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Introduction 
 
Nowadays composites have reached such global embedding in all 

branches of national economy that nobody can imagine our current life and fu-
ture without them. Being a very important, developing and wide-spread struc-
tural material at first in military and space area for the last 50-60 years they 
now overcome to civil aviation, auto- and railway-building, chemical, ship-
building and other branches. Taking into account high cost of some composites 
and distinctive features of their manufacturing, maintenance and handling in 
further operation the most efficiency of composites application can be shown in 
their implementation in heavy- and medium-loaded load-carrying elements of 
structural skeletons. 

Both young and mature designer know that to create reliable structure 
with required level of life-cycle quality and satisfying necessary operational con-
ditions they have to conduct such several stages of preliminary analysis as ma-
terial components selection, developing of force diagrams, critical load-cases se-
lection etc. For design and stress analysis of structures made of conventional 
(mainly isotropic) structural materials (metals and alloys, homogenious plastics, 
glasses, ceramics, elastomers) some reference values of physical and mechani-
cal parameters can be found in literature sources. But composite structures 
(mainly anisotropic) having arbitrary reinforcement arrangement engineers need 
special procedures for mentioned properties estimation. Moreover taking into ac-
count such specific composites features as relatively low interlaminar shear 
strength, bearing strength brittle behavior of matrix one has to use special struc-
tural solutions of articles and units in which composites are used.  

The main objective of this book is to help reader to understand approach-
es how to estimate composite article properties if properties of original semi-
finished components are known, what main groups of general structural me-
chanics equations can be used for composite structure strength analysis and 
what exact structural solutions can be implemented in definite load case. 

For deeper analysis of definite question of beams, shells, rods, panels 
and other aircraft structural elements design the list of recommended literature 
is suggested. 



 6

Theme 1. FORMULATION OF THE DESIGN PROBLEM FOR COMPOSITE 
STRUCTURES. DESIGN PRINCIPLES OF ARTICLES AND UNITS 

MADE OF COMPOSITES 
 

1.1. Formulation of the design problem for composite structures 
 
Technical progress, from the one hand, requires working out new struc-

tural materials, from another hand, technical progress is stipulated by working 
out of materials abilities. One way of existing structures perfection is application 
of up-to-date materials which allow realization of new structural solutions and 
manufacturing processes. For the last 40 years technical progress in all 
branches of engineering, national economy is closely related with composites 
application. To improve physical-mechanical properties of composites it is nec-
essary to study properly their mechanical behavior. Successful realization of 
high composites potential abilities depends on designer’s knowledge level 
about these abilities, principles of composites design and analysis methods. 
Moreover the majority of literature sources about composites is oriented on 
pure science but not on applied engineering methods. That is why quite actual 
problem is to work out quite simple, brief and reliable methods of composites 
properties analysis, design approaches and structures manufacturing tech-
niques. Generally mechanics of materials as pure and applied science is quite 
alive one so its branches are under development now. 

The main idea of this course is to attempt to compose design approaches ac-
cording to the rule “from MATERIAL properties to STRUCTURE properties”. 

Combination of various substances is one of the basic way for new mate-
rials creation. The majority of modern structural materials are compositions 
which allow technical products to possess certain operational properties (for 
example, concrete reinforced with metal rods, glass plastic pressure vessels, 
automobile tires etc). In all these cases it means creation of the system of dif-
ferent materials; moreover each of these components fulfill definite role in con-
sidered finished article. Teamwork of different materials gives the effect equiva-
lent to creation a new material, which property both quantitatively and qualita-
tively differ from properties of each its components. 

Any composite material as structural one carries operational loads (me-
chanical, thermal, environmental influence etc). Therefore these factors define 
structural and operational requirements to composite materials. That is why 
knowledge of laws defining material physical, mechanical, thermal, manufactur-
ing and other properties allows to use efficiently existing materials and to create 
new ones. 

Composite materials are artificial heterogeneous systems obtained from 
at least of two components with individual properties. Following distinctive fea-
tures are typical for composite materials: 

– composition and shape of components are previously defined; 
– quantity of each component guarantees required properties of composite; 
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–components possess different (from each other) chemical composition 
and well-defined boundary can be seen between different components; 

– final composite possesses new properties not inherent to separated 
components; 

– final composite is uniform at macro-level and non-uniform at micro-
level. 

In majority of composites its components differ from each other by geomet-
rical feature. Matrix (binder) is continuous through composite volume substance. 
Reinforcing material is discontinuous through composite volume substance. 

To study mechanics of composites engineer should remember main di-
rections of this scientific reciprocal development: structural mechanics, building 
mechanics, fracture mechanics and technological mechanics [1]. Structural 
mechanics studies dependence of composite properties on its components 
properties, composite arrangement and type. Building mechanics (or me-
chanics of solids) studies composites behavior under external loading, stress 
analysis of structural elements. Fracture mechanics studies ultimate states 
and fracture criteria of composites. Technological mechanics deals with 
composites properties dependence on its manufacturing parameters. 

From the course of Aviation material we know about main composites ad-
vantages and drawbacks. Analysis of these properties shows that high efficien-
cy of composites depends on the following factors: 

– high strength bonding between reinforcing materials and matrix through 
composite volume (solidity of composite); 

– application of matrices with possessing values of maximum allowable 
deformations as close as it possible to reinforcing material deformation or more 
then this value (selection of such kind of matrices permits to realize full strength 
properties of reinforcing material); 

– to escape possible negative thermal-elastic phenomena of structural be-
havior and reducing influence of composite drawbacks (low bearing strength, 
shear strength, peeling strength etc) due to using special rational structural and 
manufacturing solutions; 

– maximum possible realization of reinforcing material strength, rigidity 
and special properties. 

Practical realization permits to compose the following main principles of 
composites design: 

1. It is necessary to transfer loads directly by reinforcing materials or by 
geometrically shortest way. 

2. Only thermally-balanced reinforcing schemes have to be selected as 
load-carrying schemes of structural units. 

3. Components of a composite have to be chemically and mechanically 
compatible with each other. 

4. Selected manufacturing process for making composite should ensure 
required level of design properties. 

Demonstration of these principles is shown at the Fig. 1.1. 
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Axial 

 1 – to transfer longitudinal 
loads; 
2 – to transfer lateral loads ; 
3 – to transfer transversal 
loads; 
2, 3 – to prevent lateral and 
transversal peeling and 
interlaminar shear 

Shear, torsion 

  

 
1,2 – to carry shear forces 
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a                                          b 

a – fiber stress-strain diagram; 
b – matrix stress-strain diagram; 
σR – realized stress level in fibers 

Absence of chemical interaction 
between fibers and matrix has to 
be guaranteed 
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4  

Selection of proper manufacturing process type, parameters of this pro-
cess (time, temperature, pressure etc) to achieve required properties 
(quality parameters) of final composite 

Fig. 1.1. Realization of composites design principles 
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1.2. Main concepts of composites articles design 
 

To choose rational structural and manufacture solution for an article 
made of composite we should accept the concept of article mainframe ar-
rangement. 

There are two basic concepts of article mainframe forming in aviation ac-
cording to design principles of composite articles (Fig. 1.2). 

The first concept contains synthesis of frame members. Reinforcing fibers 
in these members are directed in the way due to ensure the best resistance of 
a structure to all regulated types of loads (see Fig. 1.2, a). 

This concept is called synthesizing or integrating one. 
The second concept includes structurally underlined members. Every of 

these elements can withstand definite type of regulated load and almost can’t 
carry other types of loads (see Fig. 1.2, b). This principle is called differential 
design concept. 

Masses of designed structures according to synthesizing and differential 
concepts are significantly different. 

In pure realization the synthesizing concept isn’t used practically. The cause 
of this rear use is the following. Majority of panel and shell structures is thin-walled 
and consists of small quantity of layers. That is why their general or local stability 
but not their strength defines the main load carrying ability of these structures. 

To increase stability of mainframe members of panel and shell type one 
can use so called sandwich structure (Fig. 1.3). This structure has increased 
integral stiffness. It consists of thin load carrying layers and light (usually hon-
eycomb or foam) filler. Layers can take all internal loads and filler ensure com-
bined deformation of layers at their loading. Usually filler are loaded with shear. 

Let consider two panels: smooth two-layered and sandwich. One can see 
that stiffness of sandwich panel is 10…1000 times more than smooth panel. In-
stability of sandwich panel is unlikely. 

It’s difficult to use reinforcement in different directions in thin layers (as 
synthesizing concept needs) because of low manufacturability of this process – 
labor-content of individual layer (monolayers) cutting is high, presents of de-
fects (porosities, folders) in joining zone is guaranteed, therefore mass of such 
structure is too high. That is why synthesizing design principle can be used for 
average loading level through entire article area. So reinforcing scheme of en-
tire article is the same (is defined by the most loaded article zone). As a con-
clusion one can see that synthesizing concept doesn’t permit to decrease struc-
ture mass significantly due to mentioned restrictions. 

Nowadays for synthesizing design concept the following reinforcing scheme 
are widely used ° °°, ± ,n m k0 90⎡ ⎤ϕ⎣ ⎦ . Indexes n, m, k means quantity of monolayers in 

correspondent direction ( )°, ° ±ϕ°0 90 or . Generally direction with °0  means longi-
tudinal axis of a unit. 

Differential concept is widely used in aircraft structures for designing wing 
spars, control surfaces, wings and fuselage. 
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a 

 

 
b 
 

Fig. 1.2. Scheme of composite articles and units design main concepts:  
a– synthesizing (integrating) concept; b– differential concept 

 

 
 

Fig. 1.3.  Rigidity efficiency of sandwich panel 
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1.3. Typical reinforcing schemes of aircraft articles and units 
 
All typical structural elements of aircraft can be divided into four groups: 

rods (pivots), panels, shells and solids. All these structural elements can be 
analyzed with the following analytical schemes. 

Rods are elements which length is approximately more than 10 times 
comparing with width and height (thickness). 

Panels are elements having width and length of the same order but 
thickness is approximately 10 times less comparing with width and length. 
Panels can be flat and curved (with single and double curvature). Moreover 
less radius of curvature should be at least 10 times more than less plane di-
mensions (width or length). 

Shells are closed elements with radius not less than length or open ele-
ments with radius of curvature of the same order with less plane dimension 
(width or length). 

Solids are elements having all three dimensions of the same order. 
Classification of typical structural elements of aircraft and recommended 

for their design reinforcing schemes are shown at the Fig. 1.4. 
All aircraft articles and units are designed on the basis of above-

mentioned structural elements (analysis schemes). Moreover possibilities of 
technological equipment permit to manufacture all articles of an assembly at 
the same manufacturing stage or separately. So complex structures made of 
the single manufacturing cycle are known as integral structures (in this case it 
doesn’t matter that some of articles were previously produced during another 
manufacturing cycle). We should draw attention that this term refers to manu-
facturing method but not to load-carrying scheme of a unit. 

 
 
 
 
 

Checking-up questions 
 

1. Formulate main milestones of the problem of composite articles design. 
2. What are main design principles one has to satisfy at composite struc-

tures developing? 
3. What is the main idea of sandwich structure application? 
4. What does synthesizing (integrating) and differential concepts of de-

sign mean? 
5. What kinds of analytical schemes can be used for analysis of aircrafts 

typical structural elements? 
6. Analyze recommended reinforcing schemes for typical composite arti-

cles of aircrafts. 
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Fig. 1.4.  Classification of typical structural elements 
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Theme 2. METHOD OF DETERMINATION OF ELASTIC CONSTANTS 
OF LAMINATED COMPOSITE 

 
2.1. Elastic properties of laminated composite 

 
Laminated composite (or composite material of laminated structure) is 

composite material consisting of package of consequently laid-up individual 
layers (monolayers), each of them is characterized by individual thickness and 
stacking angle related to adopted coordinate system. It is considered that the 
ideal adhesion exists between layers, as a result they deform together at any 
pack loading, i.e. layers do not slip related to each other. 

To research physical and mechanical properties of laminated composite 
material V.V. Vasiliev’s model is used (Fig. 2.1) [2, 3, 6]. An orthotropic strip is 
the representative element in this theory. This strip has definite stiffness at ten-
sion, compression and shear. Elastic constants of monolayers are defined the-
oretically by above-mentioned formulas or by experimental way. 

 

 
 

Fig. 2.1.  Laminated model of composite material (Vasiliev’s model) 
 
Vasiliev’s model of laminated composite material. Materials consist of 

any orthotropic layers (for examples, unidirectional ones) can be analyzed by 
means of this model. An orthotropic strip, possessing by definite stiffness at 
tension (compression) along the axes 1, 2 and at shear in the layer plane, is 
the main seriated representative element of composite structure. Strips are as-
sumed to be uniform material, there is the ideal adhesion between layers (so 
they are joined together). 

Physical and mechanical characteristics of laminated composite can be 
expressed by means of properties of layers (which in their turn can be deter-
mined by means of previous model or by experimental way), reinforcing angle 
of each layer and layers quantity. Now this model is widely used either for pre-
diction of laminated composites or structure design, strength analysis etc. 

Let consider composite material consisting of any layers with thickness 
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iδ ; orthotropy axes of these layers apply angles iϕ  with axis х of basic (global) 
coordinate system (Fig. 2.2). In general case equations of physical law for ani-
sotropic material have the following form: 

= − +

= − + +

= + +

σ τσ
ε μ η

σσ τ
ε μ η

σσ τ
γ η η

у хух
х yx ху,х

х у xу

у хух
y xy ху,у

х у xу

у хух
xy x,хy y,хy

х у xу

;

;

,

Е Е G

Е Е G

Е Е G

    (2.1) 

where xЕ , y Е , 
xy

G , 
xy

μ , 
yx

μ , 
x,xy

η , η
y,хy , 

xy,x
η , 

xy,y
η  – elastic constants, 

which should be expressed by means of anisotropic layer characteristics; 

x y xy
, ,ε ε γ  - pack strain; x y xy, ,σ σ τ - average stress along the pack thickness. 

Let deform pack of layers up to strains x y xy, ,ε ε γ , then define stresses 

x y xy, ,σ σ τ , which cause these strains. 

 
Fig. 2.2.  Model of laminated composite material 

 
The strains of each individual layer in local coordinate system can be de-

termined by well-known formulas because of compatible deformation of entire 
package: 

2 2
1i x i y i xy i i

2 2
2i x i y i xy i i

12i y x i xy i

cos sin sin cos ;

sin cos sin cos ;

( )sin2 cos2 .

ε = ε ϕ +ε ϕ + γ ϕ ϕ

ε = ε ϕ +ε ϕ − γ ϕ ϕ

γ = ε −ε ϕ + γ ϕ

   (2.2) 

Generalized Hook’s law for each orthotropic layer has the form: 
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1i 2i
1i 21i

1i 2i

2i 1i
2i 12i

2i 1i

12i
12i

12i

;
E E

;
E E

.
G

σ σ
ε = −μ

σ σ
ε = −μ

τ
γ =

     (2.3) 

If we solve these equations related to stress, one can obtain: 

 
1i 1i 1i 21i 2i

2i 2i 2i 12i 1i

12i 12i 12i,

E ( );

E ( );

G

σ = ε +μ ε

σ = ε +μ ε

τ = γ

    (2.4) 

where 

 1i
1i

12i 21i

E
E ;

1
=

−μ μ
        2i

2i
12i 21i

E
E .

1
=

−μ μ
   (2.5) 

Let substitute dependences (2.2) to (2.4) ones to express stresses 
1i 2i 12i, ,σ σ τ  by means of pack strains 

x
ε , 

y
ε , 

xy
γ . Then 

( )

( )
( )

2 2
1i 1i x i y i xy i i

2 2
21i x i y i xy i i

2 2
2i 2i x i y i xy i i

2 2
12i x i y i xy i i

12i 12i y x i xy i

E cos cos sin cos

sin sin sin cos ;

E sin sin sin cos

cos cos sin cos ;

G sin2 cos2 .

⎡σ = ε ϕ +ε ϕ + γ ϕ ϕ +⎣
⎤+μ ε ϕ +ε ϕ − γ ϕ ϕ ⎦

⎡σ = ε ϕ +ε ϕ − γ ϕ ϕ +⎣
⎤+μ ε ϕ +ε ϕ + γ ϕ ϕ ⎦

⎡ ⎤τ = ε −ε ϕ + γ ϕ⎣ ⎦

  (2.6) 

Let find projections of these stresses on х, у axes by known formulas of 
elasticity theory: 

 

2 2
xi 1i i 2i i 12i i

2 2
yi 1i i 2i i 12i i

xyi 1i 2i i i 12i i

cos sin sin2 ;

sin cos sin2 ;

( )sin cos cos2 ,

σ =σ ϕ +σ ϕ −τ ϕ

σ =σ ϕ +σ ϕ +τ ϕ

τ = σ −σ ϕ ϕ +τ ϕ

   (2.7) 

or, taking into consideration expressions (2.6), 

 

σ =ε +ε + γ

σ = ε +ε + γ

τ = ε +ε + γ

xi x 11i y 12i xy 13i

yi x 21i y 22i xy 23i

xyi x 31i y 32i xy 33i

в в в ;

в в в ;

в в в .

    (2.8) 

Here 
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= ϕ+ μ ϕ ϕ+ ϕ+ ϕ

= = + ϕ ϕ+ μ ϕ+ ϕ − ϕ

= ϕ+ μ ϕ ϕ+ ϕ+ ϕ

= = ϕ

4 2 2 4 2
11i 1i i 1i 21i i i 2i i 12i i

2 2 4 4 2
12i 21i 1i 2i i i 1i 21i i i 12i i

4 2 2 4 2
22i 1i i 1i 21i i i 2i i 12i i

13i 31i i

в E cos 2E sin cos E sin G sin 2 ;

в в (E E )sin cos E (sin cos ) G sin 2 ;

в E sin 2E sin cos E cos G sin 2 ;

в в sin co ⎡ ⎤ϕ ⋅ −μ ϕ− −μ ϕ− ϕ⎣ ⎦

= + − μ ϕ ϕ+ ϕ

⎡ ⎤= = ϕ ϕ⋅ −μ ϕ− −μ ϕ+ ϕ⎣ ⎦

2 2
i 1i 21i i 2i 12i i 12i i

2 2 2
33i 1i 2i 1i 21i i i 12i i

2 2
23i 32i i i 1i 21i i 2i 12i i 12i i

s E (1 )cos E (1 )sin 2G cos2 ;

в (E E 2E )sin cos G cos 2 ;

в в sin cos E (1 )sin E (1 )cos 2G cos2 .

     (2.9) 

Let compose equilibrium equations on х and у axes: 
n

xi i x
i 1

;Σ
=
σ δ =σ δ∑         

n

yi i y
i 1

;Σ
=
σ δ =σ δ∑       

n

xyi i xy
i 1

,Σ
=
τ δ = τ δ∑   (2.10) 

where n – total number of layers, 
n

i
i 1

Σ
=

δ = δ∑ - total package thickness. 

After substitution of (2.8) dependences to (2.10) ones we can obtain for-
mulas for stresses x y xy, ,σ σ τ  expressed by x y xy, ,ε ε γ  strains: 

( )

( )

( )

Σ

Σ

Σ

σ = ε + ε + γ
δ

σ = ε + ε + γ
δ

τ = ε + ε + γ
δ

x 11 x 12 у 13 ху

у 21 х 22 у 23 ху

ху 31 х 32 у 33 ху

1 В В В ;

1 В В В ;

1 В В В .

    (2.11) 

Here 

=
= δ∑

n

kl i kli
i 1

В в ,     (2.12) 

where к, l take values 1, 2 and 3. 
Equations (2.11) are generalized Hook’s law, which for design stage can 

be written as the following: 
Σ

Σ

Σ

=σ δ = ε + ε + γ

=σ δ = ε + ε + γ

= τ δ = ε + ε + γ

x x 11 х 12 у 13 ху

у у 21 х 22 у 23 ху

xy xy 31 х 32 у 33 ху

N В В В ;

N В В В ;

q В В В ,

   (2.13) 

where xN , yN , xyq - forces per unit width (force, acting on place with width of 

one linear unit). 
Let solve (2.11) equations system related to strains x y xy, ,ε ε γ : 
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( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

Σ

Σ

Σ

δ ⎡ ⎤ε = σ − −σ − +τ −⎣ ⎦
δ ⎡ ⎤ε = −σ − +σ − +τ −⎣ ⎦
δ ⎡ ⎤γ = σ − +σ − +τ −⎣ ⎦

2
х х 22 33 23 у 12 33 13 23 ху 12 23 22 13

2
у х 12 33 13 23 у 11 33 13 ху 12 13 11 23

2
ху х 12 23 13 22 у 12 13 11 23 ху 11 22 12

В В В В В В В В В В В  ;
В

В В В В В В В В В В В  ;
В

В В В В В В В В В В В  ,
В

(2.14) 

where 
= − + − −2 2 2

33 11 22 12 12 13 23 22 13 11 23В В (В В В ) 2В В В В В В В .  (2.15) 
If we compare coefficients at stresses in the equation systems (2.1) and 

(2.14) one can obtain: 

( ) ( )

( )

Σ Σ

Σ Σ

μδ δ
= =

η μδ δ
= =

yx2
22 33 23 12 33 13 23

х y

ху,х xy
12 23 22 13 12 3

xy x

1 В В В ;                             В В B В  ;          
Е В Е В

B B B B ;                    В В
G B Е В

- -

- ( )

( ) ( )

( ) ( )

Σ Σ

Σ Σ

Σ

ηδ δ
= =

η ηδ δ
= =

δ
=

3 13 23

ху,у2
11 33 13 12 13 11 23

y xy

х,ху у,ху
12 23 22 13 12 13 11 23

x y

11
хy

B В  ;            

1 В В В ;                              B B B B  ;       
Е В G B

B B B B ;                    B B B B  ; 
E B E B

1 В
G В

-

- -

- -

( )2
22 12В В .   -

 (2.16) 

Formulas for determination of elastic properties of laminated composite 
materials follow from these equations: 

Σ Σ Σ

= = =
δ − δ − δ −

− −
μ = μ =

− −

х у xy2 2 2
22 33 23 11 33 13 11 22 12

12 33 13 23 12 33 13 23
ху ух2 2

22 33 23 11 33 13

В В ВЕ ; Е ; G ;
(В В В ) (В В В ) (В В В )

   

В В В В В В В В
;          ;  

В В В В В В

 

 (2.17) 
− −

η = η =
− −

− −
η = η =

− −

12 23 22 13 12 13 11 23
ху,х ху,у2 2

11 22 12 11 22 12

12 23 22 13 12 13 11 23
х,ху у,ху2 2

22 33 23 11 33 13

В В В В В В В В
;       ;  

В В В В В В
В В В В В В В В

  ;       .  
В В В В В В

 

Following equations sequence from (2.16) expressions: 
η η η η μ μ

= = =x,ху хy,x y,ху ху,y xy yx

xy x xy y x y

; ;       .
G E G E E E

  (2.18) 
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Analysis of (2.11) equations shows that material is orthotropic in х, у axes 
in that case when the following conditions are fulfilled simultaneously: 

= = = =13 23 31 32В В В В 0 .    (2.19) 
In that case formulas (2.15) and (2.17) simplify to form: 

= − 2
33 11 22 12В В (В В В );     (2.20) 

Σ Σ Σ

− −
= = =

δ δ δ

μ = μ = η =η =η =η =

2 2
3311 22 12 11 22 12

х у xy
22 11

12 12
xy yx x,xy y,xy xy,x xy,y

22 11

BВ В В В В ВЕ ;     Е ;      G ;
В В

B B
;     ;     0.

B B

  (2.21) 

Let consider in detail some particular structures, which are widely used in 
practice. 

Example 2.1. The pack consists of one layer (n=1) with reinforcing angle 
ϕ  and thickness   Σδ = δ . Then 

( )
( )

( )

4 2 2 4 2
11 1 1 21 2 12

2 2 4 4 2
12 1 2 1 21 12

4 2 2 4 2
22 1 1 21 2 12

2 2 2
33 1 2 1 21 12

13 3

B E cos 2E sin cos E sin G sin 2 ;

B E E sin cos E (sin cos ) G sin 2 ;

B (E sin 2E sin cos E cos G sin 2 );

B E E 2E sin cos G cos 2 ;

B B

=δ ϕ+ μ ϕ ϕ+ ϕ+ ϕ

⎡ ⎤=δ + ϕ ϕ+ μ ϕ+ ϕ − ϕ⎣ ⎦

=δ ϕ+ μ ϕ ϕ+ ϕ+ ϕ

⎡ ⎤=δ + − μ ϕ ϕ+ ϕ⎣ ⎦

= ( ) ( )

( ) ( )

2 2
1 1 21 2 12 12

2 2
23 32 1 21 2 12 12

sin сos E 1 cos E 1 sin 2G cos2 ;

B B sin сos E 1 sin E 1 cos 2G cos2 .

⎡ ⎤=δ ϕ ϕ −μ ϕ− −μ ϕ− ϕ⎣ ⎦
⎡ ⎤= =δ ϕ ϕ −μ ϕ− −μ ϕ− ϕ⎣ ⎦

      (2.22) 

It is obvious, that application of these equations for determination of elastic 
properties of composite material by means of (2.17) formulas leads to huge de-
pendences, which are not useful for qualitative analysis of the results. Let de-
rive formulas for elastic properties by another way, taking into consideration 
that composite material is statically definable system. 

Let stresses x y xy, ,σ σ τ  act in composite material element (Fig. 2.3). Then in 

1, 2 axes we obtain: 

 
Fig. 2.3.  Determination of elastic properties of composite material 

with arbitrary reinforcing angle 
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( )

2 2
1 х y xy

2 2
2 х y xy

12 y x xy

cos sin sin2 ;

sin cos sin2 ;

sin cos cos2 .

σ =σ ϕ+σ ϕ+τ ϕ

σ =σ ϕ+σ ϕ−τ ϕ

τ = σ −σ ϕ ϕ+τ ϕ

  (2.23) 

These stresses stipulates strains 1 2 12, ,ε ε γ : 
2 2

1 2
1 21 x 21

1 2 1 2

2 2
21

y 21 xy
1 2 1 2

cos sin
E E E E

sin cos 1
sin2 ;

E E E E

⎛ ⎞σ σ ϕ ϕ
ε = −μ =σ −μ +⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞ ⎛ ⎞μϕ ϕ

+σ −μ + τ ϕ +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

       

(2.24)

 

2 2 2 2
21

2 x 21 y 21 xy
2 1 2 1 2 1

sin cos cos sin 1
sin2 ;

E E E E E E

⎛ ⎞ ⎛ ⎞ ⎛ ⎞μϕ ϕ ϕ ϕ
ε =σ −μ +σ −μ −τ ϕ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎝ ⎠⎝ ⎠ ⎝ ⎠

 

12 x y xy
12 12 12

sin cos sin cos cos2
.

G G G
ϕ ϕ ϕ ϕ ϕ

γ =−σ +σ +τ  

Strains in axes х, у can be calculated by the formulas: 

( )

2 2
х 1 2 12

2 2
y 1 2 12

xy 1 2 12

cos sin sin cos ;

sin cos sin cos ;

sin2 cos2 ,

ε = ε ϕ+ε ϕ− γ ϕ ϕ

ε = ε ϕ+ε ϕ+ γ ϕ ϕ

γ = ε −ε ϕ+ γ ϕ

                   (2.25) 

which after substitution with expressions (2.24) and some transformations will ob-
tain the form: 

4 4
2 2 12

х х
1 2 12 1

2 2 12 12
y

1 2 1 12 1

2 212 21
xy

1 2 12

2 2 12
y х

1 2 1 12

cos sin 1
sin cos 2

E E G E

1 1 1
sin cos 2

E E E G E

1 1 cos 2
sin 2 cos sin ;

E E 2G

1 1 1
sin cos 2

E E E G

⎡ ⎤⎛ ⎞μϕ ϕ
ε = σ + + ϕ ϕ − +⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞μ μ

+σ ϕ ϕ + + − − +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

⎛ ⎞+ μ + μ ϕ
+τ ϕ ϕ − ϕ −⎜ ⎟

⎝ ⎠

⎛ ⎞μ
ε = σ ϕ ϕ + + − −⎜ ⎟

⎝ ⎠
12

1

4 4
2 2 12

y
1 2 12 1

E

sin cos 1
sin cos 2

E E G E

⎡ ⎤μ
+⎢ ⎥

⎣ ⎦
⎡ ⎤⎛ ⎞μϕ ϕ

+σ + + ϕ ϕ − +⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦
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2 212 21
xy

1 2 12

2 212 21
xy x

1 2 12

2 212 21
y

1 2 12

2
2 12

xy
1 2 1 12

1 1 cos 2
sin 2 sin cos ;

E E 2G

1 1 cos 2
sin 2 cos sin

E E 2G

1 1 cos 2
sin 2 sin cos

E E 2G

1 1 cos 2
sin 2 2

E E E G

⎛ ⎞+ μ + μ ϕ
+τ ϕ ϕ − ϕ −⎜ ⎟

⎝ ⎠

⎛ ⎞+ μ + μ ϕ
γ = σ ϕ ϕ − ϕ − +⎜ ⎟

⎝ ⎠
⎛ ⎞+ μ + μ ϕ

+ σ ϕ ϕ − ϕ + +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞μ ϕ
+τ ϕ + + +⎢ ⎜ ⎟

⎢ ⎝ ⎠⎣ ⎦
.⎥

⎥

 

(2.26) 

 
Following relationships can be obtained after comparison coefficients at 

stresses in this equations system with general notation of physical law (2.1): 
 

⎛ ⎞μϕ ϕ
= + + ϕ ϕ −⎜ ⎟

⎝ ⎠
⎛ ⎞μϕ ϕ

= + + ϕ ϕ −⎜ ⎟
⎝ ⎠

⎛ ⎞+ μ +μ
= ϕ + − +⎜ ⎟

⎝ ⎠

4 4
2 2 12

x 1 2 12 1

4 4
2 2 12

y 1 2 12 1

2 12 21

xy 1 2 12 12

21 cos sin 1
sin cos ;

Е E E G E

21 sin cos 1
sin cos ;

Е E E G E

1 11 1 1
sin 2 .

G E E G G

          (2.27) 

 

xy yx 2 212 12 21

x y 1 1 2 12

x,xy xy,x 2 212 21

xy x 1 2 12

y,xy xy,y 2 212 21

xy y 1 2 12

1 1 1
sin cos ;

E E E E E G

1 1 cos2
sin2 cos sin ;

G E E E 2G

1 1 cos2
sin2 sin cos .

G E E E 2G

μ μ ⎛ ⎞μ +μ +μ
= = − ϕ ϕ + −⎜ ⎟

⎝ ⎠
η η ⎛ ⎞+μ +μ ϕ

= = ϕ ϕ− ϕ−⎜ ⎟
⎝ ⎠

η η ⎛ ⎞+μ +μ ϕ
= = ϕ ϕ− ϕ+⎜ ⎟

⎝ ⎠

   (2.28) 

 
Graphical dependences of Ex(ϕ), Ey(ϕ), Gxy(ϕ), μxy(ϕ), ηx,xy(ϕ), ηy,xy(ϕ) 

(Fig. 2.4) shows that reinforcing angle change influences material elastic prop-

erties significantly. Formulas (2.27) and (2.28) are proved experimentally and 

show enough validity for majority of composites. 
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Fig. 2.4.  Dependence of unidirectional composite material 

elastic properties on reinforcing direction 
 

Example 2.2. Pack consists of two layers of the same material with rein-
forcing along the axes х and у. This composite material are usually called orthog-
onal reinforced composite. 

Rigidity characteristics of package can be obtained from formulas (2.12), 
taking into consideration (2.9) ones (n=2, δ1=δ1, δ2=δ2, ϕ1=0, ϕ2=0, 1 2 Σδ =δ +δ ): 

( )
( )

11 1 1 2 2 12 1 2 1 21 22 1 2 2 1

33 1 2 12 13 31 23 32

B E E ;  B E ;  B E E ;

B G ;  B B B B 0.

=δ +δ = δ +δ μ =δ +δ

= δ +δ = = = =
  (2.29) 

Elastic constants can be obtained by formulas (2.21) and (2.29) because 
of material orthotropy: 

( )

( )

( )

2 22
1 2 1 2112 1 1 2 2

x 11
1 2 22 1 2 1 2 2 1

2 22
1 2 1 2112 1 2 2 1

y 22
1 2 11 1 2 1 1 2 2

1 2 1 2112
xy 12 xy

22 1 2 2 1

EB E E1
E B ;

B E E

EB E E1
E B ;

B E E

EB
G G ;     .

B E E

⎛ ⎞ δ + δ μδ + δ
= − = −⎜ ⎟⎜ ⎟δ + δ δ + δ δ + δ⎝ ⎠

⎛ ⎞ δ + δ μδ + δ
= − = −⎜ ⎟⎜ ⎟δ + δ δ + δ δ + δ⎝ ⎠

δ + δ μ
= μ = =

δ + δ

  (2.30) 

Let introduce the following notations: 

1
1

1 2

δ
Ψ =

δ +δ
- volume fraction of longitudinal layers, 

2
2 1

1 2

1
δ

Ψ = = −Ψ
δ +δ

 - volume fraction of lateral layers. 

Taking into consideration these notations previous expressions will take 
the form: 
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( ) ( )

( ) ( )

( )

2 2
1 21

x 1 1 1 2
1 2 1 1

2 2
1 21

y 1 2 1 1
1 1 1 2

1 21
xy 12 xy

1 2 1 1

E
E E 1 E ;

E 1 E

E
E E 1 E ;

E 1 E

E
G G ;          .

E 1 E

μ
= Ψ + −Ψ −

Ψ + −Ψ

μ
= Ψ + −Ψ −

Ψ + −Ψ

μ
= μ =

Ψ + −Ψ

  (2.31) 

These dependences evident about invariance of elastic constants of per-
pendicular reinforced composites to absolute pack thickness, but elastic con-
stants depend on relative ratio of these layers thickness (Fig. 2.5). In some 
cases to determine elasticity modulus of structure [0°,90°] in practical calcula-
tions the well-known rule of mixture can be used, i.е. 

( )x 1 1 2 2 1 1 1 2Е E E E 1 E .∗ =Ψ +Ψ =Ψ + −Ψ    (2.32) 

 
Fig. 2.5.  Elastic constants of orthogonal reinforced composite 

 
Error of such kind calculation lays in the range 5…10%, that is permissible 

for design stage. 
Example 2.3. Pack consists of two layers of the same material and same 

thickness 1 2 / 2δ = δ = δ  and reinforcing angles 1 2 .ϕ = −ϕ =ϕ  Such materials are 
called cross-plied composites. 

Let find rigidity characteristics of the pack by formulas (2.12): 

( )
( ) ( )
( )
( )

4 2 2 4 2
11 1 1 21 2 12

2 2 4 4 2
12 1 2 1 21 12

4 2 2 4 2
22 1 1 21 2 12

2 2 2
33 1 2 1 21 12

13 31 2

B E cos 2E sin cos E sin G sin 2 ;

B E E sin cos E sin cos G sin 2 ;

B E sin 2E sin cos E cos G sin 2 ;

B E E 2E sin cos G cos 2 ;

B B B

=δ ϕ+ μ ϕ ϕ+ ϕ+ ϕ

⎡ ⎤=δ + ϕ ϕ+ μ ϕ+ ϕ − ϕ⎣ ⎦

=δ ϕ+ μ ϕ ϕ+ ϕ+ ϕ

⎡ ⎤=δ + − μ ϕ ϕ+ ϕ⎣ ⎦
= = 3 32B 0 .= =

 (2.33) 

This material is orthotropic in axes х and у, for it coefficients B13, B31, B23, 
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B32 are equal to zero. 
Elastic constants are calculated by formulas (2.21). Comparison of depend-

ences (2.22) and (2.33) shows that coefficients B11, B22, B12, B33 are equal to zero 
for composites with structures [ ]+ϕ  and [ ]±ϕ . In connection with above-

mentioned fact, it is interesting to know, which of these materials has the larger 
elasticity modulus. Let consider, for example, хЕ . The first formula of the system 
(2.17) one can write after definite transformations: 

( )
( )

⎡ ⎤−⎢ ⎥= − −
⎢ ⎥δ −⎣ ⎦

22
22 13 12 2312

х 11 2
22 22 22 33 23

В В В ВВ1Е В .
В В В В В

   (2.34) 

Comparison of this expressions with the following ones from (2.18) for 
composite with reinforcing [ ]±ϕ  

⎛ ⎞
= −⎜ ⎟⎜ ⎟δ⎝ ⎠

2
12

х 11
22

В1Е В
В

     (2.35) 

shows, that cross-plied composite material has large rigidity. Thus it is more ef-
ficient to use structure [ ]±ϕ  instead of skew reinforcing [ ]+ϕ  or [ ]−ϕ  at the 

same structure thickness (i.e. structure mass). 
Example 2.4. Pack consists of four layers of the same material: n 4= , 

1 1 2 2 3 4 1 2 3 4,  , , 0 , 90 , -δ =δ δ = δ δ =δ =δ ϕ = ° ϕ = ° ϕ = ϕ =ϕ . 
Such kind of structure is frequently used in composite constructions. 
By formulas (2.12) we can obtain: 

( )
( )

( ) ( ) ( )
( )

4 4 2 2 2
11 1 1 2 2 1 2 1 21 12

4 4 2 2 2
22 1 2 2 1 1 2 1 21 12

2 2 4 4 2
12 1 2 1 21 1 2 1 21 12

33 1 2 12

В Е Е 2 Есоs E sin 2E sin cos G sin 2 ;

В Е Е 2 Е sin E cos 2E sin cos G sin 2 ;     

B E 2 E E sin cos E sin cos G sin 2 ;

B G

=δ +δ + δ ϕ+ ϕ+ μ ϕ ϕ+ ϕ

=δ +δ + δ ϕ+ ϕ+ μ ϕ ϕ+ φ ϕ

⎡ ⎤= δ +δ μ + δ + ϕ ϕ+ μ ϕ+ ϕ − ϕ⎣ ⎦

= δ +δ ( ) 2 2 2
1 2 1 21 12

13 23 31 32

2 E E 2E sin cos G cos 2 ;

B B B B 0.

⎡ ⎤+ δ + − μ ϕ ϕ+ ϕ⎣ ⎦
= = = =

   (2.36) 

Find elastic constants from (2.20) equations. If we introduce notations 
1 1 / ;Σψ =δ δ           2 2 / ;Σψ =δ δ     (2.37) 

where 
1 2 2 ,Σδ = δ +δ + δ      (2.38) 

that 
( )1 22 1 .Σδ = δ −ψ −ψ     (2.39) 

This permits to rewrite (2.36) and (2.20) in the form: 
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( )(
)

( )(
)

( ) ( ) ( )

4 4
11 1 1 2 2 1 2 1 2

2 2 2
1 21 12 11

4 4
22 1 2 2 1 1 2 1 2

2 2 2
1 21 12 22

2
12 1 2 1 21 1 2 1 2

2

B E E 1 E cos E sin

2E sin cos G sin 2 B ;

B E E 1 E sin E cos

2E sin cos G sin 2 B ;

B E 1 E E sin

cos

Σ

Σ

Σ

Σ

Σ

⎡= δ ψ + ψ + − ψ ψ ϕ + ϕ +⎣

⎤+ μ ϕ ϕ + ϕ = δ⎦

⎡= δ ψ + ψ + − ψ ψ ϕ + ϕ +⎣

⎤+ μ ϕ ϕ + ϕ = δ⎦
⎡⎡= δ ψ + ψ μ + − ψ ψ + × ϕ ×⎣ ⎣

× ϕ

-

-

-

( )
( ) ( ) ( )

4 4 2
1 21 12 12

33 1 2 12 1 2 1 2 1 21

2 2 2
12 33

E sin cos G sin 2 B ;

B G 1 E E 2E

sin cos G cos 2 B ;

Σ

Σ

Σ

⎤⎤+ μ ϕ + ϕ ϕ = δ⎥⎦ ⎦
⎡⎡= δ ψ + ψ + ψ ψ + μ ×⎣ ⎣

⎤⎤× ϕ ϕ + ϕ = δ⎦⎦

-

- - -

     (2.40) 

2 2
12 12

x 11 y 22 xy 33
22 11

12 12
xy yх

22 11

B B
 E B ;      E B ;     G B ; 

B B

B B
;          .  

B B

= = =

μ = μ =

- -

 

Thus, elasticity moduli, Poisson’s ratios of such kind of composite material do 
not depend on absolute pack thickness, but depend on layers thickness ratio. 

Obtained above formulas for determination of set of elastic constants of lami-
nated composite material with any structure are classical now and all analysis and 
design of composite structure can be provided by means of these formulas. This 
conclusion is based on following fact: in local coordinate system each layer is or-
thotropic, i.e. this layer must not be unidirectional. Examples of this structures are 
layers based on woven reinforcement; groups of layers for which axes 1, 2 are 
orthotropy axes and properties of these groups of layers are known in these axes; 
braided fabrics which frequently have reinforcement [ ]±ϕ , аnd isotropic materials, 

for example, metal sheets. 
 
2.2. Thermomechanical characteristics of laminated composites 

 
2.2.1. Linear temperature expansion coefficients 

of laminated composites 
 

Composite pack of layers obtains temperature deformations 
х у хуΤ, Τ, Τ   α Δ α Δ α Δ  (Fig. 2.6), which are sequence of temperature defor-

mations of layers at temperature change. 
If all layers deform all together, that it is obvious, at pack of layers arbi-

trary reinforcing layers restrict each other to deform free because of presence 
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of individual LCTE 1iα  and 2iα . Because of this fact stresses appear in layers, 
for entire pack this system of stresses is self-balanced. 

 

 
a       b 

Fig. 2.6.  Temperature deformation of composite material 
 
The following layers strains corresponds to pack deformations 

α Δ α Δ α Δх у xyТ, Т, Τ : 

( )
( )
( )

2 2
1i x i y i xy i i

2 2
2i x i y i xy i i

12i y x i xy i

Τ cos sin sin cos ;

Τ sin cos sin cos ;

Τ sin2 cos2 .

ε =Δ α ϕ +α ϕ +α ϕ ϕ

ε =Δ α ϕ +α ϕ −α ϕ ϕ

⎡ ⎤γ = Δ α −α ϕ +α ϕ⎣ ⎦

  (2.41) 

Equations of generalized Hook’s law for individual layer according to 
Duamel-Neumann hypothesis can be written: 

1i 2i
1i 21i 1i

1i 2i

2i 1i
2i 12i 2i

2i 1i

12i
12i

12i

Τ;
E E

Τ;
E E

.
G

σ σ
ε = −μ +α Δ

σ σ
ε = −μ +α Δ

τ
γ =

    (2.42) 

One can obtain, solving this system related to stresses: 
( ) ( )
( ) ( )

1i 1i 1i 1i 21i 2i 2i

2i 2i 2i 2i 21i 1i 1i

12i 12i 12i

E Τ ;

E Τ ;

G .

⎡ ⎤σ = ε −α ΔΤ +μ ε −α Δ⎣ ⎦
⎡ ⎤σ = ε −α ΔΤ +μ ε −α Δ⎣ ⎦

τ = γ

   (2.43) 

Differences ( )1i 1i Τε −α Δ  and ( )2i 2i Τε −α Δ  are deformations, which corre-

spond to stresses 1iσ  and 2iσ . 
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Let compose equilibrium equations of pack, taking into consideration for-
mulas of stresses rotation (2.7) and absence of internal loads: 

( )

( )

( )

n n
2 2

x xi i i 1i i 2i i 12i i
i 1 i 1

n n
2 2

y yi i i 1i i 2i i 12i i
i 1 i 1

n n

xy xyi i i 1i 2i i i 12i i
i 1 i 1

N cos sin sin2 0;

N sin cos sin2 0;

q sin cos cos2 0 .

= =

= =

= =

= σ δ = δ σ ϕ +σ ϕ −τ ϕ =

= σ δ = δ σ ϕ +σ ϕ +τ ϕ =

⎡ ⎤= τ δ = δ σ −σ ϕ ϕ +τ ϕ =⎣ ⎦

∑ ∑

∑ ∑

∑ ∑

 (2.44) 

Substitute dependences (2.41) to (2.43), and obtained result to (2.44). 
Equilibrium equations (2.44) obtain the following form after series of transfor-
mations: 

x 11 y 12 xy 13 T1

x 21 y 22 xy 23 T2

x 31 y 32 xy 33 T3

B B B A ;

B B B A ;

B B B A ,

α +α +α =

α +α +α =

α +α +α =

    (2.45) 

where ijB  coefficients are defined by (2.12), but coefficients T1A , T2A , T3A - ac-

cording to formulas: 

( ) ( )

( ) ( )

( ) ( )

n n
2 2 2 2

T1 i T1i i 1i 1i i 21i i 2i 2i i 12i i
i 1 i 1

n n
2 2 2 2

T2 i T2i i 1i 1i i 21i i 2i 2i i 12i i
i 1 i 1

T3 i T3i i i i 1i 1i 21i 2i 2i 12i

A a E cos sin E sin cos ;

A a E sin cos E cos sin ;

A a sin cos E 1 E 1

= =

= =

⎡ ⎤= δ = δ α ϕ +μ ϕ +α ϕ +μ ϕ⎣ ⎦

⎡ ⎤= δ = δ α ϕ +μ ϕ +α ϕ +μ ϕ⎣ ⎦

⎡= δ = δ ϕ ϕ α −μ −α −μ⎣

∑ ∑

∑ ∑
n n

i 1 i 1
.

= =
⎤⎦∑ ∑

   (2.46) 

From system of equation (2.45) one can derive formulas for determination 
of linear expansion coefficient: 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2
x T1 22 33 23 T2 13 23 33 12 T3 12 23 22 13

2
y T1 12 33 13 23 T2 13 11 33 T3 11 23 12 13

2
xy T1 12 23 22 13 T2 12 13 11 23 T3 11 22 12

1
A B B B A B B B B A B B B B ;

B
1

A B B B B A B B B A B B B B ;
B
1

A B B B B A B B B B A B B B .
B

⎡ ⎤α = − + − + −⎣ ⎦

⎡ ⎤α = − + − + −⎣ ⎦

⎡ ⎤α = − + − + −⎣ ⎦

  (2.47) 

For orthotropic in axes х, у laminated composite: 
= = = = =13 31 23 32 T3B B B B A 0. 

Thus for orthotropic composites (2.47) formulas transform to form: 

T1 22 T2 12
x 2

11 22 12

A B A B
;

B B B

−
α =

−
    T2 11 T1 12

y 2
11 22 12

A B A B
;

B B B

−
α =

−
    xy 0α = .    (2.48) 

Equality xy 0α =  means, that orthotropic composite does not warp at heat-

ing, i.е. shear deformation does not appear. However, it does not mean ab-
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sence of shear stresses in separate layers. These stresses can be determined 
from (2.43). 

 
2.2.2. Shrinkage coefficients of laminated composites 

 
Scheme of composite material deformation at shrinkage of its components 

in polymerization process is analogous to deformation scheme at temperature 
change as was shown above. That is why we write the final results, skipping in-
termediate transformations. Equation system for determination of shrinkage coef-
ficients xξ , yξ , xyξ  has the form: 

ξ +ξ +ξ =

ξ +ξ +ξ =

ξ +ξ +ξ =

x 11 y 12 xy 13 У1

x 21 y 22 xy 23 У2

x 31 y 32 xy 33 У3

B B B A ;

B B B A ;

B B B A ,

    (2.49) 

where 

( )
( ) ]

= =

⎡= δ = δ ξ ϕ +μ ϕ +⎣

+ξ ϕ +μ ϕ

∑ ∑
n n

2 2
У1 i y1i i 1i 1i i 21i i

i 1 i 1

2 2
21 2i i 12i i

А a E cos sin

E sin cos ;

 

( )
( ) ]

= =

⎡= δ = δ ξ ϕ +μ ϕ +⎣

+ξ ϕ +μ ϕ

∑ ∑
n n

2 2
У2 i y2i i 1i 1i i 21i i

i 1 i 1

2 2
21 2i i 12i i

А a E sin cos

E cos sin ;

  (2.50) 

( ) ( )
= =

⎡ ⎤⎡ ⎤= δ = δ ϕ ϕ ξ −μ −ξ −μ⎣ ⎦⎣ ⎦∑ ∑
n n

У3 i y3i i i i 1i 1i 21i 2i 2i 12i
i 1 i 1

А a sin cos E 1 E 1 . 

From the equations system (49) we find xξ , yξ , xyξ : 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

⎡ ⎤ξ = − + − + −⎣ ⎦

⎡ ⎤ξ = − + − + −⎣ ⎦

⎡ ⎤ξ = − + − + −⎣ ⎦

2
x У1 22 33 23 У2 13 23 33 12 у3 11 23 22 13

2
y У1 12 33 13 23 У2 13 11 33 У3 11 23 12 13

2
xy У1 12 23 22 13 У2 12 13 11 23 У3 11 22 12

1
A B B B A B B B B A B B B B  ;

B
1

A B B B B A B B В A B B B B  ;
B
1

A B B B B A B B B B A B B B .
B

   (2.51) 

Shrinkage coefficients of orthotropic composite are defined by formulas: 
−

ξ =
−

У1 22 У2 12
x 2

11 22 12

A В А В
;

В В В
     

−
ξ =

−
У2 11 У1 12

x 2
11 22 12

A В А В
;

В В В
    ξ =xy 0.  (2.52) 

In conclusion we write notation of physical law, taking into consideration 
temperature and shrinkage deformations in accordance with Duamel-Neumann 
hypothesis: 
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y xyx
x yx xу,x x x

x y xy

y xyx
y xy хy,y y y

x y xy

y xyx
xy x,xу y,хy xy xy

x y xy

Τ ;
E E G

Τ ;
E E G

Τ .
E E G

σ τσ
ε = −μ +η +α Δ +ξ

σ τσ
ε = −μ + +η +α Δ +ξ

σ τσ
γ =η +η + +α Δ +ξ

  (2.53) 

For composite material orthotropic in axes х, у formulas (2.53) transform to 
the following appearance: 

σσ
ε = −μ +α Δ +ξ

σσ
ε = −μ + +α Δ +ξ

τ
ξ =

yx
х yx x x

x y

yx
y xy y y

x y

xy
xy

xy

Τ ;
E E

Τ ;
E E

.
G

     (2.54) 

Reverse notations of these systems (after solution related to stresses) have 
the form: 

( )

( )

( )

x 11 x 12 y 13 xy

y 21 x 22 y 23 xy

xy 31 x 32 y 33 xy

1
B B B  ;

1
B B B  ;

1
B B B  ,

∗ ∗ ∗

Σ

∗ ∗ ∗

Σ

∗ ∗ ∗

Σ

σ = ε + ε + γ
δ

σ = ε + ε + γ
δ

τ = ε + ε + γ
δ

   (2.55) 

where 

x x x x

y y y y

xу xy xy xy

Τ ;

Τ ;

Τ .

∗

∗

∗

ε = ε −α Δ −ξ

ε = ε −α Δ −ξ

γ = γ −α Δ −ξ

    (2.56) 

For orthotropic composite these formulas transform to: 

( )

( )

x 11 x 12 y

y 12 x 22 y

xy 33 xy

1
B B ;

1
B B ;

1
B ,

∗ ∗

Σ

∗ ∗

Σ

∗

Σ

σ = ε + ε
δ

σ = ε + ε
δ

τ = γ
δ

    (2.57) 

where 
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xy xy.∗γ = γ       (2.58) 

Thus, obtained dependences for determination of elastic constants of uni-
directional and laminated composite materials permit to express the single 
meaning of stress by means of strain and vice versa. If metal elastic character-
istics can be found in guidebooks that for composite materials it is necessary to 
define these properties by means of known physical and mechanical character-
istics of composite material components (for unidirectional materials) or by 
means of monolayers characteristics obtained theoretically or by experimental 
way (for laminated composites). 

 
 
 

Checking-up questions 
 

1. What does orthotropic composite material mean? 
2. Main assumptions used for laminated composite stress analysis in ac-

cordance with Vasiliev's model. 
3. Write generalized 2-dimensional physical law (Hook's law) in terms of 

global stress and strains. 
4. Write relationships for determination of elastic and thermal constants of 

laminated composites. 
5. What is the physical meaning of coefficients of reciprocal influence? 
6. What is the physical meaning of shrinkage coefficients? 
7. Derive relationships between global and local stress and strains. 
8. What is the typical view of UD-composite elastic properties depend-

ence on reinforcing angle? Draw graphs. 
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Theme 3. PREDICTION OF STRENGTH PROPERTIES 
OF LAMINATED COMPOSITES 

 
3.1 Fundamentals of composites strength estimation 

 
To design any structure engineer must estimate its workability either func-

tional point of view or determine strength of construction (or safety factor) at de-
fined level of operational loads. The most valid estimation method of construc-
tion strength is experiment, in which real operational conditions can be realized. 
But it is not always possible to make testing of the structure because of large 
dimensions (for examples, large ship, broadcasting tower, bridge etc.), non-
determined load types or load conditions. Acting stresses are determined by 
analytical methods based on analysis schemes (models) – rod, beam, plate 
etc, which quite precisely describe stressed-strained state of structure. The 
conclusion about article workability is made after comparison of acting stresses 
with mechanical properties of material. 

Strength of construction made of uniform (isotropic) material at simple 
loading schemes (tension, compression, torsion) can be estimated by compari-
son of calculated stress with yield stress or with experimentally determined 
strength. Theories of strength, based on large amount of theoretical and exper-
imental researches at complex types of loading (for example, tension with 
compression or shear), are used. In general case theories of strength permit to 
predict structure and its element workability at compatible action of some load 
types and known strength properties of material at simple loading (ultimate 
strength at tension, compression, shear) [2, 3, 6]. 

Notion of strength directly relates to notion of breakage, because strength is 
ability of construction to withstand definite level of mechanical (thermal-
mechanical) loading without breakage. A construction is strong up to appearance 
of first breakage feature and breakage is the upper margin of structure carrying 
ability. This margin includes a large amount of factors related to material cracking 
breakage, loosing stability, fatigue etc. 

Description of composite material breaking process becomes more complicat-
ed because of large amount of such interrelated forms of breakage as fiber bend-
ing, delamination, discontinuities in adhesion between fiber and matrix, binder 
cracking as a result or temperature stress, low-quality impregnation and other. 
Above-mentioned phenomena, accompanying breakage, make the problem at 
microlevel (on the level of interaction of fiber and matrix) consideration more com-
plicated. That is why engineering criterion of breakage or strength criterion, which is 
analogous to well-known theories of strength, cannot be formulated based on anal-
ysis of mechanisms of these phenomena and these phenomena interaction. 

Engineer strength criteria are based on date of material macrovolume be-
havior and strength, i.e. engineer strength criteria have phenomenological 
character. 

Strength (breakage) criteria are worked out to estimate structure carrying 
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ability at complicated stressed state. The most important demands to strength 
criteria are quite precise description of experimental results and simplicity of 
application. All engineer criteria are phenomenological (phenomena, which take 
place on microlevel, influence properties of material macrovolume) now. 

There is no unique approach to formulation of strength criteria of compo-
site material. It is stipulated by the following facts: 

– complexity of breakage mechanisms; 
– dependence of composite properties on technology of composite com-

ponents preparation and technology of article manufacture; 
– not enough data of statistical experiments. 
Two following approaches for research of laminated composite material 

strength are spread widely now. 
According to the first approach material consists of uniform and ortho-

tropic connected to each other layers and strength criterion is written for each 
individual layer. Ultimate carrying ability is defined as beginning of any layer 
breakage. For mathematical description of strength criterion of monolayer it is 
necessary to know the following values: 

– four elastic constants of individual layer (elasticity moduli at tension-
compression in two directions and at shear and one of Poisson’s ratios;) 

– five strength properties (ultimate strength at tension and compression in 
two directions and shear strength); 

– definite functional dependence between above-mentioned values. 
All these data can be determined analytically by means of formulas obtained 

earlier or take them from guidebooks. The drawback of this approach is impossibil-
ity to find the final result – strength properties of entire pack, which are dominant at 
the stage of selection of structural material class. 

According to the second approach (pack of layers is considered to be uni-
form and isotropic) strength criterion is written for entire pack. In this case it is 
necessary to know: 

– six elastic constants of pack (elasticity moduli at tension-compression in 
two directions and at shear, Poisson’s ratios and coefficients of reciprocal influ-
ence); 

– five strength characteristics (ultimate strength at tension and compres-
sion in two directions and in shear); 

– definite functional dependence between above-mentioned strength and 
elastic properties. 

It is obvious from considered above that application of this approach at 
the stage of composite structure design is possible in the case of presence of 
prediction method of pack strength properties. 

Designer analyses a number of pack structures and material components at 
the stage of design. That is why prediction methods of composite properties at dif-
ferent design levels are necessary for designer. 

The notion of carrying ability of structure includes many aspects – strength, 
stability, stiffness, long serviceability, durability, survivability and other. But ensuring 
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of carrying ability begins from satisfaction of strength conditions. The essence of 
strength condition is the following: material must not break in any point of material. 
That is why strength analysis of composite structure includes determination of 
presence or absence of breakage of material at definite stressed state (Fig. 3.1, a). 
In this case designer knows package structure, physical and mechanical properties 
of layers and forces, applied to entire package. 

Generally, each layer is subjected to complex stressed state (Fig. 3.1, b) 
and for estimation of its properties many worked out criteria are used. But the 
most wide spread criteria are the following: 

a) Criterion of maximum stress consists of absence of breakage in any 
arbitrary directions, i.e. following conditions should be fulfilled: 

1i 1i 2i 2i 12i 12iabs F ;    abs F ;     abs F ,      σ ≤ σ ≤ τ ≤            (3.1) 
where 1F , 2F , 12F  - ultimate strength values along the orthotropy axes 1, 2 and 
at shear, at that 

1it 1i
1i

1ic 1i

F   at  0;
F

F   at  0;

σ >⎧
= ⎨ σ <⎩

 

(3.2) 

2it 2i
2i

2ic 2i

F   at  0;
F

F  at   0.

σ >⎧
= ⎨ σ <⎩

 

Here indexes «t» and «с» mean tension and compression. 
 

 
a      b 

Fig. 3.1.  To strength analysis of laminated composites 
 

b) Criterion of maximum strains consists of the following assumption: de-
formation of material does not exceed ultimate value, i.e. 

1i 2i 12i
1i 2i 12i

1i 2i 12i

F F F
;     ;     ,   

E E G
ε ≤ ε ≤ γ ≤                          (3.3) 

or taking into consideration physical law (3.3): 



 33

( )
( )

1i 12i 2i 1i

2i 21i 1i 2i

12i 12i

abs F ;    

abs F ;  

abs F ,

σ −μ σ ≤

σ −μ σ ≤

τ ≤
    (3.4) 

where 1iF , 2iF  are determined by (3.2). 
c) Mises-Hill energy criterion based on assumption: deformation energy 

does not exceed its ultimate value. Mathematical notation of this criterion has 
the form 

2 2 2
1i 1i 2i 2i 12i
2 2 2

1i 2i1i 2i 12i

1
F FF F F

σ σ σ σ τ
− + + ≤ .    (3.5) 

For some composite materials other strength criteria are used, but their 
application does not differ sharply of above-mentioned ones. 
 

3.2. Strength property of composite monolayer in arbitrary direction 
 

Let consider the method of application of criteria (3.1), (3.3) and (3.5) for 
prediction of composite monolayer strength in arbitrary direction (Fig. 3.2). 

 
a    b    c 

Fig. 3.2.  To determination of composite monolayer strength 
in arbitrary direction 

 
Let find stresses in axes 1, 2 to determine strength along axis х (Fig. 3.2, а): 

2 2
1 x 2 x 12 xcos ;      sin ;       sin cosσ =σ ϕ σ =σ ϕ τ = −σ ϕ ϕ .    (3.6) 

Substitute these expressions to criterion of maximum stress (3.1) and ob-
tain 

2 2
x 1t x 2t x 12cos F ;    sin F ;   sin cos F . σ ϕ≤ σ ϕ≤ σ ϕ ϕ≤   (3.7) 

We obtain system of non-equalities for determination of xσ  ultimate values. 
In the last non-equality minus sign is lost, because invariance of shear forces to 
direction for orthotropic composite: 

1t 2t 12
x x x2 2

F F F
;    ;     .

sin coscos sin
σ ≤ σ ≤ σ ≤

ϕ ϕϕ ϕ
  (3.8) 

Then ultimate tensile strength along х axis can be written 
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1t 2t 12
xt 2 2

F F F
F min ;    ;    .

sin coscos sin

⎛ ⎞
= ⎜ ⎟

ϕ ϕϕ ϕ⎝ ⎠
  (3.9) 

By analogous way 

1с 2c 12
xc 2 2

F F F
F min ;     ;      .

sin coscos sin

⎛ ⎞
= ⎜ ⎟

ϕ ϕϕ ϕ⎝ ⎠
  (3.10) 

Graphical dependences (3.8) for two materials – unidirectional and woven 
reinforcements are shown on the Fig. 3.3. 

Criterion of maximum stresses permits to predict either value of ultimate 
strength or breakage type. At 10≤ϕ≤ϕ  (see Fig. 3.3) tearing of fibers (warp threads 
of fabric) takes place, at 1 2ϕ ≤ϕ≤ϕ  binder breakage from shear in planes parallel to 

fibers (warp threads) takes place, at 1 2
πϕ ≤ϕ≤  binder breakage (weft thread of 

fabric) in lateral direction takes place. 

 
a      b 

Fig. 3.3. Dependence of composite ultimate strength at tension on reinforcing direc-
tion  (criterion of maximum stress):  а – unidirectional composite; b – composite 

based on fabric 
 
We obtain the following strength equations after substitution of formulas 

(3.6) to criterion of maximum strain: 

( )

( )

1
x 2 2

12

2
x 2 2

21

12
x

F
;  

abs cos sin

F
 ; 

abs sin cos

F
 .  

sin cos

σ ≤
ϕ−μ ϕ

σ ≤
ϕ−μ φ

σ ≤
ϕ ϕ

    (3.11) 

Here 
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2 2
1 1t 12

2 2
1 1c 12

2 2
2 2t 12

2 2
2 2c 12

F F    at   cos sin 0,

F F    at   cos sin 0,

F F    at   sin cos 0,

F F    at   sin cos 0.

= ϕ−μ ϕ >

= ϕ−μ ϕ <

= ϕ−μ ϕ >

= ϕ−μ ϕ <

   (3.12) 

Ultimate strength at tension along x axis is calculated by formula 

( ) ( )
1 2 12

xt 2 2 2 2
12 12

F F F
F min  ;   ;   .

sin cosabs cos sin abs sin cos

⎛ ⎞
⎜ ⎟=
⎜ ⎟ϕ ϕϕ−μ ϕ ϕ−μ ϕ⎝ ⎠

   (3.13) 

Graphical dependence of this expression is shown on the Fig. 3.4 and is 
analogous to previous dependence and permits to predict breakage character. 

For ultimate strength at compression we can obtain dependence (3.13), 
in which: 

2 2
1 1c 12

2 2
1 1t 12

2 2
2 2c 12

2 2
2 2t 12

F F    at   cos sin 0,

F F    at   cos sin 0,

F F    at   sin cos 0,

F F    at   sin cos 0.

= ϕ−μ ϕ>

= ϕ−μ ϕ<

= ϕ−μ ϕ>

= ϕ−μ ϕ<

    (3.14) 

We can obtain the following results after substitution expressions (3.6) to 
Mises-Hill criterion: 

 
a     b 

Fig. 3.4. Dependence of composite ultimate strength at tension on reinforcing 
direction  (criterion of maximum strain):  а – unidirectional composite; b – com- 

posite material, reinforced with fabric 
 

0.54 2 2 4 2 2

x 2 2 2
1t 2t1t 2t 12

cos sin cos sin sin cos
F FF F F

−
⎛ ⎞ϕ ϕ ϕ ϕ ϕ ϕ

σ ≤ − + +⎜ ⎟⎜ ⎟
⎝ ⎠

  (3.15) 

or 
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0.54 2 2 4 2 2

xt 2 2 2
1t 2t1t 2t 12

cos sin cos sin sin cos
F .

F FF F F

−
⎛ ⎞ϕ ϕ ϕ ϕ ϕ ϕ

= − + +⎜ ⎟⎜ ⎟
⎝ ⎠

 (3.16) 

 
Formula (3.16) is continuous function of reinforcing angle ϕ , but it does 

not permit to predict character of breaking (Fig. 3.5). At / 4φ= π  
0.5

xt 45 2 2 2
1t 2t1t 2t 12

1 1 1 1
F F 2

F FF F F

−
⎛ ⎞

= = − + +⎜ ⎟⎜ ⎟
⎝ ⎠

.  (3.17) 

Ultimate strength at compression can be calculated by the formula 
0.54 2 2 4 2 2

xc 2 2 2
1с 2с1с 2с 12

cos sin cos sin sin cos
F .

F FF F F

−
⎛ ⎞ϕ ϕ ϕ ϕ ϕ ϕ

= − + +⎜ ⎟⎜ ⎟
⎝ ⎠

 (3.18) 

 
a      b 

Fig. 3.5. Dependence of composite ultimate strength at tension on reinforcing 
direction (Mises-Hill criterion): а - unidirectional composite; b– composite mate- 

rial, reinforced with fabric 
 

Replacing argument ϕ on / 2π −φ  in previous formulas, we can determine 
ultimate strength at tension/compression along the y axis (see Fig. 3.2, b). 

Shear strength (see Fig. 3.2, c) can be derived by substitution expressions 
for stresses 1σ , 2σ , 12τ  at x y 0σ =σ =  to correspondent strength criteria: 

1 xy 2 xy 12 xysin2 ;    sin2 ;   cos2 .     σ = τ ϕ σ = −τ ϕ τ = τ ϕ (3.19) 

From (3.1) criteria one can obtain: 
– at xy 0τ >  

( )
1t 2c 12

xy xy xy
F F F

;   ;     ;  
sin2 sin2 abs cos2

τ ≤ τ ≤ τ ≤
ϕ ϕ ϕ

      (3.20) 

( )
( )

1t 2c 12
xy

F F F
F min ;   ;   ;

sin2 sin2 abs cos2
+ ⎛ ⎞
= ⎜ ⎟⎜ ⎟ϕ ϕ ϕ⎝ ⎠

  (3.21) 

– at xy 0τ <  
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( )
1c 2t 12

xy xy xy
F F F

;   ;     ;  
sin2 sin2 abs cos2

τ ≤ τ ≤ τ ≤
ϕ ϕ ϕ

       (3.22) 

( )
( )

1с 2t 12
xy

F F F
F min ;    ;    .

sin2 sin2 abs cos2
− ⎛ ⎞
= ⎜ ⎟⎜ ⎟ϕ ϕ ϕ⎝ ⎠

            (23) 

Dependences (3.20) – (3.23) are shown on the Fig. 3.6. 
 

 
Fig. 3.6. Dependence of composite shear strength on reinforcing direction 

(maximal stress criterion) 
 

One can obtain from criterion of maximum strain (3.4) after some trans-
formation: 

– at xy 0τ >  
( )

1t 1c 12
xy xy xy

12 21

F F F
;  ;   ;

1 1 abs cos2
τ ≤ τ ≤ τ ≤

+μ +μ ϕ
           (3.24) 

( )
( )

1t 2c 12
xy

12 21

F F F
F min ;    ;  ;

1 1 abs cos2
+ ⎛ ⎞
= ⎜ ⎟⎜ ⎟+μ +μ ϕ⎝ ⎠

                (3.25) 

 
  – at xy 0τ <  

( )
τ ≤ τ ≤ τ ≤

+μ +μ ϕ
1c 2t 12

12 21

F F F
;   ;        ;xy xy xy1 1 abs cos2

          (3.26) 

( )
( )

− ⎛ ⎞
= ⎜ ⎟⎜ ⎟+μ +μ ϕ⎝ ⎠

1с 2t 12
xy

12 21

F F F
F min ;    ;    .

1 1 abs cos2
               (3.27) 

 
Criteria of maximum stress and maximum strain (Fig. 3.7) permit to predict 

character of material breakage. At 10≤ϕ≤ϕ  and 2 2
πϕ ≤ϕ≤  binder breakage at 

shear in planes parallel to fibers takes place; at 1 2ϕ ≤ϕ≤ϕ - tensile breakage along 
fibers or compression breakage across fiber takes place (see Fig. 3.6, 3.7). 
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We can obtain the following expression for shear strength from Mises-Hill cri-
terion (3.5): 

 
Fig. 3.7. Dependence of composite shear strength on reinforcing 

direction(maximum strain criterion) 
 

- at xy 0τ >  
0.5

2
xy 2 2 2 2

1t 2c1t 2c 12 12

1 1 1 1 1
sin 2 ;

F FF F F F

−
⎡ ⎤⎛ ⎞

τ ≤ ϕ + + + −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
   (3.28) 

( )
0.5

2
xy 2 2 2 2

1t 2c1t 2c 12 12

1 1 1 1 1
F sin 2 ;

F FF F F F

−
+ ⎡ ⎤⎛ ⎞
= ϕ + + + −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

   (3.29) 

- at xy 0τ <  
−

⎡ ⎤⎛ ⎞
τ ≤ ϕ + + + −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

0.5

2
xy 2 2 2 2

1с 2t1с 2t 12 12

1 1 1 1 1
sin 2 ;

F FF F F F
   (3.30) 

( )
−

− ⎡ ⎤⎛ ⎞
= ϕ + + + −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

0.5

2
xy 2 2 2 2

1с 2t1с 2t 12 12

1 1 1 1 1
F sin 2 .

F FF F F F
   (3.31) 

It is necessary to note that acting stresses 1σ  and 2σ  must be substituted 
to criterion (3.5) with their signs that is why all members in parenthesis are pos-
itive. 

Shear strength according to Mises-Hill criterion (either tensile or compres-
sion) is described by continuous function, but this criterion does not predict 
breakage character (Fig. 3.8). At 45ϕ=  composite material withstands the fol-
lowing stresses: 
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( )
0.5

45 2 2
1t 2c1t 2c

1 1 1
F ;

F FF F

−
+ ⎛ ⎞
= + +⎜ ⎟⎜ ⎟
⎝ ⎠

     ( )
0.5

45 2 2
1c 2t1с 2t

1 1 1
F .

F FF F

−
− ⎛ ⎞
= + +⎜ ⎟⎜ ⎟
⎝ ⎠

      (3.32) 

 
 

Fig. 3.8. Dependence of composite shear strength on reinforcing direction 
(Mises-Hill criterion) 

 
3.3. Strength properties of laminated composite 

 
To apply dependences (3.1), (3.4) and (3.5) for laminated composite material 

of arbitrary structure it is necessary to express stresses 1iσ , 2iσ  and 12iτ  by means 
of xσ , yσ  and xyτ . For this purpose it is necessary to use condition of compatible 

deformation of layers because of statically uncertainly of laminated composite (lay-
er quantity is more than two). 

Since pack structure and physical-mechanical characteristics of all individ-
ual layers are to be known elastic constants of composite material xЕ , yE , xyG ; 

xyμ , yxμ , x,xyη ; y,xyη , xy,xη , xy,yη  are calculated at first and then - package 

global strains xε , yε , xyγ : 

σ τσ
ε = −μ +η

σ τσ
ε =−μ + +η

σ τσ
γ =η +η +

y xyx
x yx xу,x

x y xy

y xyx
x xy хy,y

x y xy

y xyx
xy x,xу y,хy

x y xy

;
E E G

;
E E G

.
E E G

    (3.33) 

Let define each layer deformations in local coordinate system by formulas 
(3.2): 
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( ) ( )

( )

2 2σσε = -μ +η + sin -μ cos +η +
E

τ
+ η +η + ;

G

ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

y2 2x
1i i xy i xy,x i i i yx i y,хy i i

x y

xy 2 2
xу,x i хy,y i i i

xy

cos sin sin cos sincos
E

cos sin sin cos

 

( )

( )

( )

σε = -μ -η +
E

σ
+ -μ -η +

E

τ
+ η +η - ;

G

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

2 2x
2i i xy i x,xу i i

x

y 2 2
i yx i y,хy i i

y

xy 2 2
xу,x i хy,y i i i

xy

sin cos sin cos

cos sin sin cos

sin cos sin cos

 (3.34) 

( ) ( )

( )

σσγ = +μ +η + 1+μ +η +
E E

τ
+ η -η + .

G

⎡ ⎤ ⎡ ⎤ϕ ϕ ϕ ϕ ⎦⎣ ⎦ ⎣

⎡ ⎤ϕ ϕ⎣ ⎦

yx
12i xy x,xy yx y,xy

x y

xy
хy,y xу,x

xy

i i i i

i i

-sin2 1 cos2 sin2 cos2

sin2 cos2

 

Let write these expressions in the form: 
1i x 11i y 12i xy 13i

2i x 21i y 22i xy 23i

12i x 31i y 32i xy 33i

a a a ;

a a a ;

a a a ,

ε =σ +σ +τ

ε =σ +σ +τ

γ =σ +σ +τ

    (3.35) 

where 

( )

( )

( )

( )

2 2
11i i xy i xy,x i i

x

2 2
12i i yx i xy,y i i

y

2 2
13i x,xy i y,xy i i i

xy

2 2
21i i xy i xy,x i i

x

2 2
22i i yx i xy,y

y

1
a cos sin sin cos ;

E

1
a sin cos sin cos ;

E

1
a cos sin sin cos ;

G

1
a sin cos sin cos ;

E

1
a cos sin sin

E

= ϕ −μ ϕ +η ϕ ϕ

= ϕ −μ ϕ +η ϕ ϕ

= η ϕ +η ϕ + ϕ ϕ

= ϕ −μ ϕ −η ϕ ϕ

= ϕ −μ ϕ −η( )

( )

i i

2 2
23i x,xy i y,xy i i i

xy

cos ;

1
a sin cos sin cos ;

G

ϕ ϕ

= η ϕ +η ϕ − ϕ ϕ
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( )

( )

( )

31i xy i xy,x i
x

32i yx i xy,y i
y

33i y,xy x,xy i i
xy

1
a 1 sin2 cos2 ;

E

1
a 1 sin2 cos2 ;

E

1
a sin2 cos2 .

G

⎡ ⎤= − +μ ϕ +η ϕ⎣ ⎦

⎡ ⎤= +μ ϕ +η ϕ⎣ ⎦

⎡ ⎤= η −η ϕ + ϕ⎣ ⎦

    

(3.36)

 

Necessary expressions for stresses 1iσ , 2iσ , 12iτ  can be found from equa-
tions of physical law: 

( ) ( ) ( )
( ) ( ) ( )

( )

1i 1i x 11i 21i 21i y 12i 21i 22i xy 13i 21i 23i

2i 2i x 12i 11i 21i y 12i 12i 22i xy 12i 13i 23i

12i 12i x 31i y 32i xy 33i

E a a a a a a  ;

E a a a a a a  ;

G a a a  .

⎡ ⎤σ = σ +μ +σ +μ + τ +μ⎣ ⎦
⎡ ⎤σ = σ μ + +σ μ + + τ μ +⎣ ⎦

τ = σ +σ + τ

(3.37) 

Generalized procedure for definition of any ultimate strength consists of the 
following steps: components of internal stresses xσ , yσ , xyτ  are assumed to be 

equal to zero, then expressions (3.35) or (3.37) are substitute to criteria (3.1), 
(3.3), (3.5), from which formulas for ultimate strength definitions can be obtained. 

Let consider procedure of definition ultimate tensile strength xtF  along the 
axis x. Let assume, for this purpose, stresses yσ , xyτ  to be equal to zero in 

(3.37) formulas. According to criterion of maximum stress (3.1) we can obtain: 
( )
( )

x 1i 11i 21i 21i 1i

x 2i 12i 11i 21i 2i

x 12i 31i 12i

E abs a a F ;

E abs a a F ;

G absa F .

σ +μ ≤

σ μ + ≤

σ ≤

    (3.38) 

From here 

( )

( )

1i
x

1i 11i 21i 21i

2i
x

2i 12i 11i 21i

12i
x

12i 31i

F
;

E abs a a

F
;

E abs a a

F
.

G absa

σ ≤
+μ

σ ≤
μ +

σ ≤

    (3.39) 

The following equation for ultimate strength determination can be found 
from non-equalities (3.39): 

( ) ( )
1i 2i 12i

x
(i) 12i 31i1i 11i 21i 21i 2i 12i 11i 21i

F F F
F min ;  ;  .

G abs(a )E abs a a E abs a a

⎡ ⎤
= ⎢ ⎥

+μ μ +⎢ ⎥⎣ ⎦
    (3.40) 

Individual layers characteristics 1iF , 2iF  are equal to the following expres-
sions at determination of ultimate tensile stress xtF : 
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( )
( )

1it 11i 21i 21i
1i

1ic 11i 21i 21i

F   at  a a 0;
F

F   at  a a 0;

⎧ +μ >⎪= ⎨
+μ <⎪⎩

 

(3.41) 

( )
( )

2it 12i 11i 21i
2i

2ic 12i 11i 21i

F   at  a a 0;
F

F   at  a a 0 ;

⎧ μ + >⎪=⎨
μ + <⎪⎩

 

 
and for determination of ultimate compressive strength xcF : 
 

( )
( )

1ic 11i 21i 21i
1i

1it 11i 21i 21i

F   at  a a 0;
F

F   at  a a 0;

⎧ +μ >⎪= ⎨
+μ <⎪⎩

 

(3.42) 
( )
( )

2ic 12i 11 21i
2i

2it 12i 11 21i

F   at  a a 0;
F

F   at  a a 0.

⎧ μ + >⎪= ⎨
μ + <⎪⎩

 

 
Prediction of ultimate tensile strength along x axis based on maximum de-

formation criterion is carried by substitution of deformations 
1i x 11i 2i x 21i 12i x 31ia ;   a ;   a    ε =σ ε =σ γ =σ    (3.43) 

to non-equalities (3.3). As result we obtain: 
 

1i 2i 12i
x x x

12i 31i1i 11i 2i 21i

F F F
;   ;   ;   

G aE a E a
σ ≤ σ ≤ σ ≤   (3.44) 

1i 2i 12i
х

(i) 12i 31i1i 11i 2i 21i

F F F
F min ;   ;   ,

G abs(a )E abs(a ) E abs(a )

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
  (3.45) 

 
where at x xtF F=  

1it 11i
1i

1ic 11i

F   at   a 0;
F

F   at   a 0;

>⎧
= ⎨ <⎩

   2it 21i
2i

2ic 21i

F   at   a 0;
F

F   at   a 0,

>⎧
= ⎨ <⎩

   (3.46) 

and at x xcF F=  

1ic 11i
1i

1it 11i

F   at   a 0;
F

F   at   a 0;

>⎧
= ⎨ <⎩

   2ic 21i
2i

2it 21i

F   at   a 0;
F

F   at   a 0.

>⎧
= ⎨ <⎩

   (3.47) 

 
We can see from expressions (3.40) and (3.45), those criteria of maximum 

stress and maximum strain permit to predict character of composite material 

breakage, i.е. to define what layer and from what stresses is broken the first. 

We can obtain the following expressions after analyzing Mises-Hill criterion: 
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( ) ( ) ( )

2
1i 11i 21i 21i

x 2
1i

0.522 2 2
1i 2i 11i 21i 21i 12i 11i 21i 2i 12i 11i 21i 12i 31i

2 2
1i 2i 2i 12

Е (a a )

F

E E a a a a E a a G a
;

F F F F

−

⎡ +μ
σ ≤ −⎢

⎢⎣

⎤+μ μ + μ +
⎥− + +
⎥⎦

  

(3.48)

 

( ) ( )

( ) ( )

2 22 2
1i 11i 21i 21i 2i 12i 11i 21i

x 2 2(i)
1i 2i

0.52 2
1i 2i 11i 21i 21i 12i 11i 21i 12i 31i

2
1i 2i 12i

E a a E a a
F min

F F

E E a a a a G a
,

F F F

−

⎡ +μ μ +
⎢= + −
⎢⎣

⎤+μ μ +
− + ⎥

⎥⎦

                 

(3.49)

 

where 1iF  and 2iF  are defined from conditions (3.41) or (3.42). 
Dependences for determination of ultimate tensile strength along y axis, ul-

timate compression strength along y axis and shear strength can be obtained 
by analogous way. Here is the final result. 

Example 3.1. Maximum stress criterion 

( ) ( )
1i 2i 12i

y
i 12i 32i1i 12i 21i 22i 2i 12i 12i 22i

F F F
F min ;  ; ,

G absaE abs a a E abs a a

⎡ ⎤
= ⎢ ⎥+μ μ +⎢ ⎦⎣

(3.50) 

where at y ytF F=  

1ti 12i 21i 22i
1i

1ci 12i 21i 22i

F   at  a a 0;
F

F   at  a a 0;

+μ >⎧
= ⎨ +μ <⎩

 

2ti 12i 12i 22i
2i

2ci 12i 12i 22i

F   at  a a 0;
F

F   at  a a 0,

μ + >⎧
= ⎨ μ + <⎩

   (3.51) 

and at y ycF F=  

1сi 12i 21i 22i
1i

1ti 12i 21i 22i

F   at  a a 0;
F

F   at  a a 0;

+μ >⎧
= ⎨ +μ <⎩

     

2ci 12i 12i 22i
2i

2ti 12i 12i 22i

F   at  a a 0;
F

F   at  a a 0 ;

μ + >⎧
= ⎨ μ + <⎩

   (3.52) 

( )

( )

1i
xy

(i) 1i 13i 21i 23i

2i 12i

12i 33i2i 12i 13i 23i

F
F min ; 

E abs a a

F F
  ;   ,

G abs aE abs a a

⎡
= ⎢

+μ⎢⎣
⎤
⎥μ + ⎦

  (3.53) 

where at ( )
xy xyF F +=  
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1ti 13i 21i 23i
1i

1ci 13i 21i 23i

F   at  a a 0;
F

F   at  a a 0;

+μ >⎧
= ⎨ +μ <⎩

     

2ti 12i 13i 23i
2i

2ci 12i 13i 23i

F   at  a a 0;
F

F   at  a a 0 ,

μ + >⎧
= ⎨ μ + <⎩

   (3.54) 

and at ( )
xy xyF F −=  

1сi 13i 21i 23i
1i

1ti 13i 21i 23i

F   at  a a 0;
F

F   at  a a 0;

+μ >⎧
= ⎨ +μ <⎩

     

2ci 12i 13i 23i
2i

2ti 12i 13i 23i

F   at  a a 0;
F

F   at  a a 0 .

μ + >⎧
= ⎨ μ + <⎩

   (3.55) 

 
Example 3.2. Maximum strain criterion 

y
(i)

F min= 1i 2i 12i

12i 32i1i 12i 2i 22i

F F F
;   ;    ,

G abs aE abs a E abs a

⎡ ⎤
⎢ ⎥
⎣ ⎦

  (3.56) 

where y ytF F=  

>⎧
= ⎨ <⎩

1ti 12i
1i

1сi 12i

F   at  a 0;
F

F   at  a 0;
       

>⎧
= ⎨ <⎩

2ti 22i
2i

2сi 22i

F   at  a 0;
F

F   at  a 0,
   (3.57) 

and at y ycF F=  

>⎧
= ⎨ <⎩

1сi 12i
1i

1ti 12i

F   at  a 0;
F

F   at  a 0;
       

>⎧
= ⎨ <⎩

2сi 22i
2i

2ti 22i

F   at  a 0;
F

F   at  a 0,
   (3.58) 

1i 2i 12i
xy

(i) 12i 33i1i 13i 2i 23i

F F F
F min ;  ; 

G abs aE abs a E abs a

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
, (3.59) 

where at ( )
xy xyF F +=  

>⎧
= ⎨ <⎩

1ti 13i
1i

1сi 13i

F   at  a 0;
F

F   at  a 0;
       

>⎧
= ⎨ <⎩

2ti 23i
2i

2сi 23i

F   at  a 0;
F

F   at  a 0,
  (3.60) 

and at ( )
xy xyF F −=  

>⎧
= ⎨ <⎩

1сi 13i
1i

1ti 13i

F   at  a 0;
F

F   at  a 0;
       

>⎧
= ⎨ <⎩

2сi 23i
2i

2ti 23i

F   at  a 0;
F

F   at  a 0.
   (3.61) 

Example 3.3. Mises-Hill criterion 

( ) ( )

( )( )

2 22 2
1i 12i 21i 22i 2i 12i 12i 22i

y 2 2(i)
1i 2i

2 2
1i 2i 12i 21i 22i 12i 12i 22i 12i 32i

2
1i 2i 12i

E a a E a a
F min

F F

E E a a a a G a
,

F F F

⎡ +μ μ +
⎢= + −
⎢⎣

⎤+μ μ +
− + ⎥

⎥⎦

  

(3.62)
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where 1iF  and 2iF  are defined according to conditions (3.51) and (3.52); 

( ) ( )

( )( )

2 22 2
1i 13i 21i 23i 2i 12i 13i 23i

xy 2 2(i)
1i 2i

2 2
1i 2i 13i 21i 22i 12i 13i 23i 12i 33i

2
1i 2i 12i

E a a E a a
F min

F F

E E a a a a G a
,

F F F

⎡ +μ μ +
⎢= + −
⎢⎣

⎤+μ μ +
− + ⎥

⎥⎦

  

(3.63)

 

where 1iF and 2iF  are defined according to conditions (3.54) and (3.55). 
If composite material is orthotropic medium in axes х, у ultimate strength val-

ues are defined by written above dependences, in which the following notations 
are accepted: 

( ) ( )

2 2 2 2
i xy i i yx i i i

11i 12i 13i
x y xy

2 2 2 2
i xy i i yx i i i

21i 22i 23i
x y xy

xy i yx i
31i 32i

x y

cos sin sin cos sin cosа ;    а ;    a ;
E E G

sin cos cos sin sin cos
а ;    а ;    a ;

E E G

1 sin2 1 sin2
a ;          a ;

E E

ϕ −μ ϕ ϕ −μ ϕ ϕ ϕ
= = =

ϕ −μ ϕ ϕ −μ ϕ ϕ ϕ
= = =−

+μ ϕ +μ ϕ
=− = i

33i
xy

cos2
            a .

G

ϕ
=

 (3.64) 

Let consider as an example the method of application of cross-plied com-
posite material with orthogonal reinforcement (Fig. 3.9), i. е. 

1 1 2 2 1 2n 2,  ,  ,  0,   90 .= δ =δ δ =δ ϕ = ϕ =  
Let materials of all layers are the same. Then 

11 12 1 21 22 2 121 122 12 121 122 12

11t 12t 1t 21t 22t 2t

E E E ,   E E E ,G G G ,   ,

F F F ;  F F F . 

= = = = = = μ =μ =μ

= = = =
 

We can obtain from (3.64) expressions: 

yx xy
111 121 131 211 221 231

x y x y

311 321 331
xy

1 1
a ;  a ;   a 0; a ;  a ;   a 0;

E E E E

1
a a 0;     a ;

G

μ μ
= =− = = − = =

= = =
   

xy yx
112 122 132 212 222 232

x y x y

312 322 332
xy

1 1
a ;  a ;   a 0; a ;  a ;   a 0;

E E E E

1
a a 0;     a ;

G

μ μ
= − = = = = − =

= = =
 

(3.65)

 

( ) ( )xy
111 21 211 21 xy 21 12 111 121 12 xy

x x x x

1 1 1
a a 1 ; a a ;

E E E E

μ
+μ = −μ = −μ μ μ + = μ −μ   
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21 xy xy 11
112 21 212 11 112 212

x x

1
а a ; a a .

E E

μ −μ −μ μ
+μ = μ + =  

Values 1iF  and 2iF  are defined by conditions (3.41) and (3.42). 
Equations (3.65) for unidirectional monolayer can be transformed to: 

( ) ( )

( ) ( )

xy 21 12 xy
x x

21 xy 12 xy
x x

1 1
1 0;           0; 

E E

1 1
0;           1 0.  

E E

−μ μ > μ −μ >

μ −μ < −μ μ >
   (3.66) 

These expressions mean that stresses in layers have the directions 
shown on the Fig. 3.9. 

 
Fig. 3.9. Stressed state of composite material layers 

with orthogonal reinforcement 
 
In accordance with this fact it is necessary to assume the following nota-

tions for determination xtF : 

11 1t 21 2t 12 1c 22 2tF F ;    F F ;  F F ;    F F .= = = =  
We can obtain from expression (3.40), taking into consideration found val-

ues of monolayers strength 

1t x 2t x 1c x 2t x12 12
xt

1 xy 21 2 12 xy 1 xy 21 2 12 xy

F E F E F E F EF F
F min ; ; ; ... ; ; . 

0 0E (1 ) E ( ) E ( ) E (1 )

⎡ ⎤
= ⎢ ⎥

−μ μ μ −μ μ −μ −μ μ⎢ ⎥⎣ ⎦
(3.67) 

The following is sequent from this fact: it is impossible to break orthogo-
nal composite material by layers shear: 

( ) ( )

( ) ( )

1c 2c 12
xс x

1 xy 21 2 12 xy

1t 2c 12

1 xy 21 2 12 xy

F F F
F E min ;    ;     ; ...

0E 1 E

F F F
                  ... ;      ;        .    

0E E 1

⎡
⎢=
⎢ −μ μ μ −μ⎣

⎤
⎥
⎥μ −μ −μ μ ⎦

   

(3.68)

 

The following dependences can be found for ultimate tensile and compression 
strength along the x axis from maximum strains criterion (3.45): 
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1t 2c 1c 2t12 12
xt x

1 2 xy 1 xy 2

F F F FF F
F E min ;  ;  ;  ;  ;   ;

E E 0 E E 0

⎡ ⎤
= ⎢ ⎥

μ μ⎢ ⎥⎣ ⎦
            

(3.69)

 

1c 2t 1t 2c12 12
xc x

1 2 xy 1 xy 2

F F F FF F
F E min ;  ;  ;  ;  ;   .

E E 0 E E 0

⎡ ⎤
= ⎢ ⎥

μ μ⎢ ⎥⎣ ⎦
 

The following expression for xtF  can be found by means of Mises-Hill crite-
rion: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 22 2
1 xy 21 1 2 xy 21 12 xy 2 12 xy

xt x 2 2
1t 2t1t 2t

0.52 22 2
1 21 xy 1 2 21 xy 12 xy 2 12 xy

2 2
1c 2t1c 2t

E 1 EE 1 E
F E min  ; ...

F FF F

E EE 1 E 1
... .

F FF F

−

⎧⎡ ⎤−μ μ −μ μ μ −μ μ −μ⎪⎢ ⎥= − +⎨⎢ ⎥⎪⎢ ⎥⎣ ⎦⎩
⎫⎡ ⎤μ −μ μ −μ −μ μ −μ μ ⎪⎢ ⎥− + ⎬⎢ ⎥ ⎪⎢ ⎥⎣ ⎦ ⎭

(3.70)

 

Formulas for other ultimate strength values can be found by analogous 
way. 

 
 
 

Checking-up questions 
 

1. What are typical failure modes of laminated composites at macro- and 
micro-levels? 

2. Describe two main approaches used for estimation of laminated com-
posite strength. 

3. What initial data engineer has to know for estimation of strength of lam-
inated composite (per each of above-mentioned two approaches)? 

4. What three main strength criteria can be applied for composite strength 
analysis? 

5. Write expression(s) of maximum stress criterion. 
6. Write expression(s) of maximum strain criterion. 
7. Write expression(s) of Mises-Hill criterion. 
8. Draw and analyze typical dependence of UD-composite strength prop-

erties as function of reinforcing angle using different strength criteria. 
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Theme 4. DESIGN OF SHELLS OF REVOLUTION OBTAINED BY WINDING 
AT SYMMETRICAL LOADING 

 
4.1. Fundamentals of shells design 

 
Shell structures are widely used in different branches of national econo-

my. In aerospace industry shell structures are represented by rocket cases, fu-
selage sections of small aircraft (closed cylindrical, conical and parabolic 
shape), radome fairings, leading edges of wing, control surfaces, cowlings 
(open shells) etc (Fig. 4.1). In machine-building we can see capacities, pres-
sure vessels, floats, cisterns. High-efficiency and automatize winding process is 
generally used for manufacturing above-mentioned articles. Fibers, tows, 
rovings, tapes (unidirectional and woven) and fabrics (in combination with dif-
ferent polymeric binders) are used as reinforcing material for these articles 
manufacturing. Overall dimensions of such sells exceed to 20..30 m in length 
and 4…5 m in diameter. 

 

 
a     b    c 

Fig. 4.1.  Aircraft shell structures: a– fuselage section; b– conical rocket 
radome (closed shell); c– typical wing leading section (open shell) 

 
Analysis of operational conditions of aircraft articles modeled by shell 

structure shows that these articles can be loaded with (Fig. 4.2) [4, 6]: 
– internal and external pressure, uniform tension or compression (by con-

tour length). In this case we consider shells as symmetrically loaded (refer to 
central axis); 

– randomly non-symmetrically loaded (with local longitudinal or lateral 
forces, bending moments, torque etc. In this case one should consider shell as 
non-symmetrically loaded. 

Shells manufactured by winding are geometrically symmetrical ones, 
therefore its thickness and physical and mechanical properties don’t depend on 
hoop (angle) coordinate but can vary along shell length. 

Due to low interlaminar strength of composite structure it is more desira-
ble to orient fibers at winding in such directions to ensure shear stress in layers 
close to zero. That is why criterion of shear stress absence in composite 
package is commonly used design criterion for symmetrically loaded shells. 
Mathematically this design criterion can be written as 
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( )12i 12 12i y x i0 G sin2 0.τ = = γ = ε −ε ϕ =     (4.1) 

 

 
a        b 

Fig. 4.2. Typical analysis scheme for shell structure: a– symmetrically loaded; 
b– non-symmetrically loaded 

 
Composite obtained by winding is always orthotropic one in axes x and y. 

Axis x is directed along shell length, axis y is perpendicular to shell contour 
(see Fig. 4.2). 

Criterion (4.1) can be satisfied by two possible independent solutions: 
y x 0;ε − ε =       (4.2) 

isin2 0.ϕ =       (4.3) 
Physical law for composite package considering above-mentioned design 

criterion is the following 
x 11 x 12 y

y 12 x 22 y

N B B ;

N B B ,

= ε + ε

= ε + ε
     (4.4) 

where x yN ,N – longitudinal and hoop forces per unit length applied to shell, N/m; 

11 12 22B ,B ,B – rigidity coefficients of composite package defined by formulas: 

( )

( )

( )

n
4 2 2 4 2

11 i 1i i 1i 21i i i 2i i 12i i
i 1

n
2 2 4 4 2

12i i 1i 2i i i 1i 21i i i 12i i
i 1

n
4 2 2 4 2

22i i 1i i 1i 21i i i 2i i 12i i
i 1

B E cos 2E sin cos E sin G sin 2 ;

B (E E )sin cos E (sin cos ) G sin 2 ;

B E sin 2E sin cos E cos G sin 2 .

=

=

=

= δ ϕ + μ ϕ ϕ+ ϕ + ϕ

= δ + ϕ ϕ+ μ ϕ + ϕ − ϕ

= δ ϕ + μ ϕ ϕ+ ϕ + ϕ

∑

∑

∑

   (4.5) 

First of all the most possible solution is (4.2) relationship. 
From physical law (4.4) we can find strains xε , yε : 

x 22 y 12 y 11 x 12
x y2 2

11 22 12 11 22 12

N B N B N B N B
; .

B B B B B B

− −
ε = ε =

− −
  (4.6) 
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Qualitative analysis of this expressions as mathematical functions permits 
to make the following conclusions: 

– solution (4.2) gives that deformations εx , ε y  should have the same 

sign (both positive or both negative), i.e. 

x 22 y 12 x 22 y 12

y 11 x 12 y 11 x 12

N B N B 0; N B N B 0;

N B N B 0; N B N B 0;

− > − <⎧ ⎧⎪ ⎪
⎨ ⎨− > − <⎪ ⎪⎩ ⎩

   (4.7) 

– coefficients ijB  are positive ones, therefore forces xN , yN  should have 

the same sign too 
x yN 0;N 0> >  or x yN 0;N 0< <    ( x yN 0;N 0≠ ≠ ).  (4.8) 

It means that condition (4.2) can be satisfied at biaxial loading only. 
Condition (4.3) can be satisfied at realization of composite reinforcing 

scheme like [0°], [90°] or their combination. 
 

4.2 Design procedure for shell manufactured by winding 
with woven fabric 

 
Design criterion (4.2) together and physical law (4.6) give condition of shell 

optimality: 
( ) ( )x 22 12 y 11 12N B B N B B 0.+ − + =     (4.9) 

Using formulas for rigidity coefficients and transformations we can obtain  

( )( ) ( )( )
n

2 2 2 2
i 1i 21i x i y i 2i 12i x i y i

i 1
E 1 N sin N cos E 1 N cos N sin 0.

=

⎡ ⎤δ +μ ϕ − ϕ + +μ ϕ− ϕ =⎣ ⎦∑     (4.10) 

Requirements of design principle demand symmetrical composite pack-
age realization. That is why each layer with reinforcing angle i+ϕ  and thickness 

iδ  corresponds to the layer with the same thickness but reinforcing angle i−ϕ. 

Such design objective contains n/2 variable of thickness and n/2 variable of 
reinforcing angle. 

Condition (4.10) considers dependence between composite rigidity pa-
rameters and external loading, therefore, to define numerical values of variable 
we should add any strength criterion. The most simple and visual is criterion of 
maximum stress 

1i 1i 2i 2iF ; F .σ ≤ σ ≤      (4.11) 
Condition (4.2) together with physical law (4) permits to obtain depend-

ence 

( ) ( )
x y

x y n

i 1i 21i 2i 12i
i 1

N N

E 1 E 1
=

+
ε = ε =

⎡ ⎤δ +μ + +μ⎣ ⎦∑
.   (4.12) 

Formulas for strains calculation at axes rotation are known 
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2 2
1i x i y i xy i i

2 2
2i x i y i xy i i

21i y x i xy i

cos sin sin cos ;

sin cos sin cos ;

( )sin2 cos2 .

ε = ε ϕ +ε ϕ + γ ϕ ϕ

ε = ε ϕ +ε ϕ − γ ϕ ϕ

γ = ε −ε ϕ + γ ϕ

   (4.13) 

From equations (4.12), (4.13) and second possible solution of design cri-
terion (4.3) one can obtain  

1i 2i x y .ε = ε = ε = ε      (4.14) 

Therefore stresses in local coordinate system 1, 2 can be estimated by 
the following formulas 

( ) ( )

( ) ( )

x y 1i 21i
1i n

i 1i 21i 2i 12i
i 1

N N E 1

E 1 E 1
=

+ +μ
σ =

⎡ ⎤δ +μ + +μ⎣ ⎦∑
, 

( ) ( )

( ) ( )

x y 2i 12i
2i n

i 1i 21i 2i 12i
i 1

N N E 1

E 1 E 1
=

+ +μ
σ =

⎡ ⎤δ +μ + +μ⎣ ⎦∑
. (4.15) 

These dependencies show that stress in axes 1,2 doesn’t depend on rein-
forcing angles, but on elastic constants only. Moreover stresses 1iσ  and 1iσ  
have the same sign. 

To obtain the highest efficiency of shell structure designer has to ex-
ceed simultaneous strength criterion (4.11) satisfaction, therefore 

1i 1i 2i 2iF , F .σ = σ =  If we solve together strength criterion (4.11) and equations 
(4.15) we obtain two possible variants of full-strength conditions 

– at x yN 0;N 0> >  
( )
( )

1i 21i1it
i

2it 2i 12i

E 1F
K

F E 1

+μ
= =

+μ
;   (4.16) 

– at x yN 0;N 0< <  
( )
( )

1i 21i1ic
i

2ic 2i 12i

E 1F
K

F E 1

+μ
= =

+μ
.  (4.17) 

It means that simultaneous breakage of warp fiber and weft fiber is possi-
ble at definite combination between strength and elastic properties and doesn’t 
depend on applied loads. In this case any of condition (4.11) can be used for 
design. 

If shell is considered to be made of the same material it is necessary to 
use for design one condition of shell optimality (4.10) and one strength criteri-
on, quantity of variables is equal to n. It means that any structure satisfied to 
(4.10) and (4.11) is optimal one. 

If shell is considered to be made of different materials one should use one 
condition (4.10) and n/2 conditions of strength. 

If conditions (4.16) and (4.17) aren’t satisfied one should clarify in what di-
rection breakage is most probably fastest (in warp direction or in weft direction) 
and then use this strength condition. 

For example, let’s find condition at which the first strength criterion 
1i 1iFσ =  is fulfilled as equality and the second strength condition is simply satis-

fied 2i 2iF .σ ≤  
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( ) ( )

( ) ( )

x y 1i 21i
1in

i 1i 21i 2i 12i
i 1

N N E 1
F

E 1 E 1
=

+ +μ
=

⎡ ⎤δ +μ + +μ⎣ ⎦∑
, 

( ) ( )

( ) ( )

x y 2i 12i
2in

i 1i 21i 2i 12i
i 1

N N E 1
F

E 1 E 1
=

+ +μ
≤

⎡ ⎤δ +μ + +μ⎣ ⎦∑
  (4.18) 

It is obvious that: 

– if 1i
i

2i

F
K

F
≤  that warp breaks the fist; 

– if 1i
i

2i

F
K

F
≥  that weft breaks the fist. 

 
Example 4.1. Let’s consider design of a shell is assumed to be manufac-

tured by spiral symmetrical winding from the same material (angle i+ϕ  and i−ϕ 

are used) (Fig. 4.3). It is necessary to find angle 1 2+ϕ =+ϕ =ϕ and layer thick-

ness 1 2+δ =+δ =δ. Quantity of equation n is equal to 2. 
 

 
Fig. 4.3.  Spiral symmetrical winding 

 
1i 1 2i 2 i 12i 12 21i 21 1i 1 2i 2E E ;E E ;K K; ; ;F F ;F F .= = = μ =μ μ =μ = =  

Then optimality condition (4.10) is the following (for n=1) 

( )( ) ( )( )2 2 2 2
1 21 x i y i 2 12 x i y iE 1 N sin N cos E 1 N cos N sin 0.+μ ϕ − ϕ + +μ ϕ − ϕ =  (4.19) 

y x2

x y

N K N
tg

N K N

−
ϕ=

−
.     (4.20) 

In this case we obtain unique solution for angle ϕ. Analysis of this solu-
tion gives two possible variants: 

y x

x y

N K N 0;

N K N 0;

− >⎧⎪
⎨ − >⎪⎩

     (4.21) 

y x

x y

N K N 0;

N K N 0.

− >⎧⎪
⎨ − >⎪⎩

     (4.22) 

Thus 

– at K 1>  therefore  x

y

N1
K

K N
≤ ≤ ;       (4.23) 
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– at K 1<  therefore  x

y

N 1
K

N K
≤ ≤ .       (4.24) 

At ( ) ( )1 21 2 12E 1 E 1+μ = +μ  optimal structure can be obtained at x yN N=  only. 

If composite breakage begins from warp fibers then  

( )
( )
x y

1

K N N
F

2 K 1

+
=

δ +
,     (4.25) 

Therefore shell thickness is equal to  

( )
( )
x y

1

K N N
2

F K 1

+
δ=

+
.     (4.26) 

If composite strength is defined by weft fibers wall thickness is defined by 

( )
( )
x y

2

N N
2

F K 1

+
δ=

+
.     (4.27) 

Values obtained from conditions (4.26) or (4.27) have to be rounded up to 
nearest largest technologically realized values. 

Example 4.2. Design of shell manufactured by combination of longitudi-
nal and spiral winding from the same material (Fig. 4.4). 

 
Fig. 4.4.  Combination of longitudinal and spiral winding 

 
In this case we have the following initial data: 
n=3; 1 1δ =δ ; 2 3 2δ =δ =δ ; 1 0ϕ = °; 2 3ϕ =−ϕ =ϕ; 1i 1E E= ; 2i 2E E= ; iK K= ; 

12i 12μ =μ ; 1i 1F F= ; 2i 2F F= . 
Optimality condition (4.10) for this shell has the following view; 

( ) ( ) ( )2 2 2 2
1 x y 2 x i y i x i y iN N K 2 K N sin N cos N cos N sin 0.⎡ ⎤δ − + δ ϕ − ϕ + ϕ − ϕ =⎣ ⎦  (4.28) 

After this function analysis we can obtain that 

– if K 1>  and x

y

N1
K

K N
≤ ≤         (4.29) 

– or if K 1<  and x

y

N 1
K

N K
≤ ≤        (4.30) 

reinforcing angle ϕ can take any value satisfying the following condition 
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y x2

x y

N K N
tg

N K N

−
ϕ>

−
.      (4.31) 

At other combinations of loading parameters, elastic and strength proper-
ties of material and selected reinforcing scheme optimality condition can’t be 
satisfied. 

Thickness of longitudinal and spiral layers can be estimated using 
strength condition of warp fist breakage (4.32) or weft breakage (4.33). 

( )
( )
x y

1 2
1

K N N
2

F K 1

+
δ + δ =

+
,     (4.32) 

( )
( )
x y

1 2
2

N N
2

F K 1

+
δ + δ =

+
.     (4.33) 

Obtained thicknesses have to be rounded to large side up to even num-
ber of monolayers. Since 1 1 0nδ = δ , 2 2 0nδ = δ  it is more desirable to select such ϕ 
value to obtain shell minimum mass. Therefore final parameters of this shell 
scheme can be obtained from following system of equations: 

( )
( )

( )
( )

( ) ( )

x y x y
1 2 1 2

1 0 2 0

2 2 2 2
x i y i x i y i1

2 y x

K N N N N
n 2n or n 2n ;

F K 1 F K 1

K N sin N cos N cos N sinn
.

2n N K N

+ +
+ = + =

δ + δ +

ϕ − ϕ + ϕ − ϕ
=

−

  (4.34) 

 
Example 4.3. Design of shell manufactured by combination of lateral and 

spiral winding from the same material (Fig. 4.5). 

 
Fig. 4.5.  Combination of lateral and spiral winding 

 
The same analysis procedure can be conducted for this case. The follow-

ing conclusions can be done. 
n=3; 1 1δ =δ ; 2 3 2δ =δ =δ ; 1 90ϕ = °; 2 3ϕ =−ϕ =ϕ; 1i 1E E= ; 2i 2E E= ; iK K= ; 

12i 12μ =μ ; 1i 1F F= ; 2i 2F F= . 

– if K 1>  and x

y

N1
K

K N
≤ ≤          (4.35) 
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– or if K 1<  and x

y

N 1
K

N K
≤ ≤         (4.36) 

y x2

x y

N K N
tg

N K N

−
ϕ<

−
.     (4.37) 

Generally we can make conclusion that: 
– structures [ ]0,±ϕ  and [ ]90,±ϕ  are supplement each other by intervals of 

allowable reinforcing angle; 
– structure [ ]±ϕ  occupies intermediate position between them; 

– if pure spiral winding is technologically restricted it is recommended to 
select longitudinally-spiral or laterally-spiral reinforcing scheme; 

– considered reinforcing can be used for quite narrow range of loads (re-
quired by condition (4.2) x yε =ε ), that is why condition (3) isin2 0.ϕ =  has to be 

considered. 
 
Example 4.4. Design of shell manufactured by lateral winding from the 

same material (Fig. 4.6). 

 
Fig. 4.6.  Shell obtained by lateral winding 

 
Initial data for analysis is the following: n=1; 1δ =δ; 90ϕ= °; 1i 1E E= ; 2i 2E E= ; 

iK K= ; 12i 12μ =μ ; 1i 1F F= ; 2i 2F F= . 
Rigidity coefficient for this scheme are: 

=δ11 2B E ; =δ μ12 1 21B E ; =δ22 1B E.    (4.38) 
Inserting to expression (4.6) one can see that global strains (4.39), local 

strains (4.40) and local stress (4.41) are equal to 
− μ − μ

ε = ε =
δ δ

x y 21 y x 12
x y

2 1

N N N N
; .

E E
   (4.39) 

− μ
ε =ε ϕ+ε ϕ=ε =

δ

− μ
ε =ε ϕ+ε ϕ=ε =

δ

y x 122 2
1 x y y

1

x y 212 2
2 x y x

2

N N
cos sin ;

E

N N
sin cos .

E

   (4.40) 
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( )

( )

y
1 1 1 21 2

x
2 2 1 12 1

N
E ;

N
E .

σ = ε +μ ε =
δ

σ = ε +μ ε =
δ

    (4.41) 

Strength condition (criterion of maximum stress) is the following 
1i 1i 2i 2iF ; F .σ ≤ σ ≤      (4.42) 

Thus shell thickness can be found as  

y x

1 2

N N
max ; .

F F

⎧ ⎫⎪ ⎪δ= ⎨ ⎬
⎪ ⎪⎩ ⎭

     (4.43) 

Found value has to be rounded to largest even quantity of monolayers. 
 
Example 4.5. Design of shell manufactured by longitudinal winding from 

the same material (Fig. 4.7). 

 
Fig. 4.7.  Shell obtained by longitudinal winding 

 
Initial data for analysis is the following: n=1; 1δ =δ; 0ϕ= °; 1i 1E E= ; 2i 2E E= ; 

iK K= ; 12i 12μ =μ ; 1i 1F F= ; 2i 2F F= . 
Shell thickness can be found as for this scheme 

yx

1 2

NN
max ; .

F F

⎧ ⎫⎪ ⎪δ= ⎨ ⎬
⎪ ⎪⎩ ⎭

     (4.44) 

Found value has to be rounded to largest even quantity of monolayers. 
One should pay attention that condition (4.8) ( x yN 0;N 0> >  or xN 0;<  

yN 0< ) hasn’t been satisfied for two above-mentioned structures. 

Example 4.6. Design of shell manufactured by longitudinal-lateral winding 
from the same material (Fig. 4.8). 

 
Fig. 4.8.  Shell obtained by longitudinal- lateral winding 

 
Initial data for analysis is the following: n=2; 1 1δ =δ ; 2 2δ =δ ; 1 0ϕ = °; 2 90ϕ = °; 

1i 1E E= ; 2i 2E E= ; iK K= ; 12i 12μ =μ ; 1i 1F F= ; 2i 2F F= . 
Skipping analysis transformations we should recommend following algo-

rithm for shell design: 
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– to define series of thicknesses 1δ  considering technologically available; 
Using conditions 

( ) ( )
( ) ( )

1 x 21 y 1 1 y 21 z 1

2 y 12 z 2 2 x 12 y 2

E F; E F;

E F ; E F ;

ε +με ε ≤ ε +με ε ≤

ε +με ε ≤ ε +με ε ≤
   (4.45) 

 
And relationships 

( ) ( )
( )( ) ( )

( ) ( )
( )( ) ( )

( ) ( )
( )

x 1 2 2 1 y 1 2 1 21
x 2 2 2

1 1 2 2 1 2 2 1 1 2 1 21

y 1 1 2 2 x 1 2 1 21
y 2 2 2

1 1 2 2 1 2 2 1 1 2 1 21

11 22 x 21 21 y

11 1 x 21 y 21 2 y 12 x

12 1 y 21 x 22 2 x 12

N E E N E
;

E E E E E

N E E N E
.

E E E E E

; ;

E ; E ;

E ; E

δ +δ − δ +δ μ
ε =

δ +δ δ +δ − δ +δ μ

δ +δ − δ +δ μ
ε =

δ +δ δ +δ − δ +δ μ

ε =ε =ε ε =ε =ε

σ = ε +μ ε σ = ε +μ ε

σ = ε +μ ε σ = ε +μ ε( )y .

              

(4.46) 

– to define 2δ  for any 1δ  series considering restrictions using (4.45), (4.46) 
and round it up to even value; 

– to find optimal thickness values considering condition 1δ + 2δ →min; 
As the result we can underline that one can apply forces of different signs 

(shear forces are absent). 
 

4.3 Design procedure for shell manufactured by winding 
with UD tapes or tows 

 
Main difference of the following design procedure is closing to zero physi-

cal and mechanical properties of composite in lateral direction (because of low 
quantity or even absence of weft fibers and low resin strength comparing with 
fiber longitudinal properties). Therefore, 2i 12i 21i 12i 2iE G F 0=μ =μ = = = . Then opti-
mality condition transforms to the following form 

( )
n

2 2
i 1i x i y i

i 1
E N sin N cos 0.

=
δ ϕ − ϕ =∑     (4.47) 

Local stress in longitudinal direction 1 is equal to  

( )
( )x y 1i

1i 2in

i 1i
i 1

N N E
; 0 .

E
=

+
σ = σ =

δ∑
    (4.48) 
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Condition (4.47) allows a large amount of reinforcing schemes satisfying 
it. Let’s consider the most widely used winding schemes. 

 
Table 4.1. Parameters of shell winding by UD-tow 

Winding scheme Reinforcing angle Shell thickness 

Spiral y

x

N
tg

N
ϕ=  

x y

1

N N
2 .

F

+
δ=  

Longitudinal-spiral 

1 0ϕ = ° 
y

x

N
tg

N
ϕ≥  

x y
1 2

1

N N
2 .

F

+
δ + δ =  

Lateral-spiral 

1 90ϕ = ° 
y

x

N
tg

N
ϕ≤  

x y
1 2

1

N N
2 .

F

+
δ + δ =  

 
 
 

Checking-up questions 
 

1. Give examples of airplane's units that can be modeled as shells. 
2. What typical loading schemes of shells are considered at shell design? 
3. What design criteria can be used for shells design? 
4. What equipment and manufacturing processes are used for shells man-

ufacturing? 
5. What typical reinforcing schemes are used for design of shells produced 

by fabric and UD-tow (UD-tape) winding? 
6. Is it possible to realize maximum strength properties of a fabric at shell 

winding? 
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Theme 5. DESIGN OF SHELLS OF REVOLUTION OBTAINED BY WINDING 
AT GENERAL LOADING 

 
Let’s consider geometrically axis-symmetrical cylindrical shell generally 

loaded with known forces (moments) x y z x y zN , Q , Q ,M ,M ,M  and internal and 

external pressure P  (Fig. 5.1) [4, 6]. 

 
Fig. 5.1. Typical analysis scheme for shell structure with general loading 

 
Using angle coordinate θ  internal forces at any point of the shell (in local 

coordinate system αβ ) can be expressed as follows: 

( )

( )

x z y2

x y z2

1
N N R 2M sin 2M cos ;

2 R
N PR;

1
q M 2Q Rcos 2Q Rcos .

2 R

α

β

αβ

= + θ− θ
π

=

= − θ+ θ
π

   (5.1) 

Physical law for composite package of shell wall can be written as 

11 12

12 22

33

N B B ;

N B B ;

q B .

α α β

β α β

αβ αβ

= ε + ε

= ε + ε

= γ

     (5.2) 

Generally shell wall includes monolayers oriented in longitudinal direction - 
0ϕ= °; lateral direction - 90ϕ= ° and spiral direction - ±ϕ. Then total shell thickness 

is equal to 
1 2 32 .δ = δ +δ + δ       (5.3) 

Optimality criterion for shell design is criterion of minimal mass of unit shell 
area: 

4

i i 1 1 2 2 3 3
i 1

M 2 min,
=

= δ ρ = δ ρ +δ ρ + δ ρ →∑    (5.4) 

where 1 2 3, ,ρ ρ ρ – density of monolayers with orientation 0 ,90° ° and ±ϕ. 

Introducing designation ( )1 1 2 2 3 1 2; ; 2 1δ =ψ δ δ =ψ δ δ = δ −ψ −ψ  objective 
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function (5.4) can be written as 

( )1 1 2 2 3 1 2M 1 min.⎡ ⎤= ψ ρ +ψ ρ +ρ −ψ −ψ →⎣ ⎦    (5.5) 

Therefore we have four variables - 1 2, , ,ψ ψ δ ϕ . 
To simplify shell strength analysis let’s select strength criterion “at the 

point” using criterion of maximum stress and Mises-Hill criterion: 
N qN

F ; F ; F ;β αβα
α α β β αβ αβσ = ≤ σ = ≤ τ = ≤

δ δ δ
  (5.6) 

2 22

2 2 2
1,

F FF F F
α β β αβα

α βα β αβ

σ σ σ τσ
− + + ≤      (5.7) 

where F ,F ,Fα β αβ – ultimate strength for composite package in axes αβ . 

tt

c c

F at 0;F at 0;
F F

F at 0; F at 0.
β βα α

α β
α α β β

σ ≥⎧σ ≥⎧ ⎪= =⎨ ⎨σ < σ <⎪⎩ ⎩
   (5.8) 

Indexes “t” and “c” mean tension and compression correspondingly. 
Using conditions (5.6), (5.7) one can find function ( )1 2, ,δ = ψ ψ ϕ : 

( )1 2

N qN
, , max ; ; .

F F F
β αβα

α β αβ

⎧ ⎫⎪ ⎪δ = ψ ψ ϕ = ⎨ ⎬
⎪ ⎪⎩ ⎭

   (5.9) 

( )
2 22

1 2 2 2 2

N N qN N
, , .

F FF F F
β β αβα α

α βα β αβ

δ = ψ ψ ϕ = − + +    (5.10) 

Varying angle coordinate θ  and linear coordinate x one can find series of 
thicknesses; then satisfying objective function (5.5) we can obtain optimal 
thickness distribution through shell surface. 

Above-mentioned design algorithm suggests implementation of integral 
physical and mechanical properties of composite package for its strength estima-
tion (i.e. theoretical forecasting). Practically such approach is not always valid be-
cause absence of data comparing experimental and theoretical results. That is 
why design algorithm can be founded on composite monolayer properties (which 
can be easier obtained experimentally). 

According to this second approach function ( )1 2, ,δ = ψ ψ ϕ  can be written 

( )
( )

1i 1i 2i 2i 12i 12i
1 2

i 1i 2i 12i

E A E A G A
, , max ; ; ;

F F F

⎧ ⎫
δ = ψ ψ ϕ = ⎨ ⎬

⎩ ⎭
  (5.11) 

( )
( )

2 2 2 2 2 2
1i 1i 1i 2i 1i 2i 2i 2i 12i 12i

1 2 2 2 2i 1i 2i1i 2i 12i

E A E E A A E A G A
, , max ,

F FF F F
δ = ψ ψ ϕ = − + +   (5.12) 

where 
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1it 1i 2it 2i
1i 2i

1ic 1i 2ic 2i

F at A 0; F at A 0;
F F

F at A 0; F at A 0.

≥ ≥⎧ ⎧
= =⎨ ⎨< <⎩ ⎩

   (5.13) 

1i 1i 1i 1i

2i 2i 2i 2i

12i 12i 12i 12i

N qN
A Y Y Y ;

E E G

N qN
A Y Y Y ;

E E G

N qN
A Y Y Y .

E E G

β αβα
α β αβ

α β αβ

β αβα
α β αβ

α β αβ

β αβα
α β αβ

α β αβ

= + +

= + +

= + +

    (5.14) 

( ) ( )
( ) ( ) ( )
( ) ( )
( ) ( )
( )

2 2
1i i 21i i 21i

2 2
2i i 12i i 12i 12i i

2 2
1i i 21i i 21i

2 2
2i i 12i i 12i

12i i 1i i i

Y cos 1 sin ;

Y cos sin 1 ; Y sin2 1 ;

Y cos sin 1 ;

Y cos 1 sin ;

Y sin2 1 ; Y sin cos 1
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sin cos E sin cos G sin 2 ;

B
B G G 1 E

E 2E sin cos G cos 2 .

⎤ϕ ϕ+ μ ϕ+ ϕ − ϕ⎦

⎡= =ψ +ψ + −ψ −ψ +⎣δ
⎤+ − μ ϕ ϕ+ ϕ⎦     

(5.17)

 
Integral strength properties of composite package by criterion of maximum 
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stress and Mises-Hill criterion can be estimated as: 
– strength along local axis α at tension (“t”) and compression (“c”) 

( )

( )

α α α
α

α α α

−
α α α α α

α α

⎧ ⎫
= ⎨ ⎬

⎩ ⎭
⎧ ⎫⎛ ⎞⎪ ⎪= − + +⎜ ⎟⎨ ⎬⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

1i 2i 12i
t

i 1i 1i 2i 2i 12i 12i

0.52 2 2 2 2 2
1i 1i 1i 2i 1i 2i 2i 2i 12i 12i

t 2 2 2i 1i 2i1i 2i 12i

E F E F E F
F min ; ; ;

E absY E absY G absY

E Y E E Y Y E Y G Y
F min E ,

F FF F F

   (5.18) 

where  

1it 1i 2it 2i
1i 2i

1ic 1i 2ic 2i

F at Y 0; F at Y 0;
F F

F at Y 0; F at Y 0.
α α

α α

≥ ≥⎧ ⎧
= =⎨ ⎨< <⎩ ⎩

   (5.19) 

( )

( )

α α α
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α α α α α

α α
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= ⎨ ⎬
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   (5.20) 

where  

1ic 1i 2ic 2i
1i 2i

1it 1i 2it 2i

F at Y 0; F at Y 0;
F F

F at Y 0; F at Y 0.
α α

α α

≥ ≥⎧ ⎧
= =⎨ ⎨< <⎩ ⎩

   (5.21) 

– strength along local axis β at tension (“t”) and compression (“c”) 

( )

( )

β β β
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β β β
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β β β β β

β β
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E Y E E Y Y E Y G Y
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   (5.22) 

where  

1it 1i 2it 2i
1i 2i
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β β

β β
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   (5.24) 

where  



 63

1ic 1i 2ic 2i
1i 2i

1it 1i 2it 2i

F at Y 0; F at Y 0;
F F

F at Y 0; F at Y 0.
β β

β β

≥ ≥⎧ ⎧⎪ ⎪= =⎨ ⎨< <⎪ ⎪⎩ ⎩
   (5.25) 

 
– shear strength in axes αβ 
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( )
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where  

1it 1i 2it 2i
1i 2i

1ic 1i 2ic 2i

F at Y 0; F at Y 0;
F F

F at Y 0; F at Y 0.
αβ αβ

αβ αβ
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   (5.27) 

 
 

 
 

Checking-up questions 
 

1. Draw typical loading scheme for shell at generalized loading. 
2. Write dependencies for determiation loads applied to representative el-

ement of a shell in local coordinate system. 
3. What strength criteria can be used for design of a shell at generalized 

loading? 
4. What does volume fraction of a definite monolayers in total shell thick-

ness mean? 
5. How to estimate global (integral) elastic properties of a shell composite 

package? 
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Theme 6. DESIGN OF RODS MADE OF COMPOSITE MATERIALS. 
STRUCTURAL AND MANUFACTURE SOLUTIONS OF RODS 

AND THEIR CONNECTING TIPS 
 

6.1 Fundamentals of rods design 
 
Efficiency of composite materials application in aircraft structures is de-

fined by load type. That is stipulated by different abilities of composite compo-
nents (matrix and fibers) to withstand the variety of loads. The maximum of 
mass decreasing can be reached in those articles and units in which loading is 
simple, i.e. when high strength ability of composites along the fibers can be ful-
ly realized. From this point of view rods and constructions made of them are 
ideal elements for wide using of composites in aircraft structures [5]. 

Usually rods are loaded with axis tensile or compressive force only. To 
withstand this force composite fibers should be oriented in longitudinal direc-
tion. The distinctive type of carrying ability loosing is general instability of rods. 
It can be explained by the following fact: the value of critical force is proportion-
al to longitudinal elastic modulus of rod material and depends on transversal 
interlayer shear modulus of composite. Shear modulus of majority of compo-
sites is quite small that is why this fact should be considered at the stage of rod 
design. 

Another type of rod destroying is their local instability. It can be realized in 
two forms: symmetrical and non-symmetrical. For metal rod non-symmetrical 
form of local instability is not necessary to be considered but for composite rods 
this form of instability is the most important in a majority of analysis cases. 

The following problem, which should be taken into consideration, is quite 
low interlayer strength of polymer composites. So edge effect in the place of 
joining of composite rod and metal bushing should be analyzed. 

The peculiarities of manufacture process of pipe elements made of com-
posites design demand some important restrictions on the connective bushings 
design. These restrictions should be considered at the stage of composite rod 
wall design. 

 
6.2. The field of rod system application in aircraft structures 

 
Wide application of rods in aircraft structures is stipulated by their high 

mass efficiency, especially at low and middle loading intensity and at the case 
of existing of enough volume for rod system placing. 

Rods are the frameworks of rigid connections of aircraft steering surfaces 
control system and wing mechanization. Truss constructions are widely used 
for joining of rocket stages, motor frame, light aircraft fuselage skeleton, some 
aircraft units (wing spars, ribs), installation of hanging brackets for external use-
ful loads etc (Fig. 6.1). 
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Fig. 6.1. Application of rods in aircraft structures 
 

In addition rod structures are widely used in civil engineering, machine 
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building, lifting gears and vehicles, bridge building etc. 
Distinctive rod design features are the following: direct form, constant 

cross section along the rod length, hinge fixing to other construction parts. The-
se features permit to manufacture rod by means of up-to-date high effective 
methods of pulltrusion, winding, rolltrusion, extrusion etc. 

Predominated loading types for rods are tensile and compression forces 
according to load case. Design of definite rod (for instance, control rod of air-
craft control system with definite length and loads) can be made by means of 
minimum mass criterion. In rod grounded systems (trusses) system geometry 
should be determined. That is why rods length, their quantity and their individu-
al loads are functions of general truss scheme. Therefore determination of truss 
structural parameters is quite complicated problem, especially for statically un-
determined systems. Today design of multi-rod constructions is usually made 
by iteration methods, so the problem of individual rod design is very important. 

 
6.3. The method of rod design 

 
The criteria of minimal rod mass is used for design [5, 6] 

M=ρ⋅ℓ⋅f→min.     (6.1) 
where ρ– is density of rod material; ℓ - rod length; f - rod cross section. 

In the first design step parts with Δℓ length (Fig. 4.2) of rod don’t take into 
consideration. The aim of design is to determine rod mean radius R, wall thick-
ness δ and composite structure (stacking sequence). 

 
Fig. 4.2. Arrangement of typical rod 

 
The restrictions for design are the following: 
 
a) Strength condition at tension and compression of rod must be provid-

ed: 
xt t2 R F Nπ⋅ ⋅δ⋅ ≥ ;       

π⋅ ⋅δ⋅ ≥xc c2 R F N ,     
(6.2)

 
where Fxt, Fxc – strength limit of rod material at tension (t) and compression (c). 
 

b) Condition of rod general stability must be provided: 
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⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

π ≥
π+

2

 2
2

2
x

kD NckDl 1
l K

,     (6.3) 

where D- flexural stiffness of rod wall; KX – shear stiffness of wall; k- coefficient 
which characterizes a type of rod tips supporting; k=1 for hinging; k=0.25 - for 
cantilevered rod; k=4- for double end rigid supporting. 

At the first design step the stacking sequence of wall made of composite 
is undetermined. That is why we assume that wall material is isotropic. By the 
way such manufacture processes as winding and pulltrusion permit to obtain 
approximately isotropic rod structure. Therefore we can write  

3

,x 33
22

 R  BD ,  K  R B
B

π δ= =π ⋅     (6.4) 

where 2
11 22 12B B B B= ⋅ −  - for hollow rod; 

11 22B B B= ⋅  - for rod with undeformed contour of cross section (for in-
stance one can fill in internal volume with rigid filler). 

ijB - stiffness coefficients. 

If wall material is assumed to be isotropic the above-mentioned formulas 
can be transformed to 

3
x x xyD  R E ,  K  R  G=π⋅δ = π ⋅δ ,    (6.5) 

where EX – elastic modulus of composite at tension or compression; 
GXY- shear modulus of composite. 
 
c) Condition of rod local stability (buckling) as thin-walled structure. 
Usually one can consider two forms of shell (rod) instability: 
- symmetrical instability refer to longitudinal shell axis (Fig. 6.3); 
- non-symmetrical instability(Fig. 6.3, b). 

 
a    b 

Fig 6.3. Two forms of local instability: a- symmetrical (symmetry of semi-waves 
can be observed); b- non-symmetrical (no symmetry of deformed contour) 
 

The critical forces ax
crN  and nax

crN  which can make these instability forms 
can be determined by the following formulas 

2
x yax

cr
xy yx

E E2
N

13

⋅π⋅δ
=

−μ ⋅μ
,    (6.6) 
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( )
( )⎧π⋅ ⋅δ⎪ ⎡ ⎤= ⋅ ⋅λ + ⋅ ⋅μ + ⋅ ⋅λ ⋅λ + ⋅λ +⎨ ⎣ ⎦⋅λ⎪⎩

⎫
⎪
⎪⋅π⋅δ⋅λ

+ ⎬⎡ ⎤⎛ ⎞⋅μλ λ ⎪⋅ + − ⋅λ λ +⎢ ⎥⎜ ⎟ ⎪⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎭

3
nax 4 2 2 4
cr x m x yx xy m n y n2m,n

m

2
m

4 4
xy 2 2m n

m n
y xy x x

R
N min E 2 E 2 G E

6

2
                          ,

21
R

E G E E

      (6.7) 

x
x

xy yx

E
E

1
=

−μ ⋅μ
; y

y
xy yx

E
E

1
=

−μ ⋅μ
; m

mπ⋅
λ = ; n

n
R

λ = , 

where ax
crN  -critical force of local symmetrical instability; 

nax
crN  -critical force of local non-symmetrical instability; 

EX, EY- longitudinal and lateral elasticity modules of composite; 
xy yx, μ μ - Poisson ratios of composite; 

m, n- quantity of semi-waves along longitudinal axis of rod and in tangen-
tial direction (Fig. 4.4). 

 
a    b 

Fig. 4.4. Semi-waves in longitudinal (a) and tangential (b) directions 
 

Condition of local stability can be written: 
ax
cr cN N ,≥         

nax
cr cN N ,≥       

(6.8)
 

It’s known that critical stresses of general and local instability can be 
more than ultimate stresses of material. So the problem can have solution, 
which has no physical meaning. This fact can be taken into account by means 
of two models (Fig. 4.5). 

According to the first model (Fig. 4.5, a) the curve section of Euler critical 
stresses is limited by ultimate strength. 

According to the second model (Fig. 4.5, b) critical stresses should be 
calculated by the formula 

cr xc 2

1
N 2 R  F

1

+Ψ
= π⋅ ⋅δ

+Ψ+Ψ
, 

π⋅ ⋅δ
Ψ = xc

Eu
cr

2 R   F

N
,  (6.9) 

where Eu
crN - critical force calculated by Euler formula. 
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a      b 

Fig. 4.5. Models of Euler force calculation 
 

Besides limitations which determine load-carrying ability of rod there are 

design ( )D D
min maxR  or R  and manufacture limitations ( )M M

min maxR  or R : 

D M
min maxR R R≤ ≤ , 0nδ = ⋅δ ,    (6.10) 

where D
minR - minimal available rod radius. It’s determined by the tip dimension, 

mandrel rigidity etc; M
maxR  - maximum rod radius. The main unit dimensions, for 

instance airfoil thickness, determine this radius; n, δ0- quantity of composite 
layers and prepreg (fabric, tape etc) thickness. 

Hence, the problem of rod wall design is to minimize rod mass function M: 
M 2 R  l min= π⋅ ⋅δ⋅ ⋅ρ→ .     (6.11) 

The limitations are the following; 
xt t xc c2 R   F N , 2 R   F N ,π δ ≥ π δ ≥     (6.12) 

3 3
x

с2 2
2 x

2
xy

k R   E
 N

kR E
l 1

l G

π δ
≥

⎛ ⎞π⎜ ⎟+
⎜ ⎟
⎝ ⎠

,     (6.13) 

( )
x y2

с
xy yx

E E
2   N

3 1
πδ ≥

+μ μ
,    (6.14) 

( )⎧π⋅ ⋅δ⎪ ⎡ ⎤λ + ⋅ μ + λ λ + λ +⎨ ⎣ ⎦λ⎪⎩
⎫
⎪
⎪⋅π⋅δ λ

+ ≥⎬⎡ ⎤⎛ ⎞μλ λ ⎪⋅ + − λ λ +⎢ ⎥⎜ ⎟ ⎪⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎭

3
  4   2   2   4

x m x yx xy m m y n  2
(m,n) m

  2
m

с  4   4
xy   2   2m n

m n
y xy x x

R
min E 2 E 2G E

6

2   
                  N .

21
R

E G E E

       

(6.15)
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Let’s consider engineer recommendations for rod design. Let rod is 
manufactured by pulltrusion. Hence physical and mechanical properties of 
composite can be described by the following expressions: 

EX=E1; EY=E2; μYX=μ21; GXY=G12; 

12 21 12 21

1 2
1 2

E E
E ;    E ; 

1 1
= =

−μ μ −μ μ x 1c xt 1tF F ; F F= = .  (6.16) 

From the expression (6.14) we can minimal wall thickness 

⋅ −μ ⋅μ
δ =

π ⋅
xy yxc

min
1 2

3 (1 )N
2 E E

    (6.17) 

and from the expressions (6.12) – minimal mean radius of a rod 
⎧
⎪ π⋅δ ⋅⎪= ⎨
⎪
⎪ π⋅δ ⋅⎩

t

min xt
min

c

min xc

N
,

2 F
R

N
.

2 F

    (6.18) 

Then designer should check conditions (6.13) and (6.15). If one of these 
expressions is not satisfied designer should increase minR  value until satisfac-
tion of these conditions (6.13) and (6.15). 

Let there are design and manufacture limitations on rod radius ( DR or MR ) 
and rod radius calculated by the (6.13) formula is less then minR  we should 

check conditions (6.13) and (4.15) with value DR or MR . 
If necessary rod radius is more than D

maxR or M
maxR  designer should in-

crease wall thickness until (6.13) and (6.15) will be satisfied. 
Now let’s consider a numerical example. 
Example 6.1. It’s necessary to design rod with hinged tips and length 1000 

mm which is manufactured by pulltrusion and made of carbon plastic. Properties 
of this carbon plastic are concerned to material №1 from the Table 6.1. 

Design tension force is 25 kN, compression force is 20 kN. 
From the formula (6.17) we obtain 

min 5 4

20000 3(1 0.35 0.035)
0.42 mm

2 3.14 10 10

− ⋅
δ = =

⋅ ⋅
.  (6.19) 

From the equation (6.18) one can obtain minR  value 

min

25000
10,5 mm

2 3.14 0.42 900R max 10.8  mm.
20000

10,8 mm
2 3.14 0.42 700

⎧ ⎫=⎪ ⎪⎪ ⎪⋅ ⋅ ⋅= =⎨ ⎬
⎪ ⎪=
⎪ ⎪⋅ ⋅ ⋅⎩ ⎭

  (6.20) 

If rod has hinged tips then k=1 and we substitute minδ  and minR  by their 
numerical values in the formula (6.13) and obtain 
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3 3 5

2 2
3 3

3 3

1 3.14 10.8 0.42 10 1638
1671 N 20000 N

1 0.023.14 10.8 10.5
10 10 1

10 10 600

⋅ ⋅ ⋅ ⋅
= = <

−⎛ ⎞⋅ ⋅
⋅ +⎜ ⎟⎜ ⎟⋅ ⋅⎝ ⎠

. (6.21) 

One can see that condition of local stability isn’t satisfied so radius should 
be increased. If we considered that shear influence on critical stresses is negli-
gible then from expression (6.13) one can obtain 

p 2 6
c 33

5
min x

N l1 1 20000 10
R   25 mm.

k E 3.14 1 0.42 10

⋅
= = ≈
π δ ⋅ ⋅

  (6.22) 

To satisfy condition (6.15) designer should use computer to determine the 
minimal value of this expressions at determined values of m and n. 

At chosen initial date the minimal value of expression exceeds at m=48 
and n=6: 

So,       

⋅
λ = = λ = =

= = =
− ⋅

m n

1 2

3.14 48 1 6 1
0,15 ;      0.15 ;

1000 mm 25 mm
100000

E E 101200 MPa,
1 0.35 0.035

 

⋅ ⋅ ⋅
+ ⋅ + ⋅ + +

⋅
⋅ ⋅ ⋅

+ = >
⎡ ⎤⋅⎛ ⎞⋅ ⋅ + − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

3 4

4

2

4

3 14 25 0.42 0.15
101200 2 101200 0.035 2 6000 10120

6 0.15

2 3.14 0.42 0.15
20500 20000 N.

1 1 2 0.35 1
25 0.15

10000 6000 100000 100000

.
[ ( ) ]

   
(6.23)

 

This result means that non-symmetrical form of local instability is possible 
at loading more than design loading. 

Consider case when condition (6.10) is the following 
10 mm R 15 mm≤ ≤ . 

Hence we should put R=15 mm (above calculated value is 25 mm). From 
the condition (6.13) we will find wall thickness 

⎛ ⎞π⎜ ⎟δ≥ +
⎜ ⎟π ⎝ ⎠

⎛ ⎞⋅ ⋅ ⋅ ⋅
δ ≥ +⎜ ⎟⎜ ⎟⋅ ⋅ ⋅ ⋅⎝ ⎠
δ≥

2 2 2
с x

3 3 2
x xy

6 2 2 5

3 3 5 6

N l k R E
1 ;

k R E l G

20000 10 1 3.14 15 10
1 .

1 3.14 15 10 10 6000

1.91 mm.

   (6.24) 

One can check that conditions (6.12) and (6.15) are satisfied. Now we 
can check the ultimate force: 

= π⋅ ⋅δ⋅ = ⋅ ⋅ ⋅ ⋅ =хсN 2 R F 2 3.14 15 1.91 700 125945 N . 
We can see that this force is less than critical force. This example shows 

that the strictest condition is the condition of general instability. So rational rod 
parameters are: R=15 mm, δ=1.91 mm. 
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If considered rod is manufactured by winding with fabric or tape wall thick-
ness of rod should be rounded to larger size up to nearest whole number of layers 
by multiplying the composite layer thickness to necessary their quantity 

 
δ0=0.08 mm, h=24 mm, 0.08⋅24=1.92 mm. 

 
Let’s consider method of rod design, wall of which consists of two families 

of threads or tapes. For instance, longitudinal-lateral winding or the following 
combinations: winding-pulltrusion, winding-laying up, pulltrusion-laying up. 

In this case wall thickness is equal to 

( )1 2 1 1δ =δ +δ =δ +Ψ , where 2

1

δΨ = δ .   (6.25) 

Elastic constants of orthotropic material of wall can be calculated by 
known method: 

 
( ) ( )
( ) ( )

(1) (2) (1) (2)
11 1 12 111 11 12 12

(1) (2) (1) (2)
22 1 33 122 22 33 33

B A A ,       B A A ,

B A A ,      B A A ,

=δ +Ψ⋅ = δ +Ψ⋅

=δ +Ψ⋅ = δ +Ψ⋅
 (6.26) 

where 

21

21

21

_ _ _
(i) 4 4 2 2 2

1i 2i 1ii i i i i 12i i11

_ _ _
(i) 2 2 4 4 2

1i 2i 1ii i i i i 12i i12

_ _ _
(i) 4 4 2 2 2

1i 2i 1ii i i i i 12i i22

(i)
33

A E cos E sin 2E cos sin G sin 2 ;

A (E E )cos sin E (sin cos ) G sin 2 ;

A E sin E cos 2E cos sin G sin 2 ;

A

= ϕ + ϕ + μ ϕ ϕ + ϕ

= + ϕ ϕ + μ ϕ + ϕ − ϕ

= ϕ + ϕ + μ ϕ ϕ + ϕ

= 21

_ _ _
2 2 2

1i 2i 1i i i i 12i i(E E E )cos in G cos 2 .

    

+ − μ ϕ ϕ + ϕ

 

(6.27) 

Angles in formulas (6.26) are equal to 0° and 90°: 
2
12 12

x 11 xy
1 22 22

2
3312 12

y 22 yx xy
1 11 11 1

B B1
E B ,  ,

(1 ) B B

BB B1
E B ,  ,  G .

(1 ) B B (1 )

⎛ ⎞
= − μ =⎜ ⎟⎜ ⎟δ +Ψ ⎝ ⎠

⎛ ⎞
= − μ = =⎜ ⎟⎜ ⎟δ +Ψ δ +Ψ⎝ ⎠   

(6.28)

 
 
It’s necessary to know that elastic constants depend on Ψ coefficient only. 
If one assumes ϕ1=0°, ϕ1=0° the following expressions can be obtained: 

2 1 1 2 1 2

_ _ _(1) ( 2 ) (1) ( 2 )
1 1 2 2 1 1 1 21 1 1 1 1 2 1 2

_ _(1) ( 2 ) (1) ( 2 )
2 1 1 2 1 2 1 1 2 22 2 2 2 3 3 3 3

_
A ,     A , A ,  A ,E E E E

A ,     A , A G ,      A G .E E

= = = μ = μ

= = = =

 (6.29) 

 
Elastic constants of this composite according to (6.28) will be equal to: 
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211 212

211 212

211 212 211 212

2
11 12

x 11 22
21 12

2
11 12

y 21 12
11 22

11 12 11 12
xy yx

21 12 11 22

xy 121 122

(E E )1
E E E  ,

1 E E

(E E )1
E E  E  ,

1 E E

E E E E
, ,

E E E E

1
G (G G ).

1

⎡ ⎤μ +Ψ μ
= +Ψ −⎢ ⎥

+Ψ +Ψ⎢ ⎥⎣ ⎦
⎡ ⎤μ +Ψ μ

= +Ψ −⎢ ⎥
+Ψ +Ψ⎢ ⎥⎣ ⎦

μ +Ψ μ μ +Ψ μ
μ = μ =

+Ψ +Ψ

= +Ψ
+Ψ

  

(6.30)

 

Now one can define ultimate strength of this composite. Since rod wall is 
subjected to uniform stressed state we can use maximum stresses criteria to 
estimate composite strength (6.31). Designer should know that separate layers 
are subjected non-uniform stressed state: 

211

x
11t/c

11 xy

x
21t/c

21 121 xy
xt/c

x
12c/t

12 xy 212

x
22c/t

22 122 xy

E
F ,

E (1 )

E
F ,

E ( )
F min

E
F ,

E ( )

E
F .

E (1 )

⎧
⎪ −μ μ⎪
⎪
⎪

μ −μ⎪
= ⎨

⎪
⎪ μ −μ
⎪
⎪
⎪ −μ μ⎩

    (6.31) 

For class of structural elements to be considered it is advisable to use 
those pares of composites for which material brakeage happens due to first 
layer fibers rupture. Then 

211 211

x x
xt 11t xc 11c

11 xy 11 xy

E E
F F , F F .

E (1 ) E (1 )
= =

−μ μ −μ μ
   (6.32) 

Physical and mechanical properties of rod wall will be different even at 
the same composite layers components if different rod wall layers are made by 
means of different manufacture process, for instance, internal layer [0°] − by 
pulltrusion, external layer [90°] − by winding 

Determination of rational structural parameters of rod can be made ac-
cording to the following sequence: 

- the row of coefficient Ψ values is defined (these values should consider 
manufacturer available thickness and statistics data); 

- from (6.19) 1minδ  value is defined for each Ψ; 
- from (6.12) minimal radius minR  is defined for each pare of Ψ и 1minδ ; 
- general stability of rod should be checked according to (6.10) formula 

and if it is necessary new value of the radius is defined; 
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- non-symmetrical form of rod wall local stability should be checked. If lo-
cal stability of rod wall is not provided rod radius should be increased (if (6.10) 
restriction permits it) or rod wall thickness should be increased (if (6.10) restriction 
does not permit it); 

- the graph of rod mass dependence on Ψ coefficient is drawn (if it is 
necessary condition (6.10) is taken into consideration). 

Described algorithm can be used for design of two layered wall, consisted 
of two composites with the same reinforcing angles, for instance [0°,0°] and 
[90°, 90°]. For this axis 1 and 2 of local coordinate system should be oriented 
properly. 

If one analyze (6.31) dependence it can be seen, that the most likely type 
of orthogonally reinforced composites is brakeage of matrix of ply with angle 
[90°], i.e. the strength of this composites is defined by the last expression. From 
the other hand for long rods the instability is the predominated form of carrying 
ability losing. Due to this fact after determination of structural parameters of the 
rod it is necessary to make clear the type of composite rupture: 

If 

122 211

22t 11t

22 xy 11 xy

F F
 ,

E (1 ) E (1 )
<

−μ μ −μ μ
 

that the layer [90°] destroys along Х axis earlier the layer [0°]. No doubt that if 
lateral layer supports longitudinal one that such type of rupture is allowable, 
because of yE  value (in the formulas (6.14) and (6.15)) does not change prac-

tically. In this case all calculations should be repeated one more time with sug-
gestion that 

122 21222 122E G 0.=μ =μ = =  
For woven semi-articles the strength of orthogonally reinforced compo-

sites is defined by the first and last expressions of (6.31) formula. 
Winding is widely used for rod production, especially for rod of medium 

and large diameters. In this case [±ϕ] structure is realized. Design algorithm for 
these rods is the same. In this case graph M(ϕ) is drawn instead of M(Ψ) graph 
and interval of winding angles ϕ is defined with taking into consideration of 
abilities of manufacturer equipment in the form 

1    90ϕ ≤ ϕ ≤ ,    (6.33) 
where 1ϕ − is minimal available winding angle. 
 

6.4. Structural and manufacture solutions of rods 
and their connecting tips 

 
Structural and manufacture solutions (SMS) of rods depend on their func-

tional application, manufacture and assembling processes, level and type of 
loading etc. The form of their cross section defines mass efficiency of the rod 
because for compressed rods the optimal is that form which has maximal de-
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pendence of cross-area to perimeter. That is why hollow round cylindrical rods 
are optimal (if special restrictions are absent). 

Large quantity of rods, used in aircraft structures in control rods, motor 
frames etc (see Fig. 6.1), should be adjustable length (for compensation of manu-
facture errors and elimination of assembling stresses) and should have opportunity 
to disassemble (for maintenance, repair and replacing). On the Fig. 6.6, c typical 
SMS of control rod connection is shown; this connection consists of tip with screw 
tail and metal bushing, which is connected with composite rod. The transition zone 
from composite to metal bushing is the most complicated problem in control rod, 
struts etc design. So this aspect is considered below. 

Connection of tip with rod is defined by manufacture process of tubular 
elements. Pulltrusion permits to produce tubes of different form and high quali-
ty. (Fig. 6.6, а) practically automatically, but in this cross section of this tubes 
does not change along the length, this fact should be taken into consideration 
in design process. 

By the way pulltruded rods are unidirectional, although there is special 
tools which permit to co-cure in spinneret one layer of woven tape inside of 
tube, outside of tube or at the both sides (Fig. 6.6, b). 

On the Fig. 6.6, c-f some SMS are shown, these SMS based on tubes 
turning on universal lathes to create conical surface. It permits to realize relia-
ble adhesive joint of metal bushing and composite tube (it is simple to tight join-
ing surfaces and adhesive thickness is approximately constant), from the other 
hand maximums of shear stresses in glue at the ends of joint can be de-
creased. SMS, which is shown at the Fig. 6.6, c, d, e, are usually reinforced by 
external sub-winding with yarn or thread. For this thermo-shrinking tubes are 
used (to replace sub-winding). 

Some variants of tip joint design are shown at the Fig. 6.6, g, h. The main 
aim of these SMS is the following: partly-cured (up to keep stable form) 
pulltruded tubes are specially (see Fig. 6.6, j, k) cut, then bushing is installed and 
obtained “petals” are tighten by means of sub-winding. Geometry of cut wedge 
(Fig. 6.6, k) can be calculated form the condition of perimeters equality. In SMS 
with increasing cone (Fig. 6.6, h) obtained gaps can either be filled with compo-
site or special slots in metal bushing are milled (the perimeter of these slots in-
creases joining area). Typical metal joint with the help of hollow or exploding 
rivets (shown at the Fig. 6.6) demands additional tube reinforcing by means of 
sub-winding with definite quantity of fabric layers or woven tapes. This measure 
is made to compensate removed part of basic unidirectional composite and to 
decrease influence of local composite destroying under countersunk and 
locked heads of the rivet. Form the internal part of tube specialists recommend 
to install washer of special form or use bushing made of ductile metal (alloy). 
Reinforcing in this type of SMS can be realized both after full cure of tube and 
after partly-cure. Joint based on tightness of uncured tube (Fig. 6.6, j) and the 
following gluing of metal inserts can be used in constructions, which do not 
need length adjusting. Additional cure is usually provided in special furnaces. 
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а 

 
b 

 
c     d 

 
e    f     g 

 
h    i    j 

Fig. 6.6. SMS of rods made by means of pulltrusion 
 
Winding can be related to perspective manufacture process of rods be-

cause of ability of mechanization a majority of operations. Some rational wall 
structures are shown at the Fig. 6.7, а. 

It is necessary to know that for structure [ ]±ϕ  specialists do not recom-

mend to use woven tapes of large width (more than rod diameter) and do not 
use fabric at all. For longitudinal winding one cannot use threads and yarns. On 
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the Fig. 6.7, b–p some SMS for creating connective tips are shown. The main 
features of these SMS are the following: 

- Fig. 6.7, b - winding is fulfilled on metal bushing directly, this fact should 
take jig choosing into account; 

- Fig. 6.7, h – SMS is analogous SMS shown on the Fig. 6.6, i; 
- Fig. 6.7, i, l, p – these joints have lager carrying ability due to wedging 

on opposite cone surfaces. External tighten bushings made of ductile metal or 
alloy with “memory”, additional layers (Fig. 6.7, p) or other SMS can be used; 

- Fig. 6.7, j – joint tightness can be provide by means of heating or cooling 
of joint parts; 

- Fig. 6.7, k – winding can be carried out in two stages which include em-
bedding bushing between composite layers that method permits to increase 
carrying ability of joint due to doubled gluing surface; 

- Fig. 6.7, m – stepped adhesive joint can be realized in several stages of 
winding. Bushing can be inserted (with the help of glue) after curing, in this 
case one can use surfaces with small coneness; 

- Fig. 6.7, n – tube winding can be carried out on conical or profiled man-
drel, after that external bushing can be installed; 

- Fig. 6.7, o – this SMS is characterized by special screw joint, which is 
fulfilled after rod assembling. Such type of joint is usually used for thick walls or 
after additional reinforcing (Fig. 6.7, h) and gluing is often used. 

In conclusion it is necessary to know that quite effective constructions can 
be made by means of winding and pulltrusion combination. 

For instance, internal layer of the rod, shown on the Fig. 6.7, k, is made by 
pulltrusion but internal − by winding. In addition these combinations solve the prob-
lem of longitudinal reinforcing for winding and spiral or tangent for pulltrusion. 

Many rod systems do not need adjustable length and ability to disassem-
ble, for instance, truss wing spar, fuselage etc. There are some difficulties in 
using pulltruded or wound rods for structures of this type. This problem can be 
explained by necessity to use special very complicated joining elements. To 
solve this problem the following SMS can be effective (see Fig. 6.8). These 
SMS are based on manufacture process of lay-up and autoclave cure. 

Rods can have different form of cross section (opened section − Fig. 6.8, 
b, d and closed section − Fig. 6.8, c) and joining areas of different geometry, 
that permits to assemble and glue truss structures of necessary form (Fig. 6.8, 
а) at continuous (non-cut) caps (belts). 

Some SMS of wing struts are shown on the Fig. 6.8,e, f, g. These struts 
are high loaded and responsible rods and usually have mainframe contour (Fig. 
6.8, e, f) or mainframe tube with fairing (Fig. 6.8, g). 

When anyone researches the peculiarities of stressed-strained state of rod 
wall in the zone of joining with tip or sub-wound reinforcing it is necessary to take 
edge effect appearing into consideration. This effect means the appearing of bend-
ing and shear forces in glue (adhesive) layer of the tip. It happens as the result of 
different deformability in radial direction of rod wall up to tip and in the zone of tip. 
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а 

 
b    c     d 

 
e    f     g 

 
h    i     j 

 
k    l     m 

 
n    o     p 

Fig. 6.7. SMS of rods produced by winding and laying-up 
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а 

 
b   c 

 
d 

 
e 

 
f 

Fig. 6.8. Rods SMS for truss structures 
 
Shear force makes essential influence on adhesive layer loading. The 

most effective SMS, which provide decreasing of shear forces in adhesive lay-
er, is tangent sub-winding and application of additional cases (see, for instance, 
Fig. 6.6, e, f, Fig. 6.7, c–e, j, l). Additional sub-winding in the zone of tip can al-
so decrease edge effect. 

To decrease stresses concentration in adhesive layer it is necessary to 
realize smooth change of stiffness of joining articles. The same SMS can es-
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sentially “smooth” edge effect. The main role in this question plays special pro-
filed winding (Fig. 6.6 and Fig. 6.7, h) and tapered lap joint of tip (see. Fig. 6.6, 
c, d, e, h, и Fig. 6.7, f, k, o), due to which joining problems and edge effect 
“smoothing” can be solved. 

 
 
 
 
 
 
 

Checking-up questions 
 
 
1. Give examples of rod-contaning structures application in airospace en-

gineering. 
2. How does application of composites in rod-contaning structures permit 

to reach the maximum efficiency of properties realization? 
3. Main assumption used at design of circular composite rods. 
4. Give definition and illustrate by sketch the phenomena of rods global 

and local stability. 
5. What typical failure modes an engineer has to take into consideration 

at rods design and stress analysis? 
6. Analysing analytical dependencies for rods global and local buckling 

suggest measures for their prevention. 
7. Give examples of manufacturing and structural restrictions used in rods 

design process. 
8. What technological processes are used for composite rods manufac-

turing? 
9. What typical stacking sequences of composite are used in composite 

rods? What is the function of each sub-group of angles? 
10. How to realize practically joining or regular zone of composite rod with 

another articles and units? Draw sketches of structural solutions of connecting 
tips. 

11. What materials are used for manufacturing of connecting tips? 
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Theme 7. DESIGN OF BEAMS AND WING SPARS MADE 
OF COMPOSITES. STRUCTURAL AND MANUFACTURING SOLUTIONS 

OF BEAMS MADE OF COMPOSITES.  
SUPPORTS AND FITTINGS USED FOR BEAMS JOINTS 

 
Beams are the most widespread elements of different industrial struc-

tures. 
Therefore manufacturing high load-carrying structures from composites 

allows to reduce considerably weight of these structures, to decrease power- 
and fuel consumption, to increase durability etc. Elements of beams (caps and 
web) are subjected to simple loading types - tension, compression, shear. This 
fact defines reinforcing scheme of beam elements and ensures the most effi-
cient realization of composites advantages. At the same time composites re-
veal series of distinctive phenomena of its own behavior. These phenomena 
are caused by physical-mechanical properties and operation conditions which 
have to be taken into consideration during beams design procedure. These dis-
tinctive features of beams operation are: 

− edge effects appearing due to Poisson’s ratio and linear expansion co-
efficients difference; 

− special requirements to composite reinforcing scheme at zones of load-
ing field non-regularities (non-uniformities); 

− existing problems of beams elements joints and fittings; 
− loosing load-carrying ability due to beam elements instability at enough 

strength level; 
In conventional metal structures mentioned problems were negligible or could 

be easy eliminated. Decreasing mass of aircraft structure is the most important one. 
This aim can be realized by manufacturing from composites such high loaded air-
craft members as wing spars, empennage, ribs, bulkheads trusses etc. 

Thus it is necessary to solve a number of additional problems which con-
cern to of dimensional accuracy, loading distribution between other structurally 
attaches elements (fairings, skin, membranes, ribs etc.), severe requirements 
to attachment fittings design. Thus one has to solve the following accompany-
ing questions as required dimensions precision, forces interactions between 
neighboring elements (skin, rib etc), strong requirements to fittings. Technolog-
ical questions are very important because of large variety of composites manu-
facturing techniques, wide range of reinforcing materials types and definite dif-
ficulties of non-destructive methods of composites quality control influence sig-
nificantly on final composite properties. 

 
7.1. Fundamentals of composite beams operation 

 
Beams are the most wide spread such load-carrying elements of aircrafts as 

wing spars, spars of control surfaces (ailerons, rudders, flaps), floor skeleton etc [6, 7]. 
Generally beams are loaded with longitudinal and lateral forces. That is 
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why bending moment, lateral force and tension (compression) force appear at 
any beam cross section (torsion is absent). Typically one can use differential 
principle considering beam cross section – two caps (upper and lower) and 
web joining them. Therefore we can suggest that caps withstand tension (com-
pression) forces only (Fig. 7.1, a) and web transfers shear force only. Thus it is 
recommended to reinforce caps along beam length (with angle 0°) and web 
with angle ±45°. In this case the highest efficiency of composites application 
can be achieved (Fig. 7.1, b). Let’s analyze realization of above-mentioned dif-
ferential principle. Normal stress at points of cap-web contact is proportional to 
cap-web elasticity moduli ratio (Fig. 7.1, c). 

 

 
a     b     c 

Fig. 7.1.  Beam elements properties 
 

Elasticity modulus of composite structure (made of woven fabrics and 
UD-tapes) with reinforcing [0°] 5...20 times more comparing with packages of 
the same material but with reinforcing [±45°]. Therefore differential design prin-
ciple is valid for design stage: 

web
web cap

cap

E

E
σ =σ ,     (7.1) 

where web cap web cap, , E , Eσ σ − stress and elasticity moduli of composite web and 

cap. 
Workability of a beam is defined by strength of caps and web joining 

(Fig. 7.2, a). Considering recommended reinforcing schemes one may suggest 
adhesive (Fig. 7.2, b) or mechanical joint (Fig. 7.2, c). But structural solution 
shown at Fig. 7.2, a-c can’t be realized due to low adhesive strength, low adhe-
sive area and low composite inerlaminar and bearing strength, thus shear force 
flow in web hasn’t be less adhesive strength, i.e. 

web web adhq ,≤δ ⋅τ      (7.2) 
where webδ − web thickness, adhτ − adhesive shear strength. 
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a     b     c 

Fig. 7.2.  Model for beam analysis 
 
Thus to realize with highest efficiency composite advantages it is neces-

sary to increase area of contact between elements with reinforcing [±45°] (i.e. 
web) and caps area. Practically such solution can be created by means of forming 
so-called “shoulders” (see Fig. 7.3). These shoulders ensure uniform shear force 
distribution between cap and web. Shoulders have the same reinforcing scheme 
as web has, therefore one has to extent web dimensions and “envelope” caps. 
Application of shoulders is an example of compromise solution for achieving effi-
cient composite application: from one hand we increase mass of the beam, from 
another hand we ensure full-scale composite advantages application. 

 

 
Fig. 7.3. Beam cross-section structural solutions using transition shoulders 

 
7.2. Beam cross section design approach 

 
For analysis of above-mentioned distinctive features of beams operation 

and suggested reinforcing schemes of web and caps the following generalized 
analytical scheme of beam design can be suggested (Fig. 7.4). 

Design procedure is based on the following assumptions: 
− normal stress distribution through caps thickness is uniform due to negli-

gible cap thickness comparing with total beam height; 
− web and shoulders transfer shear stress only; 
− external loads (bending moment zM , lateral force Q, and longitudinal 

force N) and coordinate Ny  of longitudinal force N application through cross sec-
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tion are known at any arbitrary cross section. 

 
 

Fig. 7.4.  Analytical scheme of beam cross section parameters design 
 
Generally different materials can be selected for upper and lower caps 

because of different composites strength at tension and compression. 
The following dependencies can be written after assumed assumptions 

analysis: 

( )1
eff up low2

H H= − δ +δ ;        
1

sh web2
δ = δ  − for I-section;          (7.3) 

sh webδ =δ     − for channel section.      
Longitudinal force N causes beam bending if applied out of rigidity cen-

ter. Coordinate rcy  of rigidity center is defined from the condition of the same 
deformation of upper and lower caps from the action of longitudinal force N: 

eff up up up low
rc

up up up low low low

H b E
y

b E b E 2

δ δ
= +
δ +δ

,    (7.4) 

where up lowE ,E − elasticity moduli of materials of upper and lower caps corre-

spondingly. 
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Then total bending moment is equal to  
( )z z x N rcM M  M M N y y= +Δ = − − .   (7.5) 

Condition of beam optimality is beam minimum mass per unit length 

( )
( ) ( )

up up up low low low web web up low

shup up web shlow low web

G b b H

       + b b min.

⎡=ρ δ +ρ δ +ρ δ −δ −δ +⎣
⎤δ −δ +δ −δ →⎦

  (7.6) 

Restrictions for beam geometrical parameters are both strength condi-
tions of caps, web and their joint strength: 

x up
up

up up up low low low eff up up

N E M
F ;

b E b E H b
+ ≤

δ +δ δ
  (7.7) 

x low
low

up up up low low low eff low low

N E M
F ;

b E b E H b
− ≤

δ +δ δ
  (7.8) 

y
web

eff web

Q
F ;

H
≤

δ
      (7.9) 

y y
jup jlow

eff up eff lw

Q Q
F ; F ,

H b H b
≤ ≤    (7.10) 

where up low web jup jlowF ,F ,F ,F ,F − margin of strength of upper cap package, lower cap 

package, web package, and strength of upper and lower joint between caps and web. 
Moreover besides tension, compression or shear beam load-carrying 

ability can be lost due to loosing local stability (local buckling) of web or com-
pressed cap. At the first design step these phenomena can be excluded from 
analysis by the following reasons: 

− required load-carrying ability of web can be reached by means of ap-
plication sandwich structure with light filler; 

− critical loading of local cap buckling depends significantly on its inter-
action with other structural elements (for example, wing skin, ribs etc) or one 
can escape of buckling by means of application special structural and manufac-
turing solutions preventing buckling. 

That is why the following beam design algorithm satisfying restrictions 
(7.7) − (7.10) and ensuring minimum of objective function (7.6) can be recom-
mended. 

a) To define effH  as the first approximation (H is known value) 

effH (0.8...0.95)H.=       (7.11) 
b) Minimal caps width is defined according to condition (7.10): 

y y
upmin lowmin

eff jup eff jlow

Q Q
b ;       b ;

H F H F
= =    (7.12) 

c) Minimal web thickness is defined from (7.9) equation. Obtained value 
has to be rounded to integer and even monolayers quantity: 



 87

y
web 0

eff web

Q
2 int 1 ,

2H F

⎡ ⎤⎛ ⎞
δ = δ +⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
    (7.14) 

symbol “int” means even part of the number. 
d) Caps thickness can be found from conditions (7.7), (7.8) by means of 

two non-linear equations solution. Obtained value has to be rounded to even 
monolayers quantity. 

e) Estimate new beam effective height effH  (form (7.3)) and continue it-
eration process from sections a)-e) up to necessary convergence degree. 

Obtained bam structure is close to full-strength but not optimal one. One 
should remember that caps mass can be reduced due to their width increasing. 
This phenomenon is explained by increasing effective height effH  (Fig. 7.5). 

 
Fig. 7.5.  To beam cap cross section optimization 

 
If the following inequality is fulfilled  

22
j webcap

3 2
web y comp

F F1 M
1

2 Q F

ρ
⋅ ⋅ ⋅ >
ρ

.    (7.15) 

If condition (7.15) is valid series of width minb b>  has to be used. And op-

timization procedure G min→  has to be achieved. 
Generally variant with single cap is possible (if longitudinal force com-

pensates par of bending moment). In this case T-section can be used. 
Next step of design procedure should take into consideration the following 

beam joining with wing elements. Therefore special spacing is needed for installa-
tion of wing articles. Separate design questions are devoted to fasteners installation 
requirements (articles thickness, fasteners installation spacing etc). As the result 
beam caps thickness can be quite higher comparing with minimal one. 

Further considerations will be devoted to questions of beam elements in-
stability. 

 
7.3. Structural and manufacturing solutions of composite beams 

 
Beams cross sections can be divided into the following types (Fig. 7.6): with 

open section; with close section (box beams); combined (open-close section). 
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Fig. 7.6.  Beams structural and manufacturing solutions 

 
Beams cross sections can be symmetrical (refer to central axis) or non-

symmetrical ones (Fig. 7.7). Bevels of cap and web intersection can be sym-
metrical (refer to central axis) (Fig. 7.8). All mentioned sections can be constant 
along beam span or variable (Fig. 7.9). 

 

 
 

Fig. 7.7. Beam closed and open sections 
 

 
Fig. 7.8. Beam bevels orientation closed and open sections 

 
In spite of used differential principle of loads sharing between caps and 

web practically all beam elements work together (because bending moment is 
result of lateral force action). Caps and web possess significantly different com-
posite structure and properties. That is why real structural and manufacturing so-
lutions of beams depend on selected manufacturing process, abilities of used 
equipment, semi-finished articles properties, allowable dimensions etc. 
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Fig. 7.9. Beam cap laying-up schemes and manufacturing solutions 
 

 
Generally the following manufacturing process are used for producing 

beams: vacuum forming, vacuum-autoclave forming, winding, pultrusion and 
their combinations. 

Manufacturing methods suggest the following beam structures – inte-
gral structure (caps, web and all presented structural elements are joined to-
gether at single manufacturing operation simultaneously); built-up structure 
(assembly) – all structural elements are produced separately with consequent 
assembling; combination of two previous methods (for example, caps can be 
previously polymerized, web is not fully polymerized, then caps and web are 
joined together through single operation simultaneously). 

Recommendations for beam manufacturing process selection are shown 
in the Table 7.1. 

Table 7.1. Recommendations for beams manufacturing process selection 
Manufacturing 
process Beam cross section structural solution 

Vacuum forming, 
vacuum-autoclave 
forming 

Caps with constant width and thickness; any composite re-
inforcing scheme can be realized. Webs of any configura-
tion and structure. Beams of integral structure 

Winding Box sections; open shape web, open shape web; 
Composite structures [±ϕ], [90, ±ϕ]; integral structures with 
caps obtained by pultruzion 

Pultruzion Caps made of unidirectional composite with constant cross 
section; Stepped variable caps 

 
Typical structural solutions of beams are shown at Fig. 7.10, 7.11. As-

sembling of beams from previously manufactured elements is conducted by 
means of adhesive joints, mechanical fasteners or their combination (Fig. 7.12). 
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Fig. 7.10.  Recommended shapes of beam cross section 
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Fig. 7.11. Beam section structural solutions 

 

 
a     b     c 

Fig. 7.12.  Beams elements joining methods 
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Selection of beam structural and manufacturing solution has to be based 
on the following recommendations: 

– assembling beam from previously manufactured caps and web re-
quires auxiliary jigs and tools, ensuring their reciprocal pressure and high-
precision adjusting of contacting surfaces; 

– application of mechanical fasteners isn’t desirable solution due reducing 
“net” section of load-carrying elements and increasing stress concentration fac-
tor (which is very important for unidirectional materials); 

– structural solution with separated web shoulders is used for reducing 
intarlaminar stress at boundary cap-web (see Fig. 7.10, c, d; Fig. 7.11, b, c, d, e). 
Quantity of shoulders sections depends on single section shear rigidity (Gδ) (i.e. 
section thickness and quantity of joining surfaces); 

– caps obtained by pultruzion are more desirable due to high degree of 
composite properties realizing; 

– web obtained by winding are overloaded in section corners therefore 
composite shear strength is lower at those zones; 

– box-like beam sections are recommended to be used in the cases of lo-
cal torque presence or in the cases of general loosing stability. 

 
7.4. Beams loosing stability analysis 

 
It is obvious that structural elements under compression, shear or their 

combination can loose load-carrying ability because of different modes of loosing 
stability (global or local buckling). Beams generally can loose stability in the follow-
ing modes (Fig. 7.13): local buckling of cap under compression (Fig. 7.13, a); 
web loosing stability from shear (Fig. 7.13, b); general beam loosing stability 
(beam overturning) (Fig. 7.13, c). 

Critical stress crσ  of cap local loosing stability is defined by model of 
plate under compression (depending on exact beam structural and manufactur-
ing solution) by means of formula 

( )

22
x z

cr
xz zx

K E E b
12 1

π ⎛ ⎞σ = ⋅⎜ ⎟−μ μ δ⎝ ⎠
,   (7.16) 

where x zE ,E − cap elasticity moduli along axes x and z (see Fig. 7.4); 
b− width of structural element which looses stability (Fig. 7.14); 
K − supporting coefficient characterizing support conditions and plate ri-

gidity properties. To define K  the following dependencies are used: 
− for variant shown at Fig. 7.14, a, b 

( )xz xz zxx zx

x z x z

G 1E
K 0.2 0.3

E E E E

−μ μμ
= + + ;   (7.17) 
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a   b     c 

 
Fig. 7.13.  Modes of beam loosing stability 

 
a       b 

 
c       d 

Fig. 7.14. Geometry of loosing stability cap 
 

− for variant shown at Fig. 7.14, c 
( )xz xz zxx zx

x z x z

G 1E2
K 1.15

3 E E E E

−μ μμ
= + ⋅ + ;  (7.18) 

− for variant shown at Fig. 7.14, d 

( )x zx xz xz zx

x z

E 2G 1
K 2 1

E E

⎛ ⎞μ + −μ μ
= +⎜ ⎟⎜ ⎟

⎝ ⎠
,   (7.19) 
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where xzG  and xzμ  − cap shear modulus and Poisson’s ratio. 
Dependencies (7.17)−(7.19) are valid for composite plates with symmet-

rical reinforcing scheme under pure compression. For preliminary design stage 
it is possible to neglect shoulders influence and shear loading influence. There-
fore the following non-equalities have to be fulfilled for (for absence of caps 
loosing stability): 

( )

22
x z

cr cap cap
xz zx

K E E b
F ;    F

12 1

π ⎛ ⎞σ ≥ ⋅ ≥⎜ ⎟−μ μ δ⎝ ⎠
,  (7.20) 

where capF  − cap compression strength. 

Thus we obtain one more condition for caps parameters determination 
(b, δ ). 

Web loosing stability (see Fig. 7.13, b) occurs as oblique waves and di-
agonal tensioned field. 

Fig. 7.1, b shows that maximum web strength at minimum mass cab be 
achieved at reinforcing scheme ±45°, but critical shear strength [τ] always lower 
than 45F  value. Thus to escape this mode of loosing stability (at minimum 
mass) sandwich structures can be recommended (Fig. 7.15). 

 
Fig. 7.15. Transition from smooth web to sandwich web 

 
To compare efficiency of sandwich web application the following criterion 

can be recommended: 
( )

( )
eff web f adh

45 y web web cap

2H H h1 1
[ ] F Q H b

ρ +ρ
> +

τ ρ +
,   (7.21) 

where web f adh, ,ρ ρ ρ − densities of web material, sandwich structure filler materi-
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al and arial density of adhesive material (adhesive is necessary for joining web 
layers and filler); h− semi-thickness of filler (see Fig. 7.15). 

If condition (7.21) is fulfilled sandwich structure is more efficient compar-
ing with smooth web. 

To analyze the third possible mode of loosing stability (see Fig. 7.13, c) 
the following beam model can be used (Fig. 7.16). Web is assumed to be load-
ed with lateral force yQ  only. 

 
Fig. 7.16.  Model of web loosing stability 

 
Lateral force yQ  causes appearing shear force flow xyq (per unit length, 

N/m). To define critical shear force the following dependence can be used: 
2

x y
cr 2

D D
q K

a

π
= ,     (7.22) 

where x yD ,D − cylindrical rigidities of web package along axes x and y; a− web 

length; K− supporting coefficient: 

( ) ( )
33

y webx web
x y

xy yx xy yx

EE
D ;D

12 1 12 1

δδ
= =

−μ μ −μ μ
.   (7.23) 

Supporting coefficient K depends of web package elastic properties, ratio 
webH /a  and varies with wide range. One can find exact K value in the [1]. 

 
7.5. Structural and manufacturing solutions of composite wing spars 

 
Majority of wing spars, control surfaces spars and other load-carrying 

units of aircraft are beams included to general load-carrying scheme and pos-
sess some very important distinctive features: 

− beams interact with skin, ribs and other articles, therefore zones for joint 
realizing have to be provided; 

− wing spar height should have ability to be regulated with required preci-
sion therefore special structural deformable elements has to be designed; 
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Fig. 7.17.  Possible variants of composite wing spars structural solutions 
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− manufacturing quality of cap and web joining has to be very high that 
requires special requirements to selected manufacturing and assembling pro-
cesses. 

Practically structural solutions satisfying above-mentioned spars peculiari-
ties can be fulfilled as follows (see Fig. 7.17, 7.18). Suggested solutions permit 
to regulate spar height (Fig. 7.17, c, h, i); prevent cap fibers cutting (Fig. 7.17, 
a−d) even at application of mechanical fasteners (Fig. 7.17, f, g). 

By means of combinations of these solutions one can solve majority of 
practical problems. 

 
7.6. Supports and fittings used for beams joints 
 

General approaches of any load-carrying structure design are based on 
idealized analysis schemes (loading, support conditions), that is why to obtain 
reliable and workable structure one has to take into consideration real charac-
ter of forces application, support condition and vary these parameters during 
design procedure. 

Exact solutions of stress problem near zones of loading application and 
near supports and fitting are very difficult, therefore usage of this approach at 
the stage of preliminary design is impossible. Thus one should take into con-
sideration the following distinctive features of beams design in non-regular 
zones. Suggested recommendations are based on Saint-Venant principle 
(proved experimentally), i.e. length of edge effect zone doesn’t exceed beam 
height. Properties of composite package have to correspond to stress distribu-
tion in these non-regular zones. 

Considering that beam is loaded with bending moment, lateral force and 
longitudinal force, one can analyze real stress distribution in beam elements 
(Fig. 7.18). Since reaction R (lateral force on Fig. 7.18, a is applied to lower beam 
cap) causes complex stress state: normal stress yσ  appear in web besides 

shear stress xyτ ; normal stress is non-uniformly distributed through beam length 

and height (Fig. 7.18, b, c). Therefore it is necessary to strengthen web with dou-
blers (Fig. 7.18, d) or with ribs to escape of loosing stability in compressed zone 
(Fig. 7.18, e). exact dimensions these auxiliary structural elements is defined after 
local strength analysis considering real loads transition between elements. 

Any local (point) force application to composite structure is not desirable be-
cause of low bearing strength. Thus support reactions have to be distributed per 
definite area (Fig. 7.18, f) (moreover this solution reduces normal stress yσ  maxi-

mum value). Thorough attention should be paid to step bearing (Fig. 7.18, g) – its 
own deformation can cause point contact therefore it is recommended to fulfill them 
in the form of micro-beam with variable rigidity (Fig. 7.18, g). 

External elements of fixtures and supports have to take beam defor-
mations (Fig. 7.18, i, j) into consideration. In those cases distributed forces can 
be transformed to concentrated ones. Thus practical solution of this problem is 
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show at (Fig. 7.18, k, l). 
 

 
Fig. 7.18.  Beam fittings and supports design recommendations 

 
If support is planed to be installed on upper beam cap normal stress yσ  

(appearing in web) causes tension (Fig. 7.19, a). In this case buckling is absent 
but cracks appearing is possible at tensioned zone. (Fig. 7.19, b). To reduce 
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maximum value of yσ  metal doublers with adhesive-mechanical joints can be 

recommended. (Fig. 7.19, f). Application of this solution permits to simplify wing 
spar assembling process and to obtain fitting with minimum mass. 
 

 
 

Fig. 7.19.  Beam fittings and supports design recommendations 
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Variant of fittings installation exactly on the web (Fig. 7.19, g) permits to 
reduce normal stress yσ  but is more complicated in practical realization. 

Cantilever beam (Fig. 7.20, a) can be loaded with two reactions distrib-
uted through quite small area (Fig. 7.20, b). Quality and precision of touching 
surfaces and beam deformable properties are very important parameters for 
this structural solution. Reduction of normal stress yσ  is achieved by increasing 

of clamping depth and profiling beam internal end close to conical shape. 
It is necessary to mention that in all above considered variants of beam 

supporting doublers and ribs installed on web has to be connected to caps to 
transfer loads. 

If beam support are restrained auxiliary longitudinal stress (along x ax-
is) occurs, so-called “chained stress” (Fig. 7.21, a). Therefore one of two sup-
ports should be movable (sliding) (Fig. 7.21, b). 

 

 
a       b 
Fig. 7.20.  Variant of cantilever wing spar 

 
a       b 

Fig. 7.21.  Chain stress appearing 
 
Application of root spar fittings is used for majority of wing spar struc-

tures to transmit lateral force and tension-compression forces from caps to fu-
selage fittings (Fig. 7.22). 

Forks or ears of root fitting plate are loaded with bending moment, shear 
force and tension-compression. Geometrical parameters of this fitting are defined 
according to approaches considered in the course of Elements of Machines. 

Practical implementation of mentioned root fitting is shown at Fig. 7.23. This 
solution ensures minimum fitting mass due to optimal force distribution between fit-
ting elements. 
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Fig. 7.22.  Root fitting functions 

 

 
Fig. 7.23. Structural solution of root fitting 

 
Frequently we have to join beam with another one or with strut (this 

structural scheme is typical for light aircrafts) as shown at Fig. 7.24. 
 

 
Fig. 7.24. Schemes of beam joining with another beam or strut 

 
Practical realization of above-mentioned joints can be realized as the fol-

lowing structural solutions (Fig. 7.25). Longitudinal force in strut can be reduced 
on two reactions ( xR  and yR ). Reaction yR  can be transmitted by doublers and 

web thickening (Fig. 7.25, f, g, h). Reaction xR  is desirable to be adopted by 
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caps therefore special web plate fitting is the rational solution (Fig. 7.25, c, e). 
Case of two beams joining is quite complicated problem. Practical reali-

zation of this joint can be obtained by means of two special fittings combination 
(Fig. 7.26). 

 

 
Fig. 7.25. Structural solutions for beam and strut joint 

 

 
Fig. 7.26.  Variant of two beams joining 

 
Generally we can formulate the following main principles of beams fitting 

and supports design: 
1. External beam loading has to be restricted in such way to force each 

fitting element to withstand definite loading component, moreover to reduce to 
minimum any eccentricity of force excluding auxiliary torsion or bending out of 
element plate. 

2. Exact proper deformations of fittings and supports and total beam de-
formation have to be taken into consideration at wing spar fitting and supports 
design to eliminate appearing of concentrated forces and undesirable stress. 
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3. For composite beams (especially made of unidirectional composites) 
one should exclude cracks and fiber breakage appearing; therefore mechanical 
fasteners can be used in special cases only and together with strengthening 
measures. 

4. Bending rigidity of web in its own plane is higher comparing with caps 
rigidity. Thus external lateral forces have to be applied exactly to web including 
caps to loading transferring. 

5. Cracks developing has to have self-stopping character but not their 
growth. 

6. Loading application and transferring has to be organized by shortest 
way and in accordance with natural way for define structural element; moreover 
symmetrical structural solutions are more desirable. 

7. Load transferring for any load-carrying element has to be undoubtedly 
predicted to exclude uncertainty in element loading. 

8. Including in operation any doublers, reinforcing elements have to be 
as smooth as it possible; therefore sharp thickening or thinning or sharp elastic-
ity modulus changing are impossible (especially for adhesive joints or co-
moulded composite layers). 
 
 

Checking-up questions 
 

1. Give examples of beams application in exact aircraft articles and units. 
2. Why maximum efficiency of composites application can be realized in 

beam-like structures? 
3. What are distinctive features of beams operation? 
4. What main assumptions are used in the process of composite beams 

design? 
5. What is the difference between beam and wing spar in aircraft wing ar-

rangement? 
6. Give the definition of sub-shoulder and draw sketches of their practical 

realization. 
7. What is the typical reinforcing scheme in beam caps and web? 
8. What cross-section of beams are used in aircraft structures? Ad-

vantages and disadvantages of I-like sections and channel-like sections. 
9. What does the notion of "effective height" of a beam mean? 
10. What main technological processes are used for composite beams 

manufacturing? 
11. What is the main reason of beams cross-sections application with 

open and closed bevels? 
12. What is the main reason of application of beam caps with step-

variable thickness? 
13. What three main approaches of beam structures assembling are used 

in aircraft structures? What are the main criteria of their selection? 
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14. Stability of what beam elements has to be checked at the stage of 
beam design? 

15. What are the main structural methods of beam elements buckling 
prevention? 

16. Draw the main structural solutions of beams joints with wing skin/ 
17. What are the main distinctive features of beam joining fittings design? 
18. What types of fittings are used for joining beams with other structural 

elements? 
19. What are the main structural solutions of several beams joining be-

tween each other? 
20. What are the main principles of beams fitting and supports design? 
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Theme 8. DESIGN OF PANELS MADE OF COMPOSITES 
 

8.1. Fundamentals of panels design 
 
Generally aircraft fuselage, wing skin or other units are composed of pan-

els. The main function of these panels is the same that entire skin fulfils – to 
keep aerodynamic profile, to withstand aerodynamic loads and transfer this 
load to other structural elements of aircraft load-carrying scheme [6, 8]. 

Frequently panels are analytically modeled as thin plate because of relatively 
small panel thickness refer to its length and width (Fig. 8.1, a). Panels boundaries 
(dimensions) are restricted by such structural elements as ribs, webs, membranes, 
bulkheads etc (Fig. 8.1, b). 
 

 
Fig. 8.1. Plate analytical model 

 
Initial data for panel design is loads applied to panel, its geometry (di-

mensions a and b) and properties of composite monolayers. Generally design 
procedure is divided into two stages: 

а) to define composite package structure and its thickness considering 
composite strength condition; 

b) to correct panel structure and parameters considering auxiliary condi-
tions (absence of loosing stability, deflection restrictions etc). 

Panel curvature and loading variation through panel dimensions are ne-
glected (maximum values of loading are used for analysis). Panels of any 
shape are replaced by rectangular ones in such way to ensure definite safety 
factor by strength and stability. 

Differential principle is used at the first stage of design. According to this 
principle loads have to transfer between element exactly by fibers in shortest 
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way. Optimal structure of orthotropic package is [ ]n m k0 ; ; 90° ±ϕ° ° , where mon-

olayers quantity n, m, k and stacking angles ±ϕ°  are defined according to val-
ues of applied load in correspondent directions. Moreover packages with rein-
forcement [ ]n m k0 ; 45 ; 90° ± ° °  can be used too; in this case panel mass is high-

er comparing with optimal variant but not more than 10% that is quite allowable. 
Therefore based on above-mentioned considerations the following assumptions 
for panels design is adopted: 

– longitudinal load N is transferred by layers with stacking angle 0° only; 
– shear loads q is transferred by layers with stacking angle ±45° only; 
– if lateral forces (along axis y) is presented it is necessary to add layer 

with stacking angle 90°. 
– reciprocal influence of layers with different stacking is neglected. 
Then thicknesses of layers groups with different reinforcing are defined as: 

 0 45
x xy

qN ; ,F Fδ = δ =  (8.1) 

where xF , xyF – strength of composite package components stacked with an-

gles 0° and ±45°. 
After package structure definition one can conduct strength checking cal-

culation and correct entire package thickness. 
Necessity of the second design stage is stipulated by possibility of loosing 

stability of panel at compression (practically it happens in 60% of cases). 
Let’s consider structural solutions permitting to increase panel stability. 

Generally real panel is loaded by complicated system of loads. But we consider 
the mostly spread case of loading with normal forces N and flow of tangent 
forces q (Fig. 8.1, b). Panel is stable if the following condition is fulfilled: 

 

k

0 0
cr cr

N q
1 ,

N q

⎛ ⎞
+ ≤⎜ ⎟⎜ ⎟
⎝ ⎠

 (8.2) 

where N, q – applied loads; 0
crN , 0

crq  – flows of critical forces at separate appli-
cation of normal and shear forces; k – coefficient (has to be proved experimen-
tally) but for analysis can be assumed to be equal k 2= . 

If panel works at tension 
 0

cr xtN F ,= δ  (8.3) 
where xtF  – composite strength at tension; δ  – total package thickness. 

Dependence (8.2) can be used at the following conditions: 
– if N is compression force then N 0> ; 
– if N is tension force then N 0< . 
All other parameters have to inserted by modulus. 
There are the following structural solutions possessing elevated stability: 
– pure sandwich panels; 
– sandwich panels stiffened with ordinary rib (this solution is recommend-
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ed to use for increasing sandwich panel stability by means of panel thickening 
more than 5 % of panel height); 

– smooth skin stiffened with ribs; 
– smooth skin stiffened with stringers; 
– smooth skin stiffened with ribs and stringers simultaneously. 
Panels stability analysis has to take into consideration the following rec-

ommendations: 
а) composite physical and mechanical properties can be calculated by 

any technique, for example, Vasiliev’s method; 
b) if in a composite package the quantity of monolayers is more than ten 

bending rigidity D of a panel can be estimated based on average panel charac-
teristics, i. e. 

 
( )

3

xy yx

E
D .

12 1

δ
=

−μ μ
 (8.4) 

If quantity of layer is less than ten it is necessary to consider real layers 
coordinate in entire panel thickness. 

Let’s consider above-mentioned panels structural solutions. 
 

8.2. Smooth panel with stiffeners 
 
At first it is necessary to be sure that smooth panel requires stiffener in-

stallation. For this critical loads 0
crN , 0

crq  and skin deflection from aerodynamic 
load (expressed in terms of pressure difference on external and internal skin 
surfaces) have to be estimated 

 
2 2

q x y x y0 0 N
cr cr2 2

k D D k D D
q ; N ,
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π π
= =  (8.5) 

where ( )
( )
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E
D
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δ
=

−μ μ
 – cylindrical rigidity; b– panel larger dimension 

(b>a); a– panel to which compression loading is applied; qk – supporting coeffi-

cient of panel loaded with shear; Nk – supporting coefficient of panel loaded 
with compression (depends on boundary conditions): 

- both panel side edges are free supported, 

 xy
N

x y

2D
k 2 ;

D D
= +  (8.6) 

- both panel side edges are clamped, 

 xy
N

x y

8D
k 4.62 ;

3 D D
= +  (8.7) 

- one panel side is clamped, the second edge is free supported, 



 108

 xy
N

x y

D
k 3.2 2.5 ;

D D
= +  (8.8) 

- one panel side edge is free supported, the second edge is free (not sup-
ported) at all, 

 к
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π

 (8.9) 
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Conditions (5) can be transformed to the following  

 
22 3 3x yx yq0 3 0 3N

cr cr2 2 2

k D Dk D D
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ππ δ δ
δ δ
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= = = =  (8.10) 

Considering (10) formula (1) can be rewritten to the following (at k=2) 

 
22 4

3 6

Na q b
1.

B A
⎛ ⎞+ ≤⎜ ⎟

δ δ⎝ ⎠
 (8.11) 

In this formula parameters of material physical and mechanical proper-
ties, supporting conditions and geometrical parameters of a panel are separat-
ed from each other (considering that qk  depends on unit panel cell dimensions 

ratio). Therefore variation of panel thickness, its unit cell length (by means of 
ribs spacing) and cell width (by means of stringer spacing) one can satisfy pan-
el stability conditions. 

Required spacing between stringers is defined from condition of panel lo-
cal stability at compression and from condition of skin allowable deflection. 

Required spacing between ribs (ordinary bulkheads) is defined from con-
ditions of ensuring local panel stability and stringers general stability. 

The simplest condition restricting skin deflection is the following 

 
( )

1
3

xy yx

y

q 1
,

a 32E f

⎡ ⎤−μ μδ ⎢ ⎥≥
⎢ ⎥⎡ ⎤⎣ ⎦⎣ ⎦

 (8.12) 

where q– excess pressure (atmospheric) on panel surface; f⎡ ⎤
⎣ ⎦– relative allow-

able skin deflection (depends on aircraft type and varies in the range 
0.001…0.005). 

Condition of stringer general stability 

 
( )str skn

str skn crstr

EI
b ,

f
+

+

π
=
μ σ

 (13) 

where ( )str skn
EI

+
– bending stiffness of stringer and part of skin joined to this 

stringer (so-called associated skin). 
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( ) ( ) ( )

( )

n 2
stri stri gc. stri nastr skn stri

i 1

3 2

x na

EI EI f *E y y

2c
E 2c y ;212

+
=

⎡ ⎤= + − +⎢ ⎥⎣ ⎦

⎡ ⎤δ δ+ +δ −⎢ ⎥
⎢ ⎥⎣ ⎦

∑
 (8.14) 

n

str skn stri
i 1

f f 2c ;+
=

= +δ∑     (8.15) 

2c – width of associated skin; 

( ) ( )
0.5

xyxstr x
yx xy yx

y xcr.str xy str yx str

GE E
2c 1.28 2 1 ;

E E1

⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟= δ +μ + −μ μ

⎜ ⎟⎢ ⎥σ −μ μ ⎝ ⎠⎣ ⎦
     (8.16) 

cr. strσ  – minimal value of critical stress corresponding to stringer local loosing 

stability (stringer section is considered to be series of flat plates); 
nay  – coordinate of skin-stringer neutral axis 

 

n
2

stri xstri stri x
i 1

na n

stri xstri x
i 1

f E y 2cE / 2
y .

f E 2cE

=

=

+ δ
=

+δ

∑

∑
 (8.17) 

Mass of unit length panel 

 ribM
M a min,

b
=δ + →  (8.18) 

where ribM  – rib or bulkhead mass. 
Therefore panel design algorithm is the following: 

a) Minimum skin thickness is defined from composite package strength 
condition strengthδ  (equations (8.1)). 

b) Minimal panel thickness obtained from condition of panel stability un-
der compressive loading 

 23
N

N
a ;

B
δ >  (8.19) 

and from condition of allowable skin deflection by formula (8.12) – defδ . 
c) If N strengthδ <δ  and def strengthδ <δ  is fulfilled one can estimate minimal 

spacing between ribs from conditions of panel stability at simultaneous 
action of compression and shear 

 
22

64
3

Na A
b 1 .

qBb

⎛ ⎞⎛ ⎞
≤ − δ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

 (8.20) 

If at least one of two conditions N strengthδ <δ  and def strengthδ <δ  is not valid 

one has to define at first spacing between stringers from stability condition at 
compression or from allowable deflection condition and then ribs (bulkheads) 



 110

installation spacing by formula (8.15). 
d) If required rib spacing is more than initial panel dimension it means no 

auxiliary ordinary ribs are required. If b<a then stringers installation 
spacing a can be estimated by formula (8.15) (at constant b value). 

e) Specific panel mass M is calculated for obtained structure and panel 
thickness is varied according to optimization function (8.18). 

At b 150<  mm it is recommended to used combination of beam ribs and 
frame ribs; moreover to ensure that frame rib fulfils role of support one has to 
keep the following non-equality comparing their rigidity 
 ( ) ( )frame rib skn

EI 5 EI ,≥  (8.21) 

where ( ) ( )
3

x
skn

xy yx

E b
EI .

12 1

δ
=

−μ μ
 

 
 

Checking-up questions 
 

1. Give examples of panels application in exact aircraft articles and units. 
2. Main structural solutions of panels used in aircraft structures. 
3. Main assumptions used in the procedure of smooth and stiffened pan-

els design. 
4. In what case curved panel can be analyzed as flat one? 
5. What is the typical stacking sequence for smooth and stiffened compo-

site panels? 
6. What is the condition of panel general stability at combined loading 

(tension/compression and shear)? 
7. Main methods of composite panels increasing stability. 
8. How to calculate smooth composite panel cylindrical rigidities at bend-

ing and shear? 
9. What is the typical restriction of panel skin from aerodynamic loads? 

From what factors does it depend? 
10. What is the typical shapes, manufacturing processes and stacking 

sequence of composite stringers? 
11. What does the notion of "associated skin" mean? 
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Theme 9. DESIGN OF JOINTS OF COMPOSITE ARTICLES. 
JOINTS CLASSIFICATION AND STRUCTURAL SOLUTIONS. 

METHODS OF INCREASING JOINTS LOAD-CARRYING ABILITY 
 

9.1. Classification of structural joints 
 
Joints of aircraft structures elements are the most important zones defining 

aircraft load-carrying ability, life-time and reliability. Generally joints increase struc-
ture mass by 20..30% and cause about 80% of breakage. From other hand de-
signer can’t exclude structure division by bays, sections, parts etc. That is why 
problem of design joints possessing rational parameters is very actual. 

All possible joint types can be divided into movable (ensure definite dis-
placement of one article refer another) and unmovable (hold reciprocal articles 
position transfer external and internal loads between structural elements), 
splitable (detachable) and unsplitable (permanent). Moreover by different 
maintenance principles joints can be classified as follows [9, 10, 6]: 

– by physical principles of joining: mechanical, welded, adhesive, sol-
dered; 

– by joining elements type: continuous (adhesive, welded etc) and dis-
crete (bolted, riveted, pin etc); 

– by geometry of force flows: pointed (bolted, riveted), linear (roller welded), 
surface (overlapped adhesive, welded, wedged), volumetric (butt welded, butt ad-
hesive). 

Nowadays the most wide spread splitable load-carrying joint types for air-
craft articles are bolted, screw and riveted joints (Fig. 9.1). 

 

 
a 

 
b 

Fig. 9.1. Discrete mechanical joints 
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9.2. Design of multi-row mechanical joint with discrete fasteners 
 
General approach to point joist design considers multi-row mechanical 

joint with fasteners of variable diameter and arrangement through articles area. 
Thickness of joining articles can vary continuously or stepwise (Fig. 9.2) [10]. 

 
a 

 
b 

 
c 
 

 
d 

 
e 

Fig. 9.2. General geometrical model of joint with discrete fasteners 
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Let the following forces are applied to joining articles edges: 1x0N , 2x0N , 1xnN , 

2xnN  and operating temperature of joint differs from manufacturing temperature. 
Assume that each row contains im  fasteners installed with equal spacing, i. e. 

yi it B /m=       (9.1) 

where B– joint width. 
Stress distribution through articles thickness is considered to be uniform 

(at least for design stage), thus 
1xi 1xi 1iN / ,σ = δ   2xi 2xi 2iN / .σ = δ     (9.2) 

Initial data for new desirable joint design are: joining articles physical and 
mechanical properties (elasticity moduli) – 1xiE , 2xiE  (generally different at each 
step); joint width B; applied forces N (per unit width); thickness of each joining 
article a their beginning – 11δ  and 2nδ . 

Design variables are: functions of rigidity distribution ( )1i 1xiEδ , ( )2i 2xiEδ , 

quantity of fastener rows n and fastener quantity in row m; fastener diameter bd . 
Moreover special requirements have to be taken into consideration dur-

ing design: all fasteners should have standard diameter (discrete but not arbi-
trary), fasteners arrangement requirements (minimal distance between fasteners 
and from joint edges) etc. 

Thus the following design algorithm can be used for joint with point fasteners: 
Step 1. Define several standard values of fastener diameter bd  (for exam-

ple, 2.5 mm; 3 mm; 4 mm; 5 mm, 6 mm etc) and fasteners quantity in row m. 
Using conditions ensuring absence of joining article bearing and fastener 

shear check selected parameters bd  and m : 

11 bear1x1 2n bear2xn
b b

b b

4 4
d ;   d ;

δ σ δ σ
≤ ≤

πτ πτ
   (9.3) 

⎛ ⎞ ⎛ ⎞
≤ − ≤ −⎜ ⎟ ⎜ ⎟δ δ⎝ ⎠ ⎝ ⎠

1x1 2xn
b b

11 1x1 2n 2xn

Nk Nk
md B 1 ;   md B 1 ,

F F
  (9.4) 

where – 1x1F , 2xnF – composite articles tension (compression) strength along x 
axis; bear1x1σ ; bear2x1σ – composite bearing strength along x axis; bτ – fastener 
shear strength; 1xik , 2xik – stress concentration factor near fastener hole; 

( )
41xi

b b 1xi

2 1
k

d 2 1 E /E
=

+
, 

( )
42xi

b b 2xi

2 1
k

d 2 1 E /E
=

+
. 

In formulas (4) we assume that 1x0N = 2xnN =N. 
Step 2. Find fastener rows quantity (should be integer) from the condition 

of fastener shear strength fulfilling 

2
b b

4NB
n .

md
≥
π τ

     (9.5) 
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Step 3. Calculate minimal required thicknesses of joining articles 
( )1i i 2...nδ =  and ( )2i i 1...n 1δ = −  from the conditions of articles bearing and tear-

ing strength in weakest section: 
( )
( )

( )

1xi
1i 1i

b bear1xi 1xi b

2xi
2i 2i

b bear2xi 2xi b

BN n 1 i kNB
;  ;

nmd nF B md

iBNkNB
;  .

nmd nF B md

+ −
δ ≥ δ ≥

σ −

δ ≥ δ ≥
σ −

  (9.6) 

Step 4. Assuming that applied load is uniformly distributed between fas-
tener rows one has to check correspondence between thicknesses of first and 
second articles: 

( )

( )

2i 2xi 2,i 1 2x,i 1 1i 1xi 1,i 1 1x,i 1

3x2 3x1

xi

1 1 1 1
i n i

E E E E

2B
                                 ;     i 1 n 1 .

t m m

+ + + +

⎛ ⎞ ⎛ ⎞
⋅ + − − + =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟δ δ δ δ⎝ ⎠ ⎝ ⎠

∏ ∏⎛ ⎞
= − = −⎜ ⎟

⎝ ⎠
…

 

(9.7)

 

Defining, for example 1iδ , from conditions (9.6) one check correspond-
ence 2iδ . 

Values of compliance coefficients 3x1∏ , 3x2∏  generally has to be ob-
tained experimentally. But for design purpose we can use the following tech-
nique. Further formulas are valid for single and double shear joints at consider-
ing one joint half (Fig. 9.2, d). 

( ) ( )
n 1

bi
3xi 1i 2i 1i i i 1i

i 10

2 2
i 1i 2i

1i q1i 2i q2i* *
i bi 1 2

d
N Q Q
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QB 1 12 2
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m d 2 2
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=

⎧
Π = α + α −α − α +⎨

⎩

⎫⎡ ⎤⎛ ⎞ ⎛ ⎞−μ −μ ⎪+ α + +α +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎬⎜ ⎟ ⎜ ⎟π β β⎢ ⎥⎪⎝ ⎠ ⎝ ⎠⎣ ⎦⎭

∑
 (9.8) 

where ( ) ( )0 10
EF EF= – rigidity of article (for example first) to which other rigidi-

ties have to be reduced; N – load transferred by entire joint; iQ –, load trans-
ferred by i-th fasteners row; 1i 2i, μ μ – articles Poisson’s ratio: 

( ) ( ) ( ) ( ) ( ) ( )1i 2i0 10 0 1i 0 2i
EF EF ; EF / EF ;    EF / EF ;= α = α =  

3
1i 1i

1i bi 1i bi bi

q1i 3
1i 1i

1i bi 1i bi bi

2 1
       at 1;

k d 1 d d
k

2 1
1 1  at 1;

k d 1 d d

⎧⎛ ⎞ δ δ⎪ ≥⎜ ⎟ +β⎪⎝ ⎠⎪= ⎨⎡ ⎤⎛ ⎞ δ δ⎪⎢ ⎥− + <⎜ ⎟⎪ +β⎢ ⎥⎝ ⎠⎪⎣ ⎦⎩
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⎧⎛ ⎞ δ δ⎪ ≥⎜ ⎟ + β⎪⎝ ⎠⎪= ⎨⎡ ⎤⎛ ⎞⎪ δ δ⎢ ⎥− + <⎜ ⎟⎪ + β⎢ ⎥⎝ ⎠⎪⎣ ⎦⎩

β β
= =

β β

β β
β = β = β = β =

+ β + β

3
2i 2i

2i bi 2i bi bi

q2i 3
2i 2i

2i bi 2i bi bi

* *
1i 2i4 41i 2i

bi 1i bi 2i

* * bi1i 2i
1i 2i 1i 2i

1i 2i 1i

2 1
       at  1;

k d 1 d d
k

2 1
1 1 at  1;

k d 1 d d

2 2
k ;     k ;

d 2 d 2

E E
;   ;   ;   

1 1 E

( ) ( )= δ = δ
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;
E

EF E B ;   EF E B .

  

(9.9)

 

If calculated thickness of second (first) article is less than one recom-
mended by (9.6) condition then thickness from condition (9.6) has to be select-
ed and condition (9.7) has to be recalculated by means of the first (second) ar-
ticle thickness increasing. 

Step 5. Spacing between rows xit  (in partial case xt ) is defined from the 
restrictions (articles shear strength conditions) 

+≤ τ ≤ τ
δ δ

≤ τ ≤ τ
δ δ

x,i 1x1
2xz1 2xzi

2 21 xi 2i

xi xn
1xzi 1xzn

xi 1i 1 1n

QQ
;  ;
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Q Q
;  .

2mt 2mc

   (9.10) 

Step 6. Mass of obtained joints is estimated by the following dependence 

( ) ( )
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2 2n
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b i 1i 2i 1i 1 2i 2 xi i
i 1

n

i 1i 2i wi ni
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+ + + + →

∑

∑

  

(9.11)

 

where – b 1 2, , ρ ρ ρ – fastener density, joining articles density; 

1im – mass of fastener projected section; 

2im – mass of fastener projected section for nut installation, 

wi nim , m – mass of washer and nut. 
Step 7. Graph of joint mass as function on parameters m and bd is built. 

Between several variants of joints those with minimal mass has to be selected. 
Exact value of composite bearing strength has to be determined experi-

mentally because it depends on a large amount of parameters (in fist turn on 
fastener diameter, composite package structure, joining articles thickness etc). 
For preliminary design the following strength values can be recommended  
(Table 9.1). 
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Table 9.1. Composites bearing strength 
Material Bearing strength, MPa 

Glass fabric + polyester resin 250…300 
Glass mat + polyester resin 140…210 
Boron fibers [0°;90°] +epoxy resin 1030…1380 
Boron fibers [0°;±45°;90°] +epoxy resin 830…1040 
Glass-Organic plastic + epoxy resin 310…380 
Carbon plastic [0°;90°] +epoxy resin 380…450 
Carbon plastic [0°;±45°;90°] +epoxy resin 310…345 

Note: Less strength value in mentioned range corresponds to beginning 
or fastener hole ovalization (ovalization degree ∼4 %). 

 
9.3 Adhesive joints design 

 
All composite material exist due to adhesive bonding between fibers and ma-

trix. That is why adhesive joints are quite natural for joining composite articles. Ma-
jority of aircraft articles made of composites are plates, shells and other thin-walled 
structures loaded in their own plane therefore adhesive bonding as method of loads 
transfer is natural. Composites articles manufacturing operations permit: 

– to exclude operations devoted to surface preparation for future adhe-
sive joint; 

– to conduct simultaneous co-bonding (co-curing) together with main 
composite articles manufacturing; 

– to shorten duration of manufacturing cycle. 
Main drawbacks of adhesive joints are: 
– low adhesive strength comparing with composite strength (especially at 

tearing); 
– appearing undesirable interlaminar stress in joining zone; 
– low repairability of adhesive joints (especially requiring high tempera-

ture and special equipment); 
– low efficiency of non-destructive tests for bonding control; 
– difficulties at comparison of theoretical models and experimental results. 
Lap adhesive joints are the most wide spread one (Fig. 9.3, a, b, c, d). 

This adhesive joint type transfers axial loads by means of touching neighboring 
surfaces (Fig. 9.3, a, b, c) and forces out of joint plane (Fig. 9.3, d). Considera-
tion of elementary representative element of lap joint (Fig.3, g) shows that re-
sultant of normal stresses N is in equilibrium with adhesive reaction q. Due to 
eccentricity of this forces bending moment appears. This moment varies 
through joint length because of lateral force Q. Moreover this force Q is in equi-
librium with vertical reaction R. Thus main conclusion of these consideration 
that both articles and adhesive are subjected to complex stress state. 

The highest stress in adhesive layer is shear one (this fact is proved ex-
perimentally). That is why the question about reliable technique for determina-
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tion of adhesive layer stress state is very important. Nowadays one-
dimensional analytical model (along x axis) is practically used. There are two 
analysis schemes of adhesive joint joining layer: classical one (Fig. 9.3, e) and 
Volkersen scheme (Fig. 9.3, f). 

 

 
Fig. 9.3.  Adhesive joint analytical model 

 
Classical scheme means that shear deformation is adopted by adhesive 

layer only – joining layer thickness ( jlδ ) is equal to adhesive thickness ( adhδ ). 

According to Volkersen scheme thickness of joining layer jlδ  is equal to thick-

ness of pure adhesive film adhδ  and semi-thicknesses of two joining articles 
( 1δ + 1δ )/2, i.e. jlδ = adhδ +( 1δ + 2δ )/2 (reduced joining layer is used). 

Generally one-dimensional analytical schemes of adhesive joints are 
based on the following assumptions: 

– adhesive film withstands shear force only; 
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– adhesive film and joining articles geometrical and rigidity parameters 
are the same along joint length; 

– normal stress is uniformly distributed through joining articles thickness; 
– material of articles is orthotropic in their plane (xy plane). 
Stress state analysis of joints with variable parameters permits to make 

the following conclusions (Fig. 9.4): 
– maximum shear strength appears at the end of more rigid article 

(Fig. 9.4, a); 
– classical joining layer scheme (1) gives higher value of shear stress 

comparing with Volkersen model (9.2) (Fig. 9.4, b); 
– maximum stress calculated according to Volkersen model corresponds 

well to more precise two-dimensional model (Fig. 9.4, b); 
– less adhesive compliance less maximum shear stress; 
– after achieving definite joint length liml  shear stress asymptotically ex-

ceeds definite value (Fig. 9.4, c). 
 

 
Fig. 9.4. Adhesive joint shears stress as function on joint parameters 

 
Let’s consider design procedure of adhesive joint of articles with constant 

thickness and elasticity moduli (for analysis simplification). 
In this case design procedure includes determination joint length and se-

lection of adhesive and adhesive layer thickness. Strength condition for shear 
stress has the following view: 

adh interlammaxτ ≤ τ ∨ τ ,    (9.12) 
where adh interlam,τ τ – adhesive shear strength and composite package 
interlaminar strength. 

Maximum shear stress due to mechanical and thermal field can be esti-
mated as 

– at 1 1x 2 2xE Eδ < δ  

( )2x 1x1x 2x
max

jl jl

Tch klN 1 ch kl
;

k sh kl k sh kl

Δ α −αΠ +Π −
τ = +

Π Π
   (9.13) 

– at 1 1x 2 2xE Eδ > δ  
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( )Δ α −αΠ +Π −
τ = +

Π Π
2x 1x1x 2x

max
jl jl

Tch klN ch kl 1
,

k sh kl k sh kl
   (9.14) 

where joining layer compliance jlΠ  can be estimated according to the following 

formulas (depending on selected joint scheme – classical or Volkersen): 

adh
jl

adhG

δ
Π =  or adh1 2

jl
1xz 2xz adh2G 2G G

δδ δ
Π = + + ;  (9.15) 

1xΠ – compliances of joining articles, 

1x
1 1x

1
E

Π =
δ

, 2x
2 2x

1
E

Π =
δ

;    (9.16) 

N – load transferred by joint; 
2 1x 2x

jl

k
Π +Π

=
Π

;     (9.17) 

1x 2x,α α  – articles linear expansion coefficients along x axis. 
To make equality between formulas (9.13), (9.14) and adhesive shear 

strength or composite interlaminar strength it is possible to solve transcendent 
equation and find required joint length. 

More complicated problem is design of optimal joint with variable articles 
parameters along joint length. Let’s consider this procedure briefly at the follow-
ing assumptions (to simplify analysis). Criterion of minimal joint mass is used: 

– articles physical and mechanical parameters don’t depend on their 
thickness; 

– thermal loading is absent ( T 0Δ =  or 1x 2xα =α ); 
– initial thickness of each article is known ( 10δ  and 2nδ ); 
– classical joint scheme is used ( jlδ = adhδ ); 

– adhesive parameters are constant through joint length ( adhδ , adhG ); 
 
Step 1. At first it is necessary to define function of articles thickness varia-

tion along joint length. Generally linear or parabolic dependencies ca be rec-
ommended. 

1x
1 10

N

N
δ = δ  or 1x 10 1x 101x

1
1x

F FN
x 1

F N N

⎡ ⎤δ δ⎛ ⎞
δ = − −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
,  (9.18) 

Using equation of compatible articles deformations  

jl
1 2x 2x 1x 1xk N N

l

Π
=Π −Π ,    (9.19) 

where 
2 2 2

jl adh jl adh 10 jl
1

jl

2N
k

−Π τ ± Π τ − Π Π
=

Π
,   

2 2 2
jl adh jl adh 10 jl

10

2N
l

N

Π τ ± Π τ − Π Π
=

Π
 

one can estimate the second article thickness variation function. 
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Step 2. As alternative variant one can define articles parameters from the 
condition of uniform shear stress distribution inside adhesive layer, i.e. 

1x 1x 1

2x 2x 2

N E

N E

δ
=

δ
.     (9.20) 

Adhesive joint thickness is estimated as adhl N/= τ . 
 
Step 3. Joint variants (from step 1 and 2) mass is calculated. The lightest 

is more rational one. 

Practically the following structural solutions of adhesive joints can be real-

ized in aircraft structures (Fig. 9.5, 9.6). To increase adhesive layer strength at the 

edges (where maximum shear stress appears) of doublers or joining articles 

transversal stitching is used. 

To reduce shear stress cutting edges of joining articles or doubles are used 

too (see Fig. 9.6, a, b ,c). Scarf joints (see Fig. 9.6, c) ensures smooth loads 

transfer. Stepped joints (Fig. 9.6, f, g, h) permit to cut pikes of shear stress. 

High quality of adhesive joints can be achieved by application of separat-

ing layer between articles and doublers. This method ensures ideal adjusting of 

joining surfaces and joining materials with different time-temperature manufac-

turing parameters. 

 
 

 
 

Fig. 9.5. Types of lap adhesive joints 
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Fig. 9.6. Structural solutions of adhesive joints 

 
 
 

Checking-up questions 
 
1. What types of structural joints are used in aircraft articles and units ar-

rangement? 
2. Possible structural joints classification and recommendation on applica-

tion? 
3. Main distinctive features of discrete mechanical and adhesive joints. 
4. Draw analytical model for design of single-lap multi-row mechanical 

joint? What are main structural parameters of this model? 
5. What are the main strength conditions designer has to satisfy at each 

section of a joint considered? 
6. What does the notion of composite article compliance and mechanical 

fastener compliance mean? 
7. What structural parameters of composite in a joint the bearing strength 

of composite depends on? 
8. What is the analytical model of pure adhesive joint design? 
9. What does "classical" and "Volkersen" model of joining layer in adhe-

sive joint mean? How to calculate them? 
10. What main assumptions are used for adhesive joints design and 

checking analysis? 
11. How maximum shear stress in adhesive layer depend on joint length 

and geometrical and rigidity parameters of joining articles? 
12. What is the main difference in shear stress calculation between one-

dimensional and two-dimensional models of adhesive layer? Draw graphical 
dependence. 
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13. What does "critical length" and "limited length" of adhesive joint 
mean? 

14. How to take into account influence of thermal field on adhesive joint 
stress state? 

15. What structural solutions of adhesive joints are used in aircraft struc-
tures? 

16. What structural methods of shear stress reduction at the edges of ad-
hesive joints are used? 
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Theme 10. REQUIREMENT TO DESIGN DOCUMENTATION PREPARATION 
FOR ARTICLES AND ASSEMBLIES MADE OF COMPOSITES 

 
Unified system of design documentation joints state or branch standards, 

guarantees completeness of technical documentation, rules of approval, registra-
tion, storage etc. Unified rules for execution drawings and other design documen-
tation stipulate unified technical language for all enterprises and organizations of 
any branch of industry. 

Application of composites in aircraft structures demands designation of 
special requirements besides classical designations of material, geometry and 
type of processing. For composites we have to mention article structure at high 
level of visualization and definiteness. Nowadays each huge enterprise in-
volved in composites manufacturing creates its own local standard that can 
cause difficulties at technical information interchange. 

 
10.1. General notions 

 
For further consideration let’s mention main notions used for composite 

article drawing preparation. These notions are based on Unified System of De-
sign Documentations and experience of “Antonov” Research and Scientific 
Corporation [11]: 

Composite article (package) – means structural element consisting of 
number of monolayers, grouped by functional features and correspondent 
stacking sequence (reinforcing angles). 

Assembly – structural element consisting of two and more composite (or 
metal) components manufactured by means of assembling operations (bond-
ing, co-curing etc). 

Such approach permits to designate clearly composite package, article 
and assembly keeping their separated numbering. 

 
10.2. Preparation of drawing for articles made of composites 

by laying-up method 
 
Generally article made of composite consists of prepreg layers (it doesn’t 

matter what laying-up scheme was used – “dry” or “wet”). These packages are 
designated by means of two lines with distance between them at least of 2 mm 
(Fig. 10.1). Continuous layers numbering is used for exact package and 
means sequence of layers laying-up. Number of position is drawn from shaded 
rectangle with side length 2…3 mm. 

It is possible to use base system (reference surface) for designation of 
origin of layers numbering (especially for automatized design process) 
(Fig. 10.2). 

If article is geometrically symmetrical and layers stacking sequence is not 
important it is possible not to show reference (base) surface. 
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Fig. 10.1. Drawing of article manufactured by lay-up method 

 
After column “Material” column “Notes” can be presented. In this column 

auxiliary correction for proper laying-up is mentioned. 
One of the article view  has to contain designation of coordinate system 

(especially in laying-up plane). Axes arrows of this coordinate system shows di-
rections of layers laying-up (Fig. 10.3). Plane of layers laying-up means the plate 
of projection of forming surface on which package is laid. If packages are laid on 
intersected planes (for example, on perpendicular planes) we should show coor-
dinate systems on every surface. 

 

 
Fig. 10.2.  Drawing of article manufactured by lay-up method 

(method of reference surfaces) 
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Arrows direction has to coincide with articles 
main axes of symmetry or assembly axes. Main ax-
es are theoretical axis, article contour, plane or lines 
of their intersection. This information has to be 
shown on manufacturing jig. 

It is possible to show directions of laying-up for 
separate articles on article section, article cut, local 
view (Fig. 10.4). This method of designation is rec-
ommended to use when object has quite simple 
structure or when structural element lays out of base 
laying-up plane. 

Only one laying-up angle has to be shown for 
unidirectional materials (see Fig. 10.1, Fig. 10.2). 
For woven materials one has to define two angles, 
corresponding to fill fibers direction (FFD) and weft 
(abb) fibers direction (Fig. 10.5). 

 
Fig. 10.3. Coordinate 
system for laying-up 

(FDD – fill fiber 
direction) 

It is allowable to use scaling (even non-standard) showing package lay-
ing-up scheme. In this case reference dimension and exact layers quantity in 
the package have to be written on a drawing (Fig. 10.6). 

 

 
Fig. 10.4.  Designation of laying-up direction on local view or cut 

 
Fig. 10.5.  Designation of 

laying-up direction 
 

Fig. 10.6. Designation of reference dimension 
 
When one layer or layers of package consist of several semi-finished arti-

cles laid-up with different angles it is allowable to mention in a table several lay-
ing-up angles, separating them with semicolon; moreover auxiliary views have to 
be shown at this drawing with designation “Scheme of laying-up for layer 
#...package position #...” (see Appendix). Each view has to contain designation 
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of material fill fiber direction to escape indefinites of data shown in the table. It is 
recommended to use two thin lines disposed inside contour of each element not 
touching element contour (see Appendix).  

If designer pans to use wedge-like transition of article contour (for exam-
ple, drawing of wing spar cap with variable height) it is allowable not to draw 
separated packages but show boundaries of definite layers cut with sign  
disposed on extension line (Fig. 10.7). 

Drawing of articles with complicated structure has to contain schemes of 
individual layers cutting (Fig. 10.8). 

Separate drawing has to be prepared for separately manufactured article. 
 

 
Fig. 10.7.  Scheme of layer cutting  

 

 
 

Fig. 10.8. Scheme of layers cutting 
Drawings devoted to experimental articles consisting of several simple arti-

cles can contain laying-up schemes of different articles (separate drawing can be 
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escaped). In this case assembly drawing of entire unit should contain mentioned 
laying-up schemes and technical requirements concerning to individual articles 
manufacturing. For example: “Panel skin position…, consisting of packages 2, 3, 
4 and angle section position… consisting of packages 8, 10, 12 are manufactured 
separately by means of simultaneous pressing of correspondent packages”. 

For design documentation of complicated assemblies it is allowable to 
prepare separate drawing for several articles only but mention in technical 
specifications auxiliary note: «After laying-up operation article has to be trans-
ported to further assembly to be partly cured (not fully cured) ». 

Drawings have to contain technical specifications written in special field. 
These specifications (requirements) have to contain necessary information for 
proper manufacturing, for example, one is shown in the Table 10.1. 

Table 10.1.  Example of technical specification 
# Note Condition of application 

1 Theoretical drawing 

Noted if necessary 
2 Unspecified limited deviations of dimen-

sions by quality class H16, h16, IT16/2 
3 Manufacture beginning from external (in-

ternal) contour by instruction # … 
4 FFD – Fill fibers direction Laying-up scheme (0°, 90°) 

has to be shown at main view 
5 Fabric overlapping in seams of article po-

sition #... 20 – 25 mm 
Seam displacement between neighboring 
layers not less than 100 mm 
Keep gaps at laying-up article position 
#... - 0 – 1 mm 
Neighboring layers overlapping is not allowed 

Noted if article dimensions or 
reinforcing scheme not allow 
to manufacture it from entire 
piece of reinforcing material 
Noted if necessary or if this 
information is absent on cor-
respondent drawing field

6 Checking and acceptance according to 
… 

Technical instruction is re-
ferred 

7 Conduct testing of strength σв, σ-в etc in di-
rection 0° (90°) by reference specimens with 
reinforcing scheme for article position # … 

Noted if necessary 

8 Non-destructive control by instruction #... 
9 Apply coating on… 

external surface… 
internal surface… 

10 Apply label and stamp with paint by tech-
nical instruction #...  

11 Reference dimensions 
One should note that aircraft structures possess a large amount of structural 

elements differing by some dimensions only (for example, rib caps, rods, plates, 
bulkhead webs etc). In these cases preparation of group drawings can be recom-
mended (Fig. 10.9). 
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Fig. 10.9. Example of group drawing 



 129

10.3. Preparation of drawing for articles made of composites 
by winding method 

 
Distinctive feature of winding process is obtaining symmetrical articles, 

therefore at any cross section perpendicular to central axis all layers are orient-
ed at the same angle. Moreover guiding device makes at least several the 
same strokes orienting tapes (fibers) etc. That is why no sense to distinguish 
separate layers in composite package and write layer number in the table (in 
other words layer number coincides with package number) (Fig. 10.10). Coor-
dinate system is referred to shell external surface. Packages number corre-
spond to winging (laying) sequence. 

 
 

Fig. 10.10. Designation of article made by winding process 
 
One should note that for layers of fabric wounded laterally (with 90°). It is 

necessary to mention the information about reciprocal position of beginning and 
finishing of winding (Fig. 10.11). For layer of fabric or tape wounded (or laid-up) 
with angle ±φ° it is necessary to show winding sequence (at correspondent 
drawing field or in technical specifications) (Fig. 10.12). 

Majority of pressure vessels or tubes are generally wounded on non-
extracting mandrels (internal shells, liners, carriers, connection-pipes etc), 
therefore drawings for such articles require preparation of assembly drawings. 
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Fig. 10.11. Lateral winding scheme 
 

 
 

Fig. 10.12.  Symmetrical winding scheme 
 

10.4. Assembly drawings of composite articles 
 
Main distinctive feature of assembling drawings of articles made of com-

posites is strong requirements (has to be mentioned in technical specification) 
what scheme of separate articles joining should be selected – “wet+wet” (form-
ing), “wet+dry” (co-forming or co-curing), “dry+dry” (or bonding). 

If assembly providing by “wet+wet” scheme contains inserts (embedded ob-
jects like foam plastic bars, wooden bars, tows etc) which can’t be classified as 
“material” it is recommended to mention all necessary information (i.e. dimen-
sions, package structure, laying-up scheme, cutting schemes etc) for forming arti-
cles in drawing specification field. For such kind of drawings separated drawing 
aren’t prepared. Working drawings are necessary to prepare for articles which 
were manufactured previously. 
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If assembly contains several geometrically similar inserts (honeycomb or 
stiffeners) and one of them is large than other it is possible to mention all nec-
essary dimensions at assembly drawing specifications (excluding separate 
working drawing for each individual insert). If each insert consist of separate 
components it is necessary to show places of their joining and joining methods. 
For honeycomb (as quite anisotropic structure) direction of honeycomb exten-
sion has to be shown. 

In some cases composite article can be mentioned in specification as 
“drawingless”. Resin can be written to the field “Materials”. 

 
10.5 Examples of composite panel drawings 

 
Object 1 – panel with stiffeners obtained by laying-up with consequent 

forming (Fig. 10.13–10.16). Metal or previously manufactured non-metal inserts 
(embedded elements) are absent. Therefore one can consider this article as 
composite one and requires working drawing preparation. 

Object 2 – sandwich panel with honeycomb obtained by forming 
(Fig. 10.17, 10.18). This element has to be considered as assembly because 
honeycomb element is prepared previously (separately), then bonding opera-
tion is conducted. Thus assembly drawing is required. 
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Fig. 10.13. Composite panel drawing 
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Fig. 10.14. Skin layers laying-up scheme 
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Fig. 10.15. Stiffeners layers laying-up scheme 
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DL – DrawingLess (separate drawing is absent) 
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Checking-up questions 

 
1. Give the definition of composite article (package). 
2. Give the definition of assembly. 
3. What main concepts of metal-composite articles assembling can be 

shown on the design drawings? 
4. What does "reference plane" used for composite monolayers enumera-

tion mean? How to select it for exact article? 
5. How to show direction of article elements reinforcing? 
6. What types of technical requirements are generally shown on compo-

site drawing? 
7. What does "asterisk" (*) sign near dimensions designation mean? 
8. For what purpose is the "triangle" sign used on drawings of composite 

articles? 
9. What are distinctive features of drawing composite articles produced by 

winding process? 
10. How to show honeycomb and foam filler of sandwich panel on design 

drawing of composite panel? 
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