using formulas (1.5) and (1.6) it is necessary to
know the area of the blade’s transversal cross-section F(x), the moment of
inertia J(x), the modulus of elasticity E(x) and the shape of the deflection curve
Yo(X) that describes the blade bending oscillation.

Let's consider that the area F and the moment of inertia J are varied
according to the formulas

F=F —ax™, J=Jr—bxs, (1.7)
where F,, J, — area and moment of inertia of the blade root section.

The values J and J, are calculated taking as reference the principal axis of
minimum rigidity. It is assumed that this axis is parallel to the profile chord and
passes through the gravity center of section.

Coefficients a, b, m and s are determined by values of F and J at the root,
mean and peripheral blade sections, which are labeled with sub-indexes “r”,
“m” and “p” respectively:
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Let's consider that the blade deflection curve on the first bending mode
shape is represented as

Yo =Cx1,

where C — constant that can be fixed for any value (let's set C = 1);
g — exponent selected from condition of minimum value of the blade first
bending mode frequency.

After substituting equation (1.7) into formulas (1.5) and (1.6) and doing
transformations, the formulas to calculate the blade’s natural frequency may be
obtained.

For blade without shroud

J J, -J
: qz(q_l)z'(z 37 pSJ
g2 P _ B =° “4+sS- (1.9)
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where f, — blade natural frequency, Hz.
For blade with shroud
J J -J
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Calculation practice gives the range of q values: 1.6...2.5. Therefore to
find actual function of the blade flexure it is necessary to calculate frequencies
for different values of q in this range (usually with step of 0.1), and to draw a
diagram f, =f (q).



According to the Raleigh’s method the lowest frequency in this diagram is
the blade’s natural frequency of the first bending mode shape.

Formulas (1.6) and (1.10) have been obtained for isolated blade with
shroud (no considering a contact between shrouds). Real constructions are
designed using continuous shrouds that are mounted with tighten joints. They
need another method of calculation (this method is not considered in this
tutorial).

1.2 Natural oscillations of rotated blade

The important factor that influences on the blade oscillation is centrifugal
force. This force tries to return the oscillating blade to a position of equilibrium,
thus increasing the blade rigidity. Therefore the natural frequency of rotating
blade (called dynamic frequency) fq4 is increased with increasing rotor rotational
speed.

The dynamic frequency of rotating blade under assumptions mentioned
above is expressed as

f, =f2+Bn2, (1.11)

where ng— rotational speed, rps;

B — coefficient of proportionality depending on the blade geometry and
shape of deflection curve.

Coefficient B is calculated by following equations:
— for blade without shroud

g’|F | Ry Lt -(F -F,) R, L
B - 29 2g9+1 P/l2g+m 2q+m+1)|

= = F_F : (1.12)
(29-1)| ——-—"-"—1|L
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— and for blade with shroud
V.. R 29
29 29+1 20+m 2g+m+1 L L
B = - (1.13)
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Equations (1.12) and (1.13) are used to calculate the coefficient B with
value q =q,., shown in Figure 1.2.
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K,

q
1.6 qmai 2.5
Figure 1.2 — Natural oscillation frequency determination

1.3 Frequency diagram analysis

Then the frequency diagram (Bode diagram) is plot. This diagram
represents natural frequency and frequencies of forcing factors in operational
range of rotor rotational speed.

Line of natural frequency fq = f(ns) is plot using some calculated values of
dynamic frequency that are determined for some set values of rotational speed
by formula (1.11).

To build the frequency diagram (Figure 1.3) it is necessary to set the range of
engine operational modes indicating the idle mode njqe and the maximal mode

nmax.

f;:h Hz feg = KE”:

RN AR S SR R
LRSI SRR R RR LR RN

W n,, rps

i ﬂ'Ir1 ;e ﬂr? n

Figure 1.3 — Frequency diagram

|
&

The idle mode is determined by following suppositions:
— for TJIE njgie=(0.3...0.35) Nppay;
— for TFE nigie = (05065) Nmax;
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— for TPE njge = (0.8...0.9) Npay;
— for TShE njgie = (0.65...0.75) Npax-

Then the lines are plot that represent forcing oscillations; these lines are
traced from the beginning of the coordinates. The frequency of some exciting
force fe is determined as
f

=Kn (1.14)

e S?
where K — the number of stationary elements that produce the exiting force
(that determines tangent of direct line in Figure 1.3).

The most dangerous forcing factors for compressor blades are struts of
front frame that support front bearing (usually K = 4...8) and also guide vanes
placed before the rotor blade, which is an object of analysis; sometimes guide
vanes placed after the rotor blade are considered too.

The main sources of turbine blades forced oscillations are the combustion
chamber (K = zgr, where zgr is the number of flame tubes or the number of fuel
nozzles) and the nozzle vanes (K = zyy, where zyy is the number of nozzle
vanes).

The engine resonant modes are determined by values of rotational speeds
that correspond to points in which the plot of natural frequency is crossed by
straight lines of exciting frequencies (see Figure 1.3). It is desired that resonant
modes will not exist in the range of engine operation.

For turbine blades (and also for blades of last compressor stages) it is
necessary to take into account influence of temperature on modulus of
elasticity. Due to this influence the blade temperature increases with increasing
rotational speed, thus decreasing modulus of elasticity. That results in
decreasing natural oscillation frequency.

Since the value of coefficient B doesn’t depend on mechanical properties
of material the natural frequency of turbine blades taking into account the
temperature is expressed as

fy =\/f”2E_T+ BnZ, (1.15)

0

where f,, — natural frequency of non-rotating blade;
Eo, Er — modulus of elasticity at nominal and working temperature.

To draw the frequency diagram of turbine blades it is enough to perform
the calculations for 3-5 engine operational modes, for example nige, 0.8Npax,
O-gnmax, Nmax-

The procedure to build the frequency diagram and to find the resonance
modes of turbine blades is performed in the same way as for compressor
blades (see Figure 1.3).
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1.4 Blade temperature setting

We may consider that the temperature is constant along the blade length
and depends on the engine operational mode. For non-cooled blades it may be
determined as [2]

N B ) IS (1.16)
bl max m 2300 2300 '

where T,, ..« — blade average temperature at maximum rotational speed;
T, — flow stagnation temperature for mean radius at inlet to the rotor;

c?, w? — absolute and relative flow velocities for mean radius at the inlet
to rotor.

This work has merely educational purpose, so there is no initial information
about the values of gas temperature for different engine operational modes.
Therefore this temperature is estimated using a plot that represents the relative
gas temperature as a function of relative rotational speed. Such plot has been
built using experimental data (Figure 1.4).

TQ
Tg max
0,9
0,7
iE n
n=—-
0,5 Ny ax

02 04 06 08 1,0
Figure 1.4 — Variation of gas temperature with engine operational mode

Figure 1.4 allows to calculate the gas temperature Tg* for different engine

operation modes knowing value of gas stagnation temperature at the maximum
mode T, °C. For example, according to Figure 1.4, gas stagnation

g max:

temperature is equal to Tg*=0.85T

*

g max
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n =0.9Nax.

The blade temperature changes proportionally to the gas temperature at
different engine operational modes. Therefore the blade temperature can be
calculated as
SN

max *
Tg max

T, =T (1.17)

The maximum temperature of non-cooled blade may be estimated as
Toi max < (850...950)°C . Then the blade temperature for different engine modes

is performed by formula (1.17).
Cooled turbine blades are not considered in this tutorial.

As the blade temperature is calculated, it is possible to find the value of the
modulus of elasticity E for that temperature. Then the natural bending
oscillation frequency for the rotating blade is calculated using formula (1.15).

2 EXECUTION ORDER

The initial data for the blade oscillation analysis are:

— blade geometric parameters: length, area and moment of inertia at
three different cross-sections (root, mean and peripheral); coordinate and
volume of shroud;

— properties of the blade material: density and modulus of elasticity;

— operational range of rotational speed;

— gas stagnation temperature at inlet to considered stage, absolute and
relative velocities of the gas flow at inlet to rotor;

— function that represents the blade temperature depending on
rotational speed.

The blade cross-sectional area and moment of inertia can be calculated
with good approximation as

F=0.7bd; J=0.041b8(h?+5?),

where b — chord of blade, m;
& — maximum thickness of blade, m;
h — maximum deflection (sag) of the mean line of profile, m.

Formula (1.7) is used to estimate variation of cross-sectional area and
moment of inertia along blade length.

13



Once that area and moment of inertia at root, mean and peripheral cross-
section are known, it is necessary to find the value of the coefficients “a”, “b”,
“m” and “s” using formulas (1.8).

The blade natural frequency for the first bending mode f, is calculated by
formulas (1.9) or (1.10) setting ten different values for the coefficient g (from
1.6 to 2.5, with step of 0.1).

It is convenient to write all results in Table 2.1.

Let's note that if blade has no shroud the row number 8 in Table 2.1
remains empty.

Then the graphic that shows function f, =f (q) is drawn (see Figure 1.2)

and value q,., Is found that corresponds to the minimum value of the
frequency f

n real *

Table 2.1 — Form for manual calculation of natural frequency f,

Number Calculation results
1 q 1.6 1.7 | e 2.5
2 q°
3 (q-1)°

JI’
4 29-3
. J. -J,
20+s -3
Fr
0 29 +1
. F-F,
20+m+1
8 Vﬂ(x sh )Zq
L L
9 (4)-(5)
10 (6)-(7)+(8)
N ©
(10)
12 (11)*(3)*(2)
E *
12
14 f, = (13)
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The next stage in calculation is to determine the dynamic frequency of
natural oscillations of the rotating blade fq by formula (1.11). Necessary value
of coefficient B is calculated by formula (1.12) or (1.13) and substituted into
(1.11). In these calculations g =q,., (see Figure 1.2).

To draw the frequency diagram it is necessary to set some values of
rotational speed ns (rps) at the range of 0 to nna. IN hand calculations it is enough
to set only three-five values of rotational speed, for example 0.3Nax, 0.6Nmax,
0.8Nmax, 0.9nax and npa. FoOr computer calculations it is necessary to make
calculations in the interval of 0...nmax With increment of 0.1 (0.1Nmax, 0.2Nmax, and

. n . .
So on, until Nmax). We should remember that n, = 80 where n is rotational speed

in rpm.
With the value of coefficient B and setting some values of n, we find the
dynamic frequency f, using formula (1.11).

It is recommendable to write all the calculations results in Table 2.2. These
results are used to build the dynamic frequency as function of rotational speed
fq=f(ns) (see Figure 1.3).

Table 2.2 — Form for manual calculation of compressor blade dynamic
frequency

Operational mode
1 2 3 4 5

Number Value

rps

S

2
S

Bn?
fz

2 2
for+Bng

f, = f7+BnZ

Up to this point, calculation of the dynamic frequency for compressor and
turbine blades completes. The next steps are to draw the frequency diagram, to
find the resonance modes and to make the conclusions (see Figure 1.3).

During calculation of the dynamic frequency of turbine blades, the
influence of temperature on the blade natural (own) frequency must be

15
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considered.

Formula (1.16) is used to calculate the blade temperature T, at the

bl max
maximum rotational speed.

Then Figure 1.4 is drawn using formula (1.16) for some different engine
modes, for example Nige, 0.8Nmax, 0.9Nnax, Nmax-

Once the blade temperature is known it is possible to calculate the
corresponding values of the modulus of elasticity for those engine modes.

Finally, the dynamic frequency for those engine modes is calculated by
formula (1.15). Results of calculation are written in Table 2.3.

Table 2.3 — Form for manual calculation of turbine blade dynamic
frequency

No Value Operational mode
1 2 3 4 5
1 ng, Ips
T *
2 -
Tg max
3 T,. C
4 E:
5 Er
EO
6 f2
7 fn2 E_T
EO
8 Bn?
9 f?="+Bn?
O
10 f, =\/fHZE—T+ Bn?
O

The frequency diagram for turbine blade is drawn using the same method
as used for compressor blades.
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3 COMPUTER CALCULATION
3.1 Software structure

The software DYNBLADE realizing this task consists of interface and

functional program:

1) interface program serves data input and output;

2) functional program for calculation the blade dynamic frequencies at
different rotational speeds.

Interface program is made using Delphi tools, functional program is
realized using Fortran language.

The programs mentioned above communicate through one data file of
digital format. Name of this file is set by User in initial dialog. First part of this
file contains initial data. After first execution of the program second part is
added to this file containing results.

3.2 Identifiers
List of identifiers is represented in Table 3.1.

Table 3.1 — List of identifiers

Designation

Parameter in formulas Identificator

Modulus of elasticity E E
Material’'s density P RO
Shroud volume Vsh VP
Radius of shroud gravity center Rsh RP
Shroud coordinate (distance from root section) Xsh XP
Radius of root section R, RK
Blade length L L
Blade area:

— root section F, FK

— mean section Fm FC

— peripheral section Fpo FP
Minimal moment of inertia of the corresponding
blade section:

— root section J; JK

— mean section Jm JC

— peripheral section Jp JP
Maximal rotational speed Nmax NSM
Accuracy indicator for the calculation of the dynamic € EPS
frequency, accuracy of the iteration process
Parameters of approximation:

— flexure q Q

— area of the transversal cross section m M

— moment of inertia of every section S S
Dynamic frequency on the first bending shape mode fq fl

17



3.3 Initial data input

Initial data are input in dialog mode. List of input parameters and
examples are represented in Appendixes 1, 3: Appendix 1 — for compressor
blade, Appendix 3 — for turbine blade.

The initial data must be input using the following units:

— lengths, m;

— volume, m?;

— moment of inertia, m*;

— density, kg/m?;

— modulus of elasticity, MPa;

— rotational speed, rps (revolutions per second).

3.4 Calculation results

Results are stored in file and displayed. Examples of output data are
represented in Appendixes 2, 4: Appendix 2 is for compressor blade, Appendix
4 is for turbine blade.

The results data sheet contains the following information:

— initial data according to subchapter 4.2;
— results of calculation are mode number, value of rotational speed,
optimal value q,ea, and value of the dynamic frequency.

Besides of this information, the blade’s frequency diagram is also
displayed.
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ANALYSIS OF BLADE BENDING OSCILLATIONS ON FIRST SHAPE MODE

Appendix 1

Name of executor

Jameson J., 232 gr.

Engine component compressor
Material VT-3
BLADE GEOMETRIC PARAMETERS
Blade length, m 0.1183
Root radius, m 0.2013
Shroud coordinate (distance from root section), m 0.0
Shroud volume, m® 0.0
Blade cross-sectional area, m?
root section 8.87 e-5
mean section 6.65 e-5
peripheral section 4.435 e-5
Minimal cross-sectional moment of inertia, m*
root section 1.18 e-10
mean section 5.824 e-11
peripheral section 1.721 e-11
PROPERTIES OF MATERIAL
Density, kg\m® 4530
Modulus of elasticity, MPa 114000
OPERATIONAL RANGE
Maximum rotational speed, rps 174.3
Idle rotational speed, rps 110

PARAMETERS OF FORCING FACTORS

Number of forcing factors: 2
Number of elements for forcing factor 1 6
Number of elements for forcing factor 2 57

20




Appendix 2

RESULTS OF CALCULATIONS

Mode Ns, IPS Jreal fq, HZ
1 0.0 1.858725 259.7
2 17.45 1.858176 262.1
3 34.9 1.856089 269.1
4 52.3 1.852576 280.4
5 69.7 1.847635 295.6
6 87.2 1.842035 313.9
7 104.6 1.835337 334.9
8 122.0 1.827719 358.2
9 139.4 1.819690 383.2

10 156.9 1.811290 409.6
11 174.3 1.802506 437.2

Frequency diagram
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Appendix 3

ANALYSIS OF BLADE BENDING OSCILLATIONS ON FIRST SHAPE MODE

Name of executor Jameson J., 232 gr.
Engine component turbine
Material GS-6K
BLADE GEOMETRIC PARAMETERS
Blade length, m 0.043
Root radius, m 0.214
Shroud coordinate (distance from root section), m 0.043
Shroud volume, m® 3.0e-7
Blade cross-sectional area, m*
root section 7.38 e-5
mean section 6.71 e-5
peripheral section 5.95e-5
Minimal cross-sectional moment of inertia, m*
root section 2.48 e-10
mean section 2.39 e-10
peripheral section 1.93 e-10
PROPERTIES OF MATERIAL
Density, kg\m® | 8400
Modulus of elasticity, MPa (array of 11 values at different operational modes)
N 1 2 3 4 5 6 I 8 9 10 11
E | 200000 | 200000 | 200000 | 200000 | 181000 | 164000 | 164000 | 160000 | 157000 | 149000 | 130100
OPERATIONAL RANGE
Maximum rotational speed, rps 205
Idle rotational speed, rps 110
PARAMETERS OF FORCING FACTORS
Number of forcing factors: 2
Number of elements for forcing factor 1 8
Number of elements for forcing factor 2 43
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RESULTS OF CALCULATIONS

Appendix 4

Mode Ns, IPS Jreal fq, HZ
1 0.0 1.750679 2642
2 20.5 1.750679 2643
3 41.0 1.750679 2645
4 61.5 1.750679 2648
5 82.0 1.750679 2525
6 102.5 1.750418 2411
7 123.0 1.750295 2419
8 143.5 1.75018 2400
9 164.0 1.749801 2389

10 184.5 1.749801 2343
11 205.0 1.748922 2213

3000 f, Hz
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