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Introduction

This textbook is the review of the definitions and formulae pertaining to
centroids and moments of inertia of plane areas which represent cross sections of
structural elements and are studied hecause of their great importance in solving
problems of strength, rigidity and stability of engineering structures.

The topics discussed in the book cover areas of the simplest figures, centroids
and how to locate them, axial moments of inertia, polar moments of inertia, products
of inertia, parallel axis theorems, rotations of axes, and principal axes. The properties
of a few structural steel shapes are also presented in the book. These tables are
compiled from the extensive tables presented in the Manuai of Steel Construction,
published by the American Institute of Steel Construction, Inc. (AISC) and in the
USSR State Standards Ne 8239-72, 8240-72, 8509-72, 8510-72.

This book also covers all basic problems of geometrical properties caiculations
at the level sutiable for junior engineering studeats. All these parameters are
important for analysis and design of structural members subjected to tension,
compression, forsion, hending, combined loading, deflections of beams, and stability

of columns.



Chapter 1 General Terms and Concepts

Area (of a plane figure)

Mnowank (nnocko# dury-
pi)

plane figure).

Plane area of arbitrary shape

Axial moment of inertia (of
a plane area) (syn. second
moment (of a plane area),
geometric(al) moment (of a
plane area), moment of
inertia (of a plane area))

Y

OceBO# MOMEHT WHepLUu
{nnowagu) (cuH. BTOpOM
MOMEHT (nnoulaam), feo-
MeTpHYeckui MOMEHT
(nnowanm), MOMEHT uHep-
umnu (nowujanu))

A
C - centroid,
hY S
Y Ox.
XC = A—II— y yc = 7){

Mnowa (nnockoi dirypu)

A= jd/] —area of a plane figure,

X¢, ¥o —coordinates of the centroid:

OcboBui MoOMeHT IHepuil
(nnowi) (cuH. ppyruk mo-
MEeHT (nnomi), reomerpuy-
HMA MOMEHT (nnoui), mo-
MeHT inepuii (nnouwi))

The moments of inertia of a plane area
(sec figure) with respect to the x and y axes, re-
spectively, are defined by the integrals

X = J.ysz:

()

Y= _[xsz s

4)

in which x and y are the coordinates of the dif-
ferential element of area d4. Because the ele-

ment d4 is multiplied by the square of the dis-

0¢_.

Plane area of an arbitrary shape with cen-

troid C

X

tance from the reference axis, moments of

inertia are also called second moments of area.

Also, moments of inertia of areas (unlike first

moments) are always positive quantities.



6 Chapter 1 GENERAL TERMS AND CONCEPTS

Axial moment of inertia of a OceBOW MOMEHT MHepUrn OcboBMA MOMEHT iHepuil
composite area COCTaBHOW nnowanun cknapeHol nnowi

The moment of inertia of a composite
area with respect to any particular axis is the
sum of the moments of inertia oi ils parts with
respect to that sume axis. An example is the
hollow box section shown in Fig. 1. where the
B ¢ x. and y. axes are axes of symmetry through

v the centroid C. The moment of inertia /[,
,

b with respect to the x, axis is equal to the al-

gebraic sum of the moments of inertia of the
outer and inner rectangles (we can consider
h ¢ Tx, | the inner rectangle as a “negative arca” and
the outer rectangle as a “posilive area”).
Therefore,
b ;b bk
SRTINTE

The same formula is applied to the
Ve channel section shown in Fig. {, where we
Plate 6 in » ! in may consider the cutout as a “negative area”.

G R For the hollow box section, we can use
X a similar technigue to obtain the moment of

inertia /), with respect to the vertical central

Fig. 1 An examples of composite areas

Wisx71
n axis. However, in the casc of the channel scc-
tion, the determination of the moment of iner-
tia J v, requires the use of the parallel-axis

! > theorem,
Example 1
33 Determine the moment ol inertia 7,

with respect to the horizontal axis x, through

C10%30
' the centroid C of the beam cross section
shown in Fig. 2. The position of the centroid C

wae determines
ming

Fig.2 Moment of inertia of a composife Wd> SLLIHRUGU
area ye =181

Note: trom beam theory we know that
axis x, is the neutral axis for bending of this beam, and therefore the moment of inertia 7,

previously and cquals o

cquals

must be determined in order to calculate the stresses and deflections of this beam.

We will determine the moment of inertia [, - with respect to axis x, by applying the
parallel-axis theorem to each individual part of the composite area. The area is divided
naturatly into threc parts: (1) the cover plate, (2) the wide-flange section (see geometrical
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properties of shapes), and (3) the channel section (see geometrical propertics of channel
sections). The following areas and centroidal distances were obtained previously:

4 =30in2, 4 =208in° 4 =882in%
v =9485in, y,=0, y3=9884in, y. =180in
The moments of inertia of the three parts with respect to horizontal axes through
their own centroids C, C, ., and Cy are as follows:

I = o _ L (6.0in)(0.5in) = 0.063in?;
12 12
L =1170in*, 1, =394in*
Now we can use the parallel-axis theorem to calculate the moments of inertia about
axis x, for each of the three parts of the compoasite area:

1D =+ 4y +y. ) =0063in* +(3.0in7)(11.28in) =382in*;

1" =15+ 4y, =11701n% +(20.8in.7)(1 80in)* =12401in.*

1M = 1+ A5(yy - v ) =3.94in* + (8.82in2)(8.084in)” = 580 in.*.

The sum of these individual moments of incrtia gives the moment of inertia of the
entire cross-sectional area about its centroidal axis x,

I =01+ = 2200t
(4 Xc X, X,

C C

Axis of symmetry Ocb cuMmeTpun Bics cumerpit

Ye
— C
y; >0
Tri(;()\\ | x>0 o

Plane figures with vertical axis of symmetry

The product of inertia equals zero when one axis is an axis of symmetry:

Ly, = [xydA=0.
A
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Center of area (see cen-
troid)

Center of figure (see cen-
troid)

Central axes (see centroidal
axes)

Centroid (syn. center of
area, center of figure)

'
'
'
'
'
)

FeomeTpuueckuid  UBHTP
NNOWaEAM, LEeHTP TAXECTH
nriowaau

FeomeTpUYeCKMU  LEHTp
thuryphi, LeHTp TAXecTH
thurype

UeHTpanbHblie ocH

TeomeTpyuyeckuit  LeHTp
nNowaay, UEHTP TAXKECTH
nnowagmu

figure.

y

C — centrotd,
Sy,
A

S, = [xdA,

FeoMeTpU4HNNA LIEHTP nno-
ilti, UeHTp Bary noWwi

FeomeTpuuHni ueHTp iry-
PH, UeHTp Baru dirypn

teHTpanbHi oci

FeomeTpnyHuit UeHTP NAoO-
Wi, UEeHTp Bark nnowii

For a plane tigure, the center of mass of a thin
uniform plate having the same boundarics as the plane

A= [dA - arca of a plane figure,

X, ¥, —coordinates of the centroid:

S, = J' yd4 ~ first moments (of

A

LientpansHi oci

Any pair of axes, which pass through the cen-

The coordinates x, and y. of the centroid C

are equal to the first moments divided by the area:

S [ vd4
s S
Ve=—t= ,

4 4

It the boundaries of the area are defined by
simple mathematical expressions. we can evaluate the
integrals appearing in equation in closed form and
thereby obtain formulas for x, and y,..

0 TR A

Plane area of an arbitrary shape with plane area).

centroid C

Centroidal (syn. central) UenTtpanbHbie ocu

axes

Y troid are called centroidal axes.

e
Sy J: xdA
Xp=—" =,
A A
v
0 ‘ X

Plane area with centroid C and cen-

tral axes x., ¥¢



Chapter 1 GENERAL TERMS AND CONCEPTS 9

Centroidal axes of right tri-  LlevTpanbHbie ocm nps- UenTtpansti oci npamokyt-
angle MOYTO/IbHOTO  TPeyrofis-  HOTO TPHKYTHMKA
HUKa

X, y. — centroidal axes of right trian-

b4 Ye gle;
y b
s xdA
fe=y A
. dA = h(x)dx;
M9 82D by =262
h b
B nf b? b3 2
L h b2
3 :;g’(b~x)xdx=b 23) Yo s
- bh bh bh 3
b3 Y > 5
b 2 2 2
S !
Right triangle with centroid C By analogy y, = 273

Composite area (cross sec- CocrasHas nnowage (no- Cxnapena nnowa (nonepe-
tion) nepeyHoe ceueHune) YHM#A nepepis)

b

Composite areas with a hole Composite area with a cutout
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b
10 in.x—in.

/ cover plates vt
i,

C12x30

~W12x50

* JE——
¥ 2a
¥

|
T

C12x30

Composile cross section fabricated from wide- Composite cross section fabricated from wide-
flange beam and two cover plates flange beam and two channels

Cross section MonepeyHoe ceveHne fonepeunnik nepepis

L TILL
<N

Cross section of an arbitrary shape

yi

Yy

a

Examples of structural members cross sections
A= [dA —arca of a cross section,

A
{ - centroid,
_Sy S,
X., Vo - coordinates of the centroid: x, =, v, :Wl :
< p
= jxd4. Sy = f vd4 ~ first moraents (of cross section).
4 4

Cross section with one axis
of symmetry (see singly
symmetric cross section)

MonepeuHoe ceyenne ¢

Monepeunnit nepepiz 3 on-
OQHOM OCLID CHMMETPpUN

Hi€K BiCCHO cHMeTPIT
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Doubly symmetric cross MNonepeyHoe ceueHne ¢ Monepe4Hmit nepepis 3 ABO-
section ABYMSA OCAMMU CUMMETPKYU Ma OCAMM cUMeTPil

Ye

Doubly symmetric cross-sectional shapes
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First moment (of a plane

area) (syn. static moment

{of a plane area})

Yot

&
3
¥
T
'
i
1
'
’
'
)
I
i

flepBuld MOMEHT (nnowa-

AM}, CTaTHYeCKKW MOMEHT

(nnowanm)

Mepwnh MomenT (Nnouwsi),
CTaTRYHUIR MOMEHT (nnousi)

0

Plane area of an arbitrary shape with cen-

troid C

Geometric(al) moment (of a
plane area) (see axial mo-
ment of inertia (of a plane
area))

Moment of inertia (of a
plane area) (see axial mo-
ment of inertia (of a plane
area))

Noncentroidal axes

Yed

TeoOMeTpUYECKUH MOMEHT
(nrowapnw),
MEHT rHepuuK (Nnoiasin}

MomeHnT wHepuun (nno-

waam)

Heuenrpanbuble ocu

(%)

e

X

The first moments of the area with re-
spect o the x and y axes are defined. respec-
tively, as follows:

Sy= [xdd.
&)

S, = _[ya’A .
(4)

Thus, the first moments represent the
sums of the products of the differential areas
and their coordinates. Ifst moments may be
positive or negative, depending upon the posi-
tion of the x and y axes. Also, first moments
have units of length raised to the third power,
for instance, in.* or m’.

FeomeTpUUHMK MOMEHT
oceBOM MO- (nnouwi), oCLOBUA MOMEHT
iHepuii (nnouwi)

MowmenT inepuii {nngui)

HeueHnTtpanbHi oci

Plane areas with two parallel noncentroidal axes 1-1 and 2-2
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Open cross section OTxpbITOE nonepeyvroe ce- Bigkputnix nonepevHun
YeHME, HE3aMKHYTOe nO-  nepepis, He3aMKHEHWH Mo-
nepeyvHoe ceueHne nepeyHWn nepepia

Typical beams of thin-walled open cross section (wide-flange beam or I-beam, channel beam, an-
gle section, Z-section, and T-beam)

Parallel-axis theorem for Teopema 0 napannenbHoM Teopema npo napanenoHe
axial moments of inertia nepeHoce ocew, Teopema nepeHeceHHA oced, Teope-

(syn. Steiner’s theorem) o6 oceBbIX MOMEHTax Ma fpo OCbLOBi MOMEHTH
VHEPUMK  OTHOCHUTENbLHO inepuii BignocHo oce#, na-
oceif, napannenbHbIX MC- panenbHMX BUXigHUM
XOAHBLIM  HEeHTPANbHLIM  LEHTPANbLHWM OCHM
ocam

¥ From the definition of moment of incr-

tia, we can write the following equation for
the moment of inertia /, with respect to the x

axis: :

Iy = [(r+dh P did =y dA+ 2y [ ydA+df [dA.
The first integral on the right-hand side

is the moment of inertia I, with respect to

the x, axis. The second integral is the first

moment of the area with respect to the x, axis

(this integral equals zero because the x, axis

passcs through the centroid). The third inte-
0 %  gral is the area A itsclf. Therefore, the preced-
ing equation reduces to

Derivation of parallel-axis theorem. x., y, ~
s 2
d r o A {
centroidal axes Iy Ixc + Adf . 4
Proceeding in the same manner for the moment of inertia with respect to the y axis,
we obtain
2
I,=1, +A4d;. @
Equations (1) and (2) represent the parallel-axis theorem for moments of inertia:
The moment of inertia of an area with respect to any axis in its plane is equal to the mo-

ment of inertia with respect to a paralle! centroidal axis plus the product of the area and
the square of the distance between the two axes.
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Parallel-axis theorem for
polar moments of inertia

d,

Derivation of parallel-axis theorem

Teopema o NONSPHOM MO- Teopema npo nonApHWUA
MeHTe WHepuMM npH na- MOMEHT iHepuii np¥ napa-
pannenbHoOM nepexoce nenbHOMY nepeHecexHi

ocen

Polar moments of inertia with respect
to various points in the plane of an area are
relatcd by the parallel-axis theorem for po-
lar moments of inertia. We can derive this
theorem by referring to figure. Let us denote
the polar moments of inertia with respect to
the origin O and the centroid C by (/)¢ and

(1) » respectively. Then, using equation
Iy=I+1,.
we can write the following equations:
Upo=I+ly, Upe=I +I, . (1)

Now refer to the parallel-axis theorems
for axial moments of inertia

Fe= 1y, +4dyf .

Iy=1, +Ad3.
Adding those two equations, we gel
. g2 2
lx+]y:1xc leL +A(LI'] +d5).

Substituting from Ligs. (1), and also noting that L d12 + d22 , we obtain

Up)o =Up)c + Ad*. @

Equations (1) represents the parallel-axis theorem for polar moments of inertia: the
polar moment of inertia of an area with respect to any point O in its plane is equal to the
polar moment of inertia with respect to the centroid C plus the product of the area and the
square of the distance between points O and C.

Paraliel-axis theorem for
products of inertia (syn.
Steinei’s theciem)

Teopema 0 UeHTpoGeKHbIX
MOMEHTaX MHepuu# OTHO-

CHTS/ibHO Napoi OCeH, na-
pannensHbiXx WUCXOLGHBIM
UeHTpanbHbIM

Teopema npo BigueHTposi
MOMEHTM iHepuil BigHOCHO
napw ocel,

)
BuxigueM ue HTpanGHuM

Products of inertia of an area with respect to parallel sets of axes are related by a
parallel-axis theorem that is analogous to the corresponding theorems for axial moments of
inertia and polar moments of inertia. To obtain this theorem, consider the area shown in fig-
ure, which has centroid C and centroidal x_, y. axes. The product of inertia 7, with re-

spect to any other set of axes, parallel to the x, y, axes, is
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Ly = [+ dy)(y+dy)dd = [xydd+dy [xdd+
d2 IydA + d1d2 IdA y
in which d; and d; are the coordinates of the

centroid C with respect to the xy axes (thus,
dy and d5 may have positive ot negative val-

ues). The first integral in the last expression is
the product of inertia I x.y, Withrespect to the

centroidal axes; the second and third integrals
equal zero because they are the first moments
of the area with respect to the centroidal axes;
and the last integral is the area 4. Therefore,
the preceding equation reduces to
0 x Ly=1, , +Add,.

Plane area of an arbitrary shape ere

This equation represents the parallel-
axis theorem for products of inertia: 7%e product of inertia of an area with respect to any
pair of axes in its plane is equal to the product of inertia with respect to parallel centroidal
axes plus the product of the area and the coordinates of the centroid with respect to the
pair of axes.

Polar moment of inertia (of MonApHbiA MOMEHT MHep- NonApHUA MOMeHT iHepuil
a plane area) unK (nnowanu) {nnow)

Y The axial moments of inertia are de-
fined with respect to axes lying in the plane of
the area itself, such as the x and y axes in fig-
ure. Let us consider an axis perpendicular to
the plane of the area and intersecting the plane
at the origin O. The moment of inertia with
respect to this perpendicular axis is called the
polar moment of inertia and is denoted by
the symbol 7,,. The polar moment of inertia

‘ y with respect to an axis through O perpendicu-
: lar to the planc of the figure is defined by the
: integral
0 X Ip = j‘psz R
Plane area of an arbitrary shape

in which p is the distance from point O to the
differential element of area d4. This integral is similar in form to those for moments of in-
ertia I, and /).

Because p2 =x?+ y2 , where x and y are the rectangular coordinates of the element
dA, we obtain the following expression for / o
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1, =[pPad= (2 +y)dt=[xdd+ [y da.

Thus, we obtain the important relationship
Iy=1+1,,
1, - polar moment of inertia of the area 4 in the (x, y) system of coordinates.

This equation shows that the polar moment of inertia with respect to an axis perpen-
dicular to the plane of the figure at any point O is equal to the sum of the moments of iner-
tia with respect to any two perpendicular axes x and v passing through the same point and
lying in the plane of the figure.

Principal centrai axes (see TnaeHble  LeHTpanbHbie Fonoani UeHTpantHi oci
principal centroidal axes) acK

Principal central axes for [naBHble  HeHTpanbHble FonosHi  ueHTpanbHi  oci

equal-legs angle OCW CTanu NpoKaTHOR yr- cvani NPOKAaTHOI KYTOBOI
NoBOW PaBHONONOYHON piBHONON®UHOT
Xeys Yoy = principal central axes;
,x(2 = Imax >
! Yy = Igin
IXU:l Yoy = 0.
Equilegs angle cross section
Principal axis (of inertia) TnasHas ocb {MHepuun} FonosHa Bick {ivepuil)

It is one of two perpendicular axes in a plane area such that the products of inertia
about these axes vanish.

The transformation equations for moments and products of inertia (Egs. (1), (2) and
(3)) show how the moments and products of inertia vary as the angle of rotation & varies:

Ie+f, I-1, o
= +——2 0820 — Iy, sin 20, )
-1y y )
- =—2—sm2¢9+lxyc03211. (2)
L+1, I-I
_ y LI PN i 3
W= ﬂ——i’cos%)+1xysm20. 3

Of special interest are the maximum and minimum values of the moment of inertia.
These values are known as the principal moments of inertia, and the corresponding axes are
known as principal axes.
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To find the values of the angle @ that make the moment of incrtia /, a maximum or

a minimum, we take the derivative with respect to 8 of the expression on the right-hand
side of (sce Eq. (1)) and set it equal to zero:
{7y =1, )sin20 + 27, 0526 = 0.

Sclving for @ from this equation, we get

27/
tan268, =—

xy
, 4
NS #)

in which 8, denotes the angle defining a principal axis. The same result is obtained if we
take the derivative of / " (see Eq. (3)). Therefore we conclude that the product of inertia is

zero for the pair of any principal axcs.

V(min)

Rotation of axes to principal position in an arbi- U/, V - principal axes for a right triangle in the
trary point A point K

_» U (max)
~

D B
B A T e e et

U, V- principal central axes for angle sectionwith U, V-r prmc}pal céRtml ams for Z's@cildrr RN
unequal legs I e }

v E
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Principal centroidal axes TnaBHble  LeHTpankHbie FonoBHi ueHTpansHi oci
(syn. principal central axes) acu

Principal axes of inertia are two perpendicular axes in a plane area such, that the
product of inertia about them vanish, and axial moments of inertia are maximum and mini-
mum.

To find the values of the angle & thal make the moment of inertia /, a maximum or a
minimum, we take the derivative with respect to @ of the expression on the right-hand side
of Eq. (1)

ILe+1, I,
- b4 X Y one ;
X ——2—~+-—2~~««cos 26 - I sin 20 (1)
and set it equal to zero:
{1, —1,)sin20 + 21, 00520 = 0.
Solving for 8 {rom this cquation, we get

21,
tan 2()[} = —[_“]4’ (2)
xty
in which &), denotes the angle delining a principal axis.

Eq. (2) yields two values of the angle 20, in the range from 0 to 3607; these values
ditfer by 180°. The corresponding values of 6, differ by 90° and define the two perpen-
dicular principal axes. One of these axes corresponds to the maximum moment of inertia
and the other corresponds to the minimum moment of inertia.

If the pair of principal axes passes through the centroid these axes are called prinei-
pal centroidal axes.

Example |

Determine the orientations of the principal centroidal axes and the magnitudes of the

principal centroidal moments of inertia for the
A cross-sectional area of the Z-section shown in
Fig. 1. Usc the following numerical data: height
h=200 mm. width b = 90 mm, and thickness
1 \ t= 15 mm.
. Let us use the x,, y,. axes as the reference

¥ (miny \ Yel

axes through the centroid C. The moments and
U{max) product of inertia with respect to these axes can be
/ﬁr obtained by dividine the area into
L P Oolainta gy GiviGing

C Xe and using the parallel-axis theorems. The results
of such calculations are as follows:

=11 i Iy =29.29-10°mm*, I, =6.667-10° mm*,

Yo

o | &
-
o

thean ron sloac
€ area o three reciangies

™|

[
~

b f Iy y, ==9.366:10° mm".

Substituting these values into the equation

Fig. 1 Principal central axes for a Z- N
J b tor the angle 4, Eq. (2). we get

section
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21
tan26,, = ~——%-=0.7930, 26, =38.4° and 218.4°.

x iy
Thus, the two values of 8 p are
0,=19.2°and 109.2°.
Using these values of 6, in the transformation equation for 7,
L+, I.-1, ,
x :——x-~-7—l+i2~ic0529p —1yysin26, 3)

we find le =32.6-10° mm* and le =24-10° mm4, respectively. The same values are

/

obtained if we substitute into equations:

S 2
I, +1 I,—1, I, +1 I, -1

, 2 x X 2

Iy = Inax = xzJ+\/[x2y)+[x)m[l’:1min: 2)’_[ 2}’] +[J<J"‘(4)

Thus, the principal moments of inertia and the angles to the corresponding principal

axes arc:

Iy =32.6-10° mm*, 0, =19.2°;
Iy =2.410° mm*, 0, =109.2°.
The principal axes arc shown in Fig. 1 as the U/, V axes.

Example 2
Determine the orientations of the principal centroidal axes and the magnitudes of the

principal centroidal moments of inertia for the cross-sectional area shown in Fig. 2. Use the
following numerical data (see table).

Yo Ve ad\
a, & B
‘j}/ U(max)
= »
\]ri\ CZ \ / x2
& i SN (
Yo 7 . X,
iyl 4 Xy C =~ \\Gp‘\ i P J,
(S * k/ ) \{ < w4 xl
( ! Cl \ )
3‘ *c g \\‘\
|y
7 U(min)
hy L ok
1

Fig. 2 Principal central axes and principal moments of inertia for a composite area
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’ Parts of the . Geometrical properties. ]
| composite . | ' ? ¢ ¥

‘i afea h,m . bym Ai m’ /X/ .M Iyl M [X,i}’[ M Yo, M !
L i

- 02 o0 268107 usio® | isd000 | 0
}2- =1 016 | 0,6 |31410°] 77410° | 77410° | -45510% | 43107

The coordinates of two centroids C; and (5 are known from assortments

(xp =1 =4.3-1072 m),
The coordinates of the centroid C are determined belorehand and equals to:
%, ==7715-107% m,

y, =3.615:107% m.

Note: the first clement (I-beam) was chosen as original in this calculation.

Let us use the x., y. axes as the reference axes through the centroid C. The mo-
ments and product of inertia with respect to these axes can be obtained using the parallel-
axis theorems. The results of such calculations are as follows.

I.,(‘:I;HI;‘, %)
=1 efay =1151070 43,6157 26.8. 1078 = 46523107 .
17 =17 +c3 Ay =774-1078 +3.085%- 3141078 =1072.8- 1078 m*,

¢

1, =(465.23+1072.8)10" =1538-107% m’,
| Iy =Ty * 13- (©6)
Bio= 1 af 4 =1840-1070 +7.7157. 26,8107 =3435.2. 107 m",
=1 +asdy =774107% +6.585%.31.4-1078 = 2135.6-107% ",
1, =(3435.2+2135.6)i0 * =5570.8.107 m",

! R (7

XeVe = [xc.‘yc X Ve ’

Il =P v a4 =0+7.715(-3.615)107% 26.8-107* ==747.4. 167 m",

. 3 1
Aot [Bdi i

{ =[" +arcyd
X Ve X2¥2 222

The valuc of 7 is determined beforchand and equals to —455-10 *omt

Consequently
I7, =-455. 1078 + (- 6.585)3.085-31.4-107% = ~1092.9-107% m".

A fter substitutions the resulf is
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= [— 1804.3-0.7384 +

Iy y, =(-747.4-1092.9)07 = -1840.3-10™ m"

Substituting these values into the equation for the angle 6,,, we get

1826, =

2y, -2:18403
I, -1,  5570.8-1538
c (4

=-0.9127= 20, = 42724 6, = -21°12".

The principal moments of inertia are

v

Ixc +ch

2
Ixc _Iy 2 -8 4
Iy = Imax = =20 ( 5 J +17 , =(35544£22932007° m*,

min

Iy =l =5847.6-1078 m*, I, =1, =1261.2-1078 m*,

Checking the results:

a)

b)

©)

Imax > 1y, > 1y > Inin,
5847.6-107% > 5570.8-107% > 1538.107% > 1261.2-107%;
Inax +Imin = Ix, 1y,
5847.6-107% +1261.2-1078 =5570.8.1078 +1538.1078,
(7108.8-108 = 7108.8-1078);
I.V:: -Izc :
Tyy =1y y, c0s26), +—2——sm20p =

1538-55708 0.6743)] x1078 =(~1358.9+1359)- 108 m* 0.

Principal moments of iner- FnaBsHble MOMeHTBI uHep- FonoBki MmoMeHTH iHepuil (y

tia (at a point)

¥V (min)
b

uum (B TOUKe) TOouLi)

The transformation equations for mo-
ments and products of inertia (Egs. (1), (2) and
(3)) show how the moments and products of
inertia vary as the angle of rotation § varies:

[k

L+l, I~I

B

’ Iy = > +—2—yc0526—1xysin26,(1)
U{max)
{,—1
/Sg:xc ‘xm:‘xz sin2@+1,,cos28, (2)
L+l LI, .
))]:T_ 3 cos29+1wsm20.(3)

The maximum and minimum values of

the moment of inertia are known as the prin-

Principal axes and principal moments of inertia cipal _moments of inertia, and the corre-
for a Z-section at a point C (centroid) sponding axes are known as principal axes.
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The algebraically larger of the two principal moments of inertia, denoted by the
symbol f;;, may be obtained from the equation

)
L+, [lx-fl,T .
J A 4 B YL 4
T2 +Vl[ 2 ) a

The smaller principal moment of inertia, denoted as [y, may be obtained from the

equation
[U —‘r—[y =1x+[),.
Substituting the expression for [j; into this equation and solving for /-, we get

N

oty fﬁ;‘/},J ,

2 A\j 2

£igs. (4) and (5) provide a convenient way to calculate the principal moments of iner-

+ 1y &)

tia.

Principal peint Touka-HaA4ano FNasHLIX Touka-no4arok  roNOBHUX
oceit uHepLun ocen ivepuii

i.ct’s consider a pair of principal axes with origin at a given point O, H there exist
different pairs of principal axes through the same point, then every pair of axcs through that
point iz a set of principal axes. Furthermore, the moment of inertia must be constant as the
angle @ is varied. These conclusions follow from the nature of the transformation equation
for [, :

I+, 1,-1
= XY X Y h0s26 - i
y =t 5 cos 26 Ixysm26.

Because this equation contains trigonometric functions of the angle 24, there is one
maximum value and one minimum valuc of [ x 8 26 varies through a range o’ 360° (or as

@ varies through a range of 180°), It a sccond maximum exists, then the only possibility is
that IX: remains constant, which means that
Y every pair of axes is a set of principal axes and
5 . all moments of inertia are the same. A point
}’\ ; * located so that every axis through the point is a
3 ; principal axis, and hence the moments ¢f iner-
N, / tia are the same for all axes through the point,
b N / is called a principal point.
“ e An illustration of this situation is the
rectangle of width 26 and height 5 shown in
0 X Fig. 1. The x, y axes, with origin at point O, are
b b__, principal axes of the rectangle because the y
Fig. 1 Rectangle for which every axis (in a&is is an axis Of_ s'ymmelry. 1 he.x'.,‘y | axes,
the plane of the area) through point O is a  With the same origin, are also principal axes
principal axis because the product of inertia /v, equals zero
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(because the triangles are symmetrically lo-
cated with respect to the ¥ and V' axes). It fol-
lows that every pair of axes through O is a set
of principal axes and cvery moment of inertia is

the same (and equal (o 264 /3 ). Therefore,
point O is a principal point for the rectangle. (A
second principal point is located where the v
axis intersects the upper side of the rectangle.)

Two examples, a squarc and an equilat-
eral triangle, are shown in Fig. 2. In each case
the x, y axes are principal centroidal axes be-
cause their origin is at the centroid ¢ and at
least one of the two axes is an axis of symme-
try. In addition, a second pair of centroidal axes
Fig. 2 Examples of areas for which every (thc x', )" axes) has at least one axis of symme-
centroida| ?xis is_ a principal axis and the ry. It follows that both the x, y and «', V' axes
gﬁ“é;ol:ﬁa?e';la"‘i’;'mgf' point (a square and principal axes. Therefore, every axis

9 through the centroid C is a principal axis, and
every such axis has the same moment of inertia.

If an area has three different axes of symmetry, even if two of them are perpendicu-
lar, the conditions described in the preceding paragraph arc automatically fulfilled. There-
fore, if an arca has three or more axes of symmelry, the centroid is a principal point and
every axis through the centroid is a principal axis and has the same moment ol inertia.
These conditions are fulfilled for a circle, for all regular polygons (equilateral triangle,
square, regular pentagon, regular hexagon, and so on), and for many other symmetric
shapes.

Product of inertia LeHTpoGexHbI# MOMEHT BiauexrpoBust MOMENT
UHepLUUN iHepuii

The product of inertia of a plane arca is de-
fined with respect to a set of perpendicular axes
lying in the plane of the area. Thus, referring to the
area shown in figure, we definc the product of
inertia with respect to the x and y axes as follows:

Iy = '[xydA.

From this definition we see that each differ-
ential clement of area d4 is multiplied by the
product of its coordinates. As a consequence,
products of inertia may be positive, negative, or
zero, depending upon the position of the x, y axes
with respect to the area. If the area lies entirely in
the first quadrant of the axes as in {igure, then the
product of inertia is positive because every ele-
ment dA has positive coordinates x and y. If the

Plane area of an arbitrary shape



24 Chapter 1 GENERAL TERMS AND CONCEPTS

area lies entirely in the second quadrant, the product of inertia is negative because every
clement has a positive y coordinate and a negative x coordinate. Similarly, areas entirely
within the third and fourth quadrants have positive and negative products of inertia, respec-
tively. When the area is located in more than one quadrant, the sign of the product of inertia
depends upon the distribution of the area within the quadrants.

Note: The product of inertia of an area is zero with respect to any pair of axes in
which at least one axis is an axis of symmeltry of the area.

Radius of gyration Paguyc nHepumn Papiyc inepuii

¥ Radius of gyration of a planc area is dc-
fincd as the square root ot the moment of inertia of
the arca divided by the area itself:

. \/r/;’ -
Va0 VA

in which r, and r, denote the radii of gyration

with respect to the x and y axes, respectively.

Since moment of inertia has units of length to the

fourth power and area has units of length to the

second power, radius of gyration has units of

length.
e —_ . For example, the radius of gyration for the
) circular area is
Plane area of an arbitrary shape e

. [ d” 164
lV = % = e T —— |
: Va4

Sandwich cross section CocTaBHoe MHOTOCNONHOE Cknapennit  Daratowapo-

rionepevHoe ceveHue BUWA nonepevHkin nepepis

h

__T_,,__ :

Cross section of a sandwich beam having Sandwich beams with: (a) plastic core, (b) honey-
two axes of symmetry (doubly symmetric comb core, and (c) corrugated core
cross section), 1 - faces, 2 - core
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Second moment (of a plane Bropon MoMmeHT (nnouja- Apyrui MoMeHT (ntoti)
area) (see axial moment of an)
inertia (of a plane area))

Section{al) modulus (of the MoMeHT CONpoOTHBITEHWs MowmeHT onopy (nonepey-
cross section) {nonepeyHoro ceveHus) HOro nepepisy)

Section(al) modulus is a property of a cross sectional shape, which depends on
shape, and orientation. Section modulus is usually denoted W, and W = 1/C, where [ is the
moment of inertia about an axis through the centroid , and C is the distance from the cen-
troid to the extreme edge of the section.

The maximum tensile and compressive bending stresses acting at any given cross
section oceur at points located farthest from the neutral axis. Let us denote by € and
the distances from the neutral axis to the extreme elements in the positive and negative y
directions, respectively (Fig. 1). Then the corrcsponding maximum normal stresses o

and o5 (from the flexurc formula) are

g o MG _ M MG M
T T w TR wy
W]'—'i [ . Wz—-“‘[m.

(j] (,‘2

»

v ) egative bending
ositive bending moment

moment

2 Compressive stresses
Tensile stresses p
a b

Fig. 1 Relationships between signs of bending moments and directions of normal stresses: (a)
positive bending moment, and (b) negative bending moment

The quantities #j and F¥; are known as the section moduli of the cross-sectional
area. Each section modulus has dimensions of length to the third power (for example, m’).
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= _j - Note that the distances Cy, and (5 to the top and bot-
| tom of the beam are always taken as positive quanti-
; ties.
U‘,m Note: in Ukraine the scction modulus is deter-
! mined by the formuia
| I
o A x = ;‘“ s
x{_ max

where y.. is the distance from the extremely loaded
layer of the beam (o the neutral axis (Fig. 2).

Fig.2 T-beam cross section with
the distance ymnax from the ex-
tremely loaded layer to the neutral
axis X,

Section(al) modulus of tor- MonApebid  MOMEHT cCoO- MonApxuit MOMeHT cropy
sion POTUBAGHNA

Section(al) modulus o¢f tersion is a
property of a circular cross sectional shape,
which depends on dimension of a circle. Sec-
tional modulus of torsion is usually denoted
W,.and

where [, = J'psz — polar moment of inertia,
A4

and r — is the distance from the centroid to the

exireme points of section (radius) (see figure).

This term is used to determine the

maximum shear stresses in torsion of a solid

VI,

T ol dY O P T navaaial,
circular shait firom the worsion formu

LT T
max — Ip H/p !
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Sign conventions for a Npasuno 3wakos ans [lpaswno 3Hakis Ans siguex-
product of inertia UEHTPOBENHOro MOMEHTa TPOBOTO MOMEHTY inepuil
MHBPUWM

Orientation of a right triangle and equilegs angle relative fo the system of central axes x., Vs

Singly symmetric cross TNonepeyxoe ceyeHme NMonepeutnit nepepis 3 on-
section (syn. cross section C OAHOW OCBH CHMMET- Hiclo giccilo eumerpii
with one axis of symmetry) pun

Ye
b
C X,
a
Cantilever beam with singly symmetric cross Channel singly symmetric cross section

section: (a) beam with load, and (b) cross sec-
tion of beam showing centroid C and shear cen-
ter S
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Static moment (of a plane
area) (see first moment (of
a plane area))

Steiner's theorem (see par-
allel-axis theorem for axial
moments of inertia, parallel
axis theorem for polar mo-
ment of inertia, parallel axis
theorem for product of iner-
tia)

Transformation equations
for axial moments and
products of inertia

AV]\

Rotation of axes

o

CraTnueckum
(nnowanm)

MOMEHT

CrefiHepa Teopema

YpaeHeHus pns npeodpa-
30BaHMA OCeBbIX YU LeH-
TpobexHoro MOMEHTOR
MHepuMu npM noBOpoTe
ocei

and product of inertia:

CTaTWuH#N MOMEHT {Anowi)

Cre#Hepa Teopema

PiBHSHHS ONA NepeTROPeHHA
ocboBMX i BigueHTpoBorO
MOMEHTIB iHepLii NpK noso-
poTi oce#

In consideration of the anticlockwised and
chosen as positive rotation of the pair of axes x, y:
the next formulas are used to determing the moments

I= [y, 1y =[x"dd. Ly=[xdd: ()

X =xcos8 + ysinf,

@)

¥ = veosd —xsind,

[x‘ =], cos? @ + 1y sin’ @ - ZIX), sinfcos@, (3)

L+1, I,-1,
T =2t FoLeos20 - 1Ly sin20, (4)
[x“]y . .
]xm = -'_E_—sm20+[xy cos 26, 5
Lyt I, -1,
~«E—2 r_ 2~—ycos29+1x,,sin28, ©)

Is. (4) and (5) give the  axial moment of inertia [ P and the product of inertia 7 Xy

with respeci io the rotated axes in terms of the moments and produci o incitia for the origh-

nal axes. These equations are called the transfermation

products of inertia.

equations for axial moments and
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Angle section with equal
legs (syn. L shape, equal-leg
angle section)

Crans npokatHan Yrnoeas
pasHononoyHas (CHH. pag-
HOOOKOe Yrofikopoe ceue-
HHe)

Crank npoxartHa kKyToBa pis-
HONMoftMuHa (CHH. piBHOGO-
KM KYTUKOEMIA nepepis)

Angle section with unequal
iegs

Crans npokarHaa Yrnosas
HepaBHOTIONOYHaN (CHH. He-
pasnobokoe YyronkoBoe cte-
YeHue, yronok HepasHo6o-
KM}

Cranb npokaTHa KyTHKOBa
HepiBHORonK4Ha (CHH. Hepi-
2HOGOKMA KYTHKOBWH Mepe-
pi3, KYTHK HepiBHOBOKMN)

Buib angle
BynuGoBLIA Yronok

Bynu6oBuit KyTnK

A steel angle iron
enlarged to a bulbous thick-
ening at one end.

C shape (see channel sec- Cranb ropAvekatawas. Cranb rapsyekarada. Wee-
tion) lWieennepot (CMH. WBen- fiepH (CUH. WBENEPHAA me-
nepHoe ceueHue, wsen- pepis, weenep)
nep)
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Channel section (syn. C
shape)

Cranb ropRuYexaTaHas.
lirenneps! (cwH. weennep-
Hoe ceveHue, weennep)

Cranb rapsiuekataHa. Uise-
nepu (CMH. WIBeREpHUA ne-
pepis, wsenep)

Circle
Kpyr

Kpyr

d”
A=mr" =—— —area.
4

Circie with core removed Ve
44
Kpyr ¢ UeHTPanLHLIM OT-
BEPCTMEM |t
Kpyr 3 uesipanbHum OTB0-
pom d, : H
' o
o =angle ti radians, y |
S | o5 X,
(r<n/2), \ T\ ‘
o, [i0 b
o =arccos—, b=vr"~a“;
v
/ A
{ ab
A=22a- area.
i 2 -
\ ro <




Chapter 2 SIMPLE CROSS SECTIONS 31

Circular sector

KpyroBo# cextop

Kpyroswit cekrop
a=angle in radians,

(a < 71'/2) )

A =ozr2 — area.

Circular segment
KpyroBo# cermMeHt

KpyroBuit cermeHT

Origin of axes at center of
circle,
a =angle in radians,
(@ <x/2),

A=r*{a-sinacosa) -
area.

Ellipse
Annunc
Eninc

Origin of axes at centroid,
A=mb,
a — magor axis,
b — minor axis;

Equal-leg angle section (see Crane npokatHas, yrno- Crtanb npokaTHa, KyToBa,
angle section with equal Bas, pasHononoyYHan piBHONIONMYHA

legs)
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SIMPLE CROSS SECTIONS

Equilateral triangle

PaBHOCTOPOHHWA Tpeyronb-
HMK

PiBHOCTODOHHIA TPUKYTHUK
a - side,

1 =
A= —azw 3 —area.
4

Flange

Mosc, nonka (bankn pByTas-
pPOBOTC [iONEPeYHOro ceue-
HUR)

Mosac, nonuua (Bankn OBO-
TARpPOBOTO NONEpeyHoro ne-

pepisy)

Hollow hox (see thin-walled
tube of rectangular cross
section)

Hollow circufar cross sec-
tion (syn. hollow circular
tube)

Tpy6uatoe nonepe4Hoe ce-
yeHus
Tpy6uactun nonepe4HUA
nepepis

=\
2l
J

# - inner radius,

[

2
A=als =i

2

ry - outer radius,
=y --1p - thickness.

Hollow circular tube (see
hollow circuiar cross sec-
tion)

—————

X,

P

- Flangc

KopoGuactus nepepis, TOH-
KOCTiHH@ TpyDBa RNpPAMOKYT-
HOTO nepepisy

Kopobuaroe ceveHue,
TOHKOCTeHHas Tpyba nps-
MOYronkHOro ce4erus

Monas kpyroeas Tpyba,
Tpybyaroe  noriepeuHoe
ceueHue

MopoxHncTa xpyrosa Tpyoa,
TpyBuacTun nonepe 4H UM
nepepis
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Hollow square cross section
(doubly symmetric)

flonoe kBagpaTHoe nofe-
peuHoe ceyeHne

NycToTinuii xBaapaTHUA no-
nepeuylini nepepis

A=b? - — area,

C — centroid.
|-beam section
{syn. S-shape) (AISC}
Osyrasposoe nonepeuxoe
ceyeHue (npokat) (Amep#u-
KaHEKMA MHCTMTYT CTanbHbIX
KOHCTPYKUM#)
[IBOTaBPOBMA  NONEPEUHKN
nepepis (npokat) (Amepu-

KAHChKM#A IHCTHTYT CTaNbHKX
KCHCTPYKUiN)

Isosceles right triangle

PasHo6efipeHHbIA  MpAMO-
YrONGHE!H TPRYTONbHUK

PiarobeRpeHnA  NPRAMOKYT-
HUA TPUKYTHUK

2
A=~ —area,
4

C - centroid.

isosceles trapezoid
PaBHOOGOkKaA Tpaneuns

PieHoboka Tpaneuis

o Mo h)
2

-area,

(" - centroid,
h - height.

PO

i [
=

v A

SO
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Isosceles triangle

PaeHOoGefpeHHbIR
TPeyronsHux

PiaHoBenpeHu# TpUKYTHHUK

A=bh/2 —area.
h - height,
b — width.

L. shape (see angle section
with equal legs)

Major axis of ellipse
Bonsuan ocb ANNWNCE

Benuxa eick afniitca

Minor axis of ellipse
Manas ocb 2nnURca

Mana sicw ejiinca

Parabolic semisegment

fMlapabonuueckun nonycer-
MEHT, nonycerment napato-
nbi

MapaboniuiHyi  NBCETMEHT,
nigcerMenT napaSonn

[2
y=flo= hLl—A?\[,
b

26k

Cranb npokarHan yrnosas

paBHOnono4YHan

Cranb npoxatHa Kyr08a pis-
HONONKYHa

_Vertex
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SIMPLE CROSS SECTIONS

Parabolic spandrel

IMnowagk, orpaHuveHHas na-
pabono#, nogcsogHoe Npo-
cTpancTeo napafonsi, “napa-
BSonuyeckuii TpeyronbHUK”

Mnowa, o6mexeHa napabo-
noto, nigckneniiHMiA npocTip
napabonu  “napaSoniuHmum
TPUKYTHUK
2
hx
y= ==
b
bh
A=— —uarea.
3

Quarter circle
YeTeepTh kpyra
YeepTs Kpyra

A=-— —area.
4
Quarter-circular spandrel
Mnowaas, OFpasuyeHHas

4eTBEpPTLI0 kpyra, NOACBOA-
HOE NPOCTPAHCTBO YETBEPTH

Kpyra
Mnowa, obmexeHa uBepTic

Kpyra, nigcxneniHBwi npoc-
Tip 4BepTi Kpyra

A:(I—Z—}Z —area.

{

AN
Rectangle
Mpamoyronshnk

MpAMOKYTHHK

A =bh — area.

y

“
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Regular hexagon

PasHOCTOpORHKA
YFONbLHMUK

wecTun-

PiBHOCTOPOHHIR
HUK

WecTUKYT-
b side,

o ccntmid,

hollow
regular

Regular hexagon
cross section (syn.
hexagon tube})

PaBHOCTOpOKHEE WecTun-
yroricHoe Tpyb4atoe none-
peyHce ceuenue

PiBHOCTOPOHHIR  WECTHKYT-
HUA TpyGuacTuM nRonepeu-
HUi nepepis

¢ thickness,
A= 05t - arca.

Regular hexagon tube (see
reguiar  hexagon hollow
cross section)

Regular polygon with n sides

PaBHOCTOPOHHUMA MHOTO-
YTONkBHUK C 1) CTOPOHAMM

PisHocTOponHin GaratokyT-
HHK 3 I’ CTOPOHaMK

n - nurber of sides {n 2 3).

b - ign gi 1of a
[7’ - ceniral angle {or a side,

Sluﬁ,

- interior angle {or vertex
angle).
_360°
o
R ES
R = cscﬁ,

2 2

radius of circumscribed circle (line CA), Ry~

s

PaBHOCTOpOHKEE WECTH-
yronbHoe TpyGuartoe no-
nepeykoe ceyeHne

PisHOCTOpOHMIN  WeCcTUKyT-
HU#A TpyBuacTHit nepepia

:(Eﬁ\lsoﬂ a+f3=180".

noj

—Cot’ cot—é
2

.
Ry=le?, 4=
22 4

--dred.

radius of inscribed circle (line CB).
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Right triangle

MNpamoyronbHbiA  Tpeyronk-
HHK

NpAMOKYTHUI TPUKYTHUK

A=bh/2 — area.
Semicircle
Monyxkpyr
Nisxpyr
r —radius,
2

4

ar
A =— —arca.
2

Semisegment of nth degree
MonycermenT n-# cTenexu

MliBcermexT n-ro crenern
v X )
y=fx)=h i‘;’;Ja(” >0);

A= blz(f—n—) — area.
\n+1

Sine wave
(Mony)BonHa cHHYCcONbI

(Mis)xsuna cunycoinn

A= bh_ arca.
Vi

y=x)
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Spandrel of nth degree

Mnowans, orpaHuYeHHan
napabono# n-u creneHu

fMinowa, o6mexeHa napabo-
No0 N1-ro CTeneHA

i

v=£)="0 0

hh
——- — ared.
n+1

A=

Square chimney

Kesagpat ¢ KPyroBuiM Bbipe-
30M

KBagpar 3 KpyroBuMm BWpi-
30M

“
7wl
A=b el area.

Square cross  section,
square

Ksanparuoe fnonepeyHoe
cevenne, KsagpaTt

KsasiparHun nornepeyHuk
nepepis, KBaapar

A=a® —arca

Square tubular cross section

KeagpaTtHoe TpyGuyatoe no-
nepeyHoe ceyeHne

Keagpathuh TpyGuacTum
nonepeyHun nepepis

b - width,
t -thickness,
A=4bt - area.
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S-shape (see I-beam section)  [isyrasposoe nonepeusoe [iBoTaBpoBMii nonepeurnn
cedeHMne (npokaT) nepepia (npoxar)

T-beam
TaBpoBoe cevyeHue, TaBp
TaspoBW#A nepepis, Tasp

1] — thickness of a web,
ty —thickness of a flange,

k- hight of a web,
b - width of a flange.

Thin circular arc
Tonkan ayra kpyra
Tonka oyra xpyra

J =angle in radians,

(B=7/2),

A=20rt —area.

Thin circular ring
Totikoe KpyroBoe Konbito

ToHke KpYroBe Kinbue

A=2nrt=rdt,
d=12r, (t << r).

Ve
Thin rectangie
ToHKIA NPAMOYTONBLHUK

TOHKHIH NPAMOKYTHHK

A= ht - area,
b — length,
¢t —thickness.
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Thin-walled rectangular tube
(see thin-walled tube of rec-
tangular cross section)

Thin-walled tube of elliptical
cross section

ToHKocTeHHas Tpy6a annun-
TKYECKOro NONepPeYHoro ce-
YeHUs

ToHkocTiliHa Tpyba eninTuy-
HOro nonepeYHorc nepepisy

a - magor axis of ellipse,
b - minor axis of ellipse,
¢ — thickness (r<<q,b).

Thin-walled tube of rectan-
gular cross section (syn.
holiow box, rectangular
tube, thin-walled rectangular
tube)

TonkocteHnaa Tpyba nps-
MOYFONEHOIS CEYeHNS

ToukocTivna Tpyba npamo-
KYTHOTO nepepizy

¢ — thickness (t=const),
f; - thickness of a web,
t> — thickness of a flange,
h - height,
b — width.

Trapezoid
Tpaneuyus
Tpaneuyis

4= Maxt)
2

arca.

MpamoyronsHas Tpyba
(rpyba npsmoyronbxoro
CeveHus)

NpAamokyTHa Tpy6a (Tpyba
NPAMOKYTHOFO nepepisy)

T
i 4 1
0o i
i ¥
¥ i
¥ i
n i
L 4
i ¥
1 o A
¥ ]
¥ i
f i
t h 1
— e '
i i
1 1
i
Qe el
ot
S
i
Vi
h
%
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Triangle Y
TpeyronbHuK
TpuryTHUK
bh
A= LA area.
2

Tube with variable wall thick-
ness

Tpy6a ¢ nepemeHHOW ToR-
WHHOMH CTEHKM

Tpyba 3i 3MiHHOIO TOBUIM-
HOMK CTiHXA

t=0).

Unsymmetric I-beam

HecummeTpuuKbif
NoNoYHLIW) ABYTaBp

{pa3no-

HecumeTpuyrni
TNHYHWIA) pBOTARD

(pisdono-

C — centroid,
{ --thickness of a web,
by — width of upper flange,

by -- width of tower flange,
1; — thickness of flanges,
h - height.

W shape (see wide-flange
cross section)

[ByTaBpoBOe WHPOKOMO-
noyHoe mnonepevHoe ce-
yeHue

[BOTaBPOBMMA WUPOKONOMK-
4HKMi ToNepeyHunit nepepis
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SIMPLE CROSS SECTIONS

Web

CreHKka {TOHKOCTEMHOIO no-
nepevyHOro CeuyeHus, Hanp.,
AByTaBpa)

CriHka (TOHXOCTIHHOTO noO-
nepevHoro nepepisy, Hanp.,
pBoTaepa)

Wide-flange cross section
{syn. W shape)

AsyTaBposce iMpoKono-
RnoYHCE MNoNepeyHoe ceue-
HMe (NOCTOSIHHOW TONWKHLI
nonok)

OeoTaEpoRMA WUAPOKONONAK-
YHMM nofepevHu#A nepepis
(nocTivtmol  TOBIWUHY  nio-
NKLL)

ty = lf or fy ¢If.

Fe

— Flange




Chapter 3 Centroids of Plane Areas

Centroid of a circular sector entp “TaxecTH” kpyro- ewTp “Barm” Kpyrosoro
BOTO CEKTOpa, FeomeTpu-  CeKTopa, reOMEeTPUHHWA
4YeckuWit UEHTP KPYroBOro  LEHTP KPYroBOFO CeKkTopa
cexTopa

Origin of axes at center of circle:
a =angle in radians (@ <7/2),

A=ar? ,
X, =rsina,
2rsing
Ye ="
Ja
Centroid of a circular sector
Centroid of a circular seg- LexTp “TAxecTn” Kpyro- UeHtp “mBaru” Kpyrosoro
ment BOrO CermMeHTa, reomeTpu- CerMEeHTa, TeoMEeTPUYHUNA
4ecKMi UeHTP Kpyroeorc IJeHTP KPYrOBOFO CerMeHTa

cermeHTa

Origin of axes at center of circle:
X, o =angle in radians (z < 7/2),

A=r*(o ~sina cosa),

\ ‘1»1\\/,/ ) 2r( sin’a \

AN ' // / 'yc_?\(x—slrvlau)sa}
— o

Centroid of a circular segment
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Centroid of a composite Lentp “TsxecTn” cocTaB- Uentp “Baru” cknafieHoro

area HOTO CEUYEHWUA, TeOMeTpPW-  nepepily, TreoMeTPUYHMMA
YeCKMW UGHTP COCTABHOTO  LGHTP CKIAJEHOro nepepi-
cedeHus 3y

The areas and first moments of com-
posite areas may be calculated by summing
the corresponding properties of the compo-
nent parts. Tet us assume that a composite
arca is divided inlo a total of n parts, and let
us denote the arca of the ith part as 4.
Then we can obtain the arca and first mo-
ments by the following summations:

4=34,. M
=1

F R
S.X = qu A!‘ 5 S}’ = Zxcl Al’ (2)
i=1 i=]
in which x. and y, are the coordinates of

Centroid of a composite area consisting of two
parts

the centroid of the ith part. The coordinates of the centroid of the composite arca are

n n
g Z X, 4 . Z Ve, 4;
REY l i e
Xemod=fl 0y =X 1

A4 L
24 24
i=1 i=]
Since the composite area is represented exactly by the » parts. the preceding equa-
tions give exact results for the coordinates of the centroid. To illustrate the use of Eqg. (3),
consider the I -shaped area {or angle section) shown in figure a. This area has side dimen-
sions b and ¢ and thickness ¢. The area can be divided into two rectangles of areas 4) and

Ay with centroids Cy and Cy, respectively (figure b). The areas and centroidal coordinatcs

3)

I
|

of thesc two parts are
Ay=bt, xe = Yo =

. i i
e =St v =]
Therefore, the area and {irst moments of the composite area (from Eqs. (1) and (2)) are
A=A+ dy =tlb+c—t),

4,
4
: f( 2 2
‘S,\’:yclA1+yL'z‘42:;b +ct—t7),

[ -
Sy = XC] Al + .’(52/’12 = 5(bf+C2 __[2).
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Finally, we can obtain the coordinates x. and y. of the centroid C of the composite
area (Fig. 1. b) from Eq. (3):
Sy br+ct-1 S, br+eci-t
D *)
A 2(/) +o- t) A 2(1’) +¢- t)
Note 1: When a composile area is divided into only two parts, the centroid C of the
entire arca lies on the line joining the centroids C and C, of the two parts (as shown in Fig.
1b for the L-shaped area).
Note 2: When using the formulas for composite areas (Egs. (1), (2) and (3)), we can
handle the absence of an area by subtraction. This procedure is useful when there are cut-
outs or holes in the figure.

2 2

)=
c

Centroid of a isosceles tri- lentp “rsixecT” pasBHO- Llentp “Baru” pisHoGeape-

angle 6eapeHHOro TPeyronbHW-  HOTO TPMKYTHWKA, reomet-
Xa, [COMETPUUECKHA LIEHTDP pu4HMi  ueHTp pieHOGen-
pasHobGeapeHHoro  Tpe- PEHOro TPUKYTHUKa
yronsHuka

Origin of axes at centroid:

4t
2
b
[ 2 >
-
Ye=3-
e S -
Centroid of a isosceles friangle
Centroid of a parabolic LeHTp “rAxecTu” napabo- lentp “Baru” napaboniy-
semisegment NKYECKOTO MOMYCerMeHTa,  HOTO fiBCermMeHTa, reomer-

reoMeTpUuYeckMii  HeHTp PHUHMH UeHTp napaboniy-
napabonuveckors nofny-  HOro niBcerMeHTa
cermeHTa

A parabolic semisegment (4R is bounded by the x axis, the y axis, and a parabolic
curve having its vertex at 4 (figure a). The equation of the curve is

y=f(x):/{1-z—z} 0

in which 4 is the base and 4 is the height of the semiscgment. Locate the centroid C of the
semiscgment. )

To determine the coordinates x, and y. of the centroid C (figurc a), we will use
equations:
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We begin by selecting an element of area dd4 in the form of a thin vertical strip of
width dx and height y. The area of this differential element is

¥2
dd = yde=h 1-= lx. 2)
2

Therefore, the arca of the parabolic semisegment is

4= [da= jé’/{

{4)

)’EA
Vertex|

Centroid of a parabolic serisegment

The first moment of an element of arca dA4 with respect to an axis is obtained by
multiplying the arca of the clement by the distance from its centroid to the axis. Since the x
and y coordinates of the centroid of the element shown in figure b are x and y/2, respec-
tively, the first moments of the element with respect to the x and y axcs are

2

b,2 2 2

-}
SX:jY,dA:]L, ]_f_ dx:iéh_’ (4

2 0 2 b2 15

b 7/ 2‘\
I Foaa (rde X 1 b"h (%Y
0-1/:},‘M/1~Jlu“l—-'*2‘ W: = {3)

Y B

in which we have substituted for d4 from Eq. {2).
We can now determine the coordinates of the centroid C:

S 3h
Yo E (6)
A) 2h

=7 )
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Notes: The centroid C of the parabolic semisegment may also be located by taking
the element of arca d4 as a horizontal strip of height v and width

x=b1-2.
: V h

{8}

This expression is obtained by solving Eq. (1) for x in terms of y.
Another possibility is to take the differential element as a rectangle of width & and
height dy. Then the expressions for 4, S, and S are in the form of double integrals in-

stcad of single integrals.

Centroid of a parabolic
spandrel

Lientp “vaxecTn” nanowa-
AN, OrpaHU4eHHGH napa-
Sono#, reoMmerpuueckuin
UEHTP NAOUWaAKN, OrpaHu-
YeHHOW napabonow

Uentp “Baru” nnowi, 06-
MexeHoi napabGonoto, rec-
METPMYHUA LeHTP nJiowi,
obMmexetol napabonole

Origin of axes at vertex ();

e

Centroid of a parabolic spandrel

Centroid of a quarter circle

Uentp “raxecTn” uermep-
TH Kpyra, reoMeTpuyecKkui
UEHTP YeTBEPTH KpyTa

; b
.V:./(X):bT,
St

3
3
XC —‘4*,
3k
Ye = ﬁ

Lentp “maru” uBepti kpyra,
reoMeTpUYHMA LeHTP uBep-
Ti Kpyra

Origin of axes at center of circle O:

Centroid of a quarter circle
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Centroid of a quarter-
circular spandrel
¥ Ve

Uentp “rrkecTH” nsowa-
0K, OfpaHMYEeHHOW yeT-
sepThi0 Kpyra, reomerpu-
YEeCKMW LUEHTp NNowaam,
OrpaHuueHHOR YeTBepPTLIo

Kpyra

AREAS

Uentp “marn” nnowi, o06-
MeXeHOT UBepTIo Kpyra,
reOMEeTPUYHNA LIeHTPp nNAo-
uii, o6MexxeHOT YBBPTIO KPY-
ra

Origin of axes at point of tangency:

Ye =

Centroid of a quarter-circular spandrel

centroid of a rectangle

UeHTp “TaxecTn” npAMO-
yronbHuka, reoMeTpuye-
CKMI LEHTPp NpsMOYTronb-
HuKa

Centroid of a rectangle

Xe =

iy

2r )
S 07766
Ha-7) "
_0=37) o34
34— 1)

UeHTp “Barn” NPAMOKYTHM-
Ka, reOMETPUYHNA UEHTD
NpAMOKYTHWKA

Origin of axes at centroid:

A=bh,
2

. h

}’C__z"
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UeHTp “TskecTd” ripAMoO-
YrorbLHOIO TPeyronbHuka,

Centroid of a right triangie

reoMeTpUUeckuit LUEGHTp
NPAMOYTroALHOIo Tpe-
YronsHuKa

X
AR
B
Centroid of a right triangle
Centroid of a semicircle Uentp “rmxectw” nony-
€pyra, reoMeTpUYecKus

LUeHTp nonykpyra

Centroid of a semicircle

Centroid of a semisegment  Uenrp “tsxectn” nony-
of n th degree CermMenTa 1-#  CTeneHm,
reOMeTPHYECKUH UeHTp

nonycermeHra n-i cTeneHy

h

0

=

Centroid of 2 semisegment of n th degree

. i
y=fx)=H1-Z.

Lentp “Barm” npsMoxyTHO-
ro TPUKYTHHKA, reoMeTpuy-
HUIA UEHTP FPAMOKYTHOrC
TPUKY THUKA

Origin of axes at centroid:

4t

<
{
W WIS N

Lenwtp “Baru” nisxpyra,
TEOMETPUUHME LeHTP niB-
Kkpyra

Origin of axes at centroid:

A:”’—'Z.
2

LA

Ye 3

lenrp “marn” Haniecermex-
Ta N-ro CTENEHs, reoMeTpu-
YHUA UEHTD NiBCErMeHTa -
ro creneHs

¥ Origin of axes at corner:

O

— i, (n>0);
v

N\
4= bh(LJ,
\n+1

b(n+1)

© 2An+2)
hn

J? =,
€ 2n+l



Centroid of a sine wave

Uenrp “Tsxectw”  (no-
ny)sonusl CHMHyCa, reo-
METPHUeCKMH LeHTP (no-
ny)sonHbl CHHYCa

Centroid of a sine wave

Centroid of a spandrel of n
th degree

LUentp “TamecTtn” nnowja-
AW, OrpaHUUYEHHON napa-
60Nnon n-u CTENeHn, reo-
METPHUYECKKI LBHTP nno-
uanmu, OrpaHMYEHHOM na-

Chapter 3 CENTROID OF PLANE AREAS

LUeutp “maru” (nis)xsuni
cHHYyCa, reoMeTPHYHUM
ueHTp (niB)xBUNi CUHYCA

Origin of axes at centroid:

)
7
7h

yc = 8— .

Uewrp “Barn” nnougi, 06-
MekeHo! napaGonoio n-ro
cTeneHs, reoMeTpPUUHKA
ueHYp nnoui, obmexeHol
napabonol n-ro creneds

paGono# n-i cTenermn

Origin of axes at point of tangency:

o o —

Centroid of a spandre! of n th degree

Centroid of a thin circular
arc

el v

LenTtp “TakecTn” ayr# TOH-
KOr0  KpYrosoro KOMbL,
FeOMETPUYECKNIA LEHTD Ay
TOHKOTO KPYToBOTO KOnbLA

is small:

e

X

Centroid of a thin circular arc

A e cn sl +a £
APProxiinaiv

Llentp “B8arn” pyra TOHKOro
Kpyrogoro Kinbus, reomert-
pHuUHKi LEHTP JYrM TOHKO-
ro KpyroBoro Kinbus

B anglc in radians, (8 <7/2):

A=2prt,
rsinf?
yc = _'ﬁ“ .
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Centroid of a trapezoid
Lium,
LEHTp Tpaneyuu

Centroid of a trapezoid

Centroid of a triangle Lentp “vamectu” Tpe-

YrOnNbHUKa, reoMeTpuve-
CKW# LEHTP TPEYTONLHUKA

UeHrp “vamectn” Tpane-
reoMeTpUYECKUMA

UeHtp “Barn” Tpaneui,
TEOMEeTPUYHMA LeHTP Tpa-
neuii

Origin of axes at centroid:

A:_’?La_;.fz),
, _M2a+b)
Y= 3avh)

Uentp “Barn” TPHKYyTHUKa,
reOMETPUYHUK UEHTP TPK-
KyTHHKA

Origin of axes at centroid:

[ i = éfl.
1 T
‘ - b+c
h; . Xe = 3“ s
X, ~_h
B . Y=y
| b
Centroid of a triangle
Centroid of an arbitrary Lentp “raxecTw” npous- lletp “Baru” pgoBinbHOI
area BOSILHOM NNoilapgy, reo- nnouli, reOMETPUUHNUK LeHTR
METPUUECKMH UeHTP Npo- [OBiNbHOI nnowi
K3BOJILHOM NNOWAanK
¥ A= {dA - area of a plane figure,
e }
A
(" - centroid,
X Y, — coordinates of the centroid:
! R
x| A A
Ly Sy =[xda. S, =[yda — first mo-
! 4 4
0 y ments a plane figure.

Centroid of an arbitrary area
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Axial moment of inertia of a OceBO# MOMEHT MHepu#n OcLOBWiE MOMEHT iHepuii

parabolic semisegment napabonnyeckoro  nony- napaGoniuxoro nigcer-
cermMeHTa MeHTa
¥ Determine the moments of inertia [y

and /, for the parabolic semisegment O4B

—y=fx)

shown in figure. The cquation of the para-
bolic boundary is

y=flx)= h(\l~§~).

To determine the moments of incriia
by integration, we will use the equation
I,= ,fxsz. The differential clement of
4
arca dA is selected as a vertical strip of
A parabolic semisegment width dx and height y, as shown in figure.
The area of this element is

1o v x2 |
dd=ydx=h l—b2 dx .

Since every point in this element is at the same distance from the v axis, the moment

of inertia of the element with respect to the y axis is x2dA . Therefore, the moment of iner-
tia of the entire area with respect Lo the y axis is obtained as foliows:

I =fx2d‘4=?x2h(1fﬁ = 20
yREEA TR s
To obtain the moment of inertia with respect to the x axis, we note that the differen-

tial element of area d4 has a moment of inertia df, with respect to the x axis equal to

3
dl, = Hany? =7 dr.

Hence. the moment of inertia of the entire area with respect to the x axis is

b 3 L ” \3 a
y h X~ 1664
1 = { S = - — S dx = e |
X£3dx£3[l p2 ) 105
The same results for 7, and /,, can be obtained by using an element in the form of a
horizontal strip of area d4 = xdv or by using a rectangular element of area dA4 = dxdy and
performing a double integration.
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Centroidal (central) axial LlenTpanbHLIA ocenok  UeHTpanbHu# OCLOBHMN
moment of inertia of a rec- MOMEHT MHEepuuu npamo- MOMEHT iHepyii NPAMOKYT-
tangle yronbHHuKa HUka )

Y. Let’s obtain unknown axial moments

of inertia by integration. For this we will
dA & consider a rectangle having width b and
i height 4. The x, and y, axes have their ori-
e ! gin at the centroid C. We will use a differen-
%) tial element of arca d4 in the form of a thin
: horizontal strip of width & and height dy
(therefore, d4 = b-dy). Since all parts of the
¢ X elemental strip are located at the same dis-
tance from the x axis, we can express the
h2 . moment of incrtia /., with respect to the x
axis as follows:

h/2 3
Iy :_fy2dA = j’yzbdy = Eh‘n
-h/2 12
A rectangle In a similar manncr, we can use an
element of area in the form of a vertical strip
with arca d4 = hdx and obtain the moment of inertia with respect to the y axis:
R b/2 , hb3
Iy, =[x“da= [ x“hdx= TR
-b/2
If a different set of axes is selected, the moments of inertia will have different values.
For instance, consider axis x at the base of the rectangle. If this axis is selected as the refer-
ence. we must define y as the coordinate distance from that axis to the element of arca dA.
Then the calculations for the moment of inertia become
) [ 2 bh3
1X=j'y a'A:Jy bdy = —.
0 3
Note: The moment of inertia with respect to axis x is larger than the moment of iner-
tia with respect to the centroidal x,. axis. In general, the moment of inertia increases as the

=¥

b2 b2

reference axis is moved parallel to itself farther from the centroid.

Centroidal  {central) mo- lUenTpansHuie  oceBble LenTpansHi ocwoBi MoMmeH-
ments of inertia of a MOMEHTbLI MHEpLMK NpA- ™™ iHepuii npAMOKYTHOTO
straight triangle MOYTONLHOTO TReyrons- TPHUKYTHHKA

HMKa

To illustrate how moments of inertia are obtained by integration, we will consider a
right triangle having width b and height . The x and y axes coincide the sides of the figure.
For convenience, we use a differential ¢lement of area d4 in the form of a thin horizontal
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strip of width b() and height dy (therefore,
dd4 = b(y) dy). Since all parts of the elemen-
tal strip are localed at the same distance from

the x axis, we can express the moment of in-
ertia 1, with respect to the x axis as follows:

h
I = j‘ysz , where dA =h(y)dv.
A
Because
b.(y).: _:_X _.)b(y): b(l— "},
b h
A straight triangle
h o {3 4 Y .3
Ie=(bl1-2 )yzdy‘b‘ T R X
oLk (3 4 B2
hb’

By a similar way [, =—-.
12
If a different sct ol axcs is selected, the moments of inertia will have different valies.
For inslance. consider axis x; at the tip of the triangle. If this axis is selected as the reter-
ence, we must define y as the coordinate distance {rom that axis 1o the element of area d4.
Then the calculations for the moment of inertia become

2, 2 b’
Iy = [y dd = [y b()dv = e
A 0

If we remember the positions of a straight triangle centroid and parallel-axis thcorem
for axial moments of inertia, the calculations for the centroidal moments of inertia lead to

o, b (R} bR
SRR

"1z 23] 367
or
2
: P PR
IxI:. :Ixs —Alh-y.} :—fﬁﬁin'g} _ 36
3
F— bh
By a similar way 1, = e

Note: The moments of inertia with respect o axes x and x| are larger than the mo-
ment of inertia with respect to the centroidal x,. axis. In general, the moment of itertia in-

creases as the reference axis is moved parallel to itself farther from the centroid.
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Centroidal axial moments LeHTpancHbie oceBble MO- LleHTpansHi 0CLOBI MOMEH-
of inertia of a parabolic MeHTb! WHepLuHW napabo- Tn ikepuii napaboniuHoro
semisegment fIMMECKOro NONycermMeHTa niscerMeHTa

The parabolic semiscgment (AR
shown in figure has base b and height 4. Us-
ing the parallel-axis theorem, determine the
moments of inertia I, and [, with respect

to the centroidal axes x,. and y,.

We can use the parallel-axis theorem
{rather than integration) to find the centroidal
moments of inertia because we already know
the area 4. the centroidal coordinates x, and
Y., and the moments of inertia [, and /,

A parabolic semisegment

with respect to the x and y axes. These quanti-
ties may be obtained by integration (see axial moment of inertia of a parabelic semiseg-
ment). They are repeated here:

= 2bh =3b ;=20 ~ 16Dk =2hb”
A=70 xe=ge vems Leetes Ay

10 obtain the moment of incrtia with respect o the x, axis, we write the paraliel-
axis theorem as follows:

Lo=T, +4y2.
Therefore, the moment of inertia /, is

R TS T ) T
fr = le=Ave =5 ')‘*175'
In a similar manner, we obtain the moment of’ inc*tia with respect to the y, axis:

2 7Lb3 _z_bﬁ 35 _ 19np3
I}, -—1’ Ax; 3 380
Geometrical properties of a FeomMeTpuueckue xapakre- leomerpuusi  xapakTepmc-
circle PHUCTHUKY KpYyia TUKK KpyTa

Origin of axes at center of circle:

d
A:ﬂrzz-M,

A circie
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Geometrical properties of a
circle with core removed

A circle with core removed

Geometrical properties of a
circular sector
pa

Yed

TeomeTpnieckmne
PHCTUKY KPYra C OTBePCTHEM

TeoMeTpHueCKME Xapaxre-
PMCTAKM KPYroBOTQ CeKTO-

>

A circular cector

FeomeTpuuHi  XapaxTepu-
CTHKYM KPYIa 3 OTBOPOM

xapakTe-

Origin of axes at center of circle:
o =angle in radians, (@ <7/2);

a Ty
o = arccos—, b=\/r2-a“ ;
r

FJ
N iL b 2ab*)
R
A b 2(1[)3\

FeoMeTpuuHi  xapakTepy-
CTUK# KPYroeoro ceKtopa

Origin of axes at center of circie:
a =angle in radians, (a<7/2),

. 2rsing
A=ar?, X =FSina,  Ye= ’
3
i,4
I, :-1-(a+sinacosa),
L
4
¥ . .
I == (@ —sing cosa },
[ 4
7 — ¥ — 0
lx(yc,‘ —lx)yf -
; ar’
)



Chapter 4 GEOMETRICAL PROPERTIES OF PLANE AREAS 57

Geometrical properties of a FeomeTpu4eckne xapakTe- leomeTpuuHi  xapaktepu-
circular segment PUCTMKM KpPYTOBOro cer- CTHKN KPYTOBOro cermeHTa
MeHTa

Origin of axcs at center of circle:
« =angle in radians, (@ <x/2);

Zr( sin? a
)'L‘ = g T i

a —sina cosar

. 4 )
\}» 4 /;,/ 1, = ’—(af—sina cosa +2sin’ @),
/ . ['rt‘yu = [Wc = 0’
N x 4
r . .3
. 1, =—(3a - 3sina cosa —2sin” @ cosa ).
A circular segment Ye o a
Geomefrical properties of FeomeTpuvecKWe Xapakre- FeomeTpuuni  xapaxrepu-
an eflipse PUCTHKM SANKNCa CTUKHM eninca
v,k Origin of axes at centroid:
- A= rnab,
I rah’ / b
Y T4 Ye Ty
: _ [xc)'c ()’
X mb .2 2
‘ [p = T(b +a”)
i Circumferences 7{1.5(a+ b)— Jab].
i ! (a/3<b<a),
f e T 3
An ellipse 4170 la+4a, (0<b<Lal3).
Geometrical properties of Teomerpuyeckue xapaxre- FeomeTpuuni xapaktepuc-
an isosceies triangle PUCTMKA paBHOOeapeHHo- TUKK pisnobegpenoro
O TPeyronbhuka TPUKYTHUKA
Origin of axes at centroid:
bh b h
A==~ Xp=-=, yo=—
2 T2 3
> hb’
I, :é—]—, /, =-— v oI, =0
¢ 36 Ve 48 Ve
3
bh 2 2 bk
[, =—@h"+3b6°), [, =—.
P a4 T

Note: For an equilateral triangle, 4 = V3612,

An isosceles triangle
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Geometrical properties of a
parabolic semisegment (see
also axial moment of inertia
of a parabolic semisegment)

FeoMeTpuH4Hi XxapaKTepuc-
Tk napaboniunoro nie-
cermeHTa

FeoMeTpuyeckue xapaxre-
prcThkM napabonuuecko-
ro MONyCcermMeHTa

y Origin of axes at corner:
Yep 2
~ X
vemes v=fe=H1-2
1 | b )
=) 26h 3 2
X. Az,—v C T Tt V(,:‘_;
g 3 8 5
h 3 3 2,2
¢ L S S i
e *105 YT Y 2
0 b X
A parabolic semisegment
Geometrical properties of a [eomeTpu4eckue xapakre- TeoOMeTpMuYHi xapakTepuc-
paraboiic spandrel pUCTHKM Rnowanw, orpa-  TUKK nnotii, obmexenoi na-
HuueHHoW napabonod pabonoto
_ Origin ol axes at vertex:
3
o hx
y= ==,
b
bi 3b 3/
A A=ty =2 yC:-—q—;
3 4 10
— b o N
TR A P
TR
A parabolic spandrel
Geometrical properties of a FeoMeTprueckue Xxapakre- FeoMETPMYHI  XapaKTep#c-

quarter circle

<——-———~’——--——>

A guarter circle

PUCTUKM YOTBEPTH Kpyra TUKM 4BEPTi kKpyra

Origin of axcs at cenier of Circle:

Le=ly=Rg- =%

or” -6yt

| =T

144rx

-~ 0.05488".
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Geometrical properties of a FeomeTpuueckue xapakre- FeomeTpuuni  xapaxTepu-
yuarter-circular spandrel PUCTUKMA ANOWAAM, OTpaHN- CTHKM nnowi, o6MexeHol
YeHHOW HeTBEPTLIO KpPyra 4BepTIo Kpyra

Origin of axes at point of tangency:

— 7 ‘4:(17}}2,

- X 07766r

3(4-m)
_0=3m)r 00234r
3(4-m)

AL'
I, :(1»—575}4 ~0.01825-%,
: 16

X

Ve

|

A quarter-circular spandrel f,=1, = (%—%}4 ~0.1370-*,
. u

Geomefrical properties of a TeomeTpuyeckue xapakve- TeomeTpuuni xapakrepuc-
rectangle {see alsc centroidal PUCTHKK NPAMOYTONbLHUKE THKW APAMOKYTHHKA
(central) axial rnoment of in-

ertia of a rectangle)

y 1 /! N
) /
i
I3 h
xL
Ye
3 .
X
A rectangle
a) Origin of axes at cendroid: b} Origin ol axes at comer:
I 3 3 2,2
Asbh x=t oy =t LS i
2 2 X 3 > v 3 * Xy 4 H
b hb? bh 2 2
IXC:*}A?‘—, ['V"_>li_' xy, =05 I,= —3<(/1 +6%),
bh 2 7 3,3
1, =—(h* +b%). bk
° 12( o0 Xt

- ;’Ibz +/12§‘
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Geometrical properties of a FeomeTpuyeckue xapaxTte- FeomeTpwuHi  XxapaxTepu-

regular polygon with n PUCTHKM PABHOCTOPOHHE- CTUKH  PIBHOCTOPOHHLOTO
sides ) FO MHOTOYIOfbHUKa € N BaraTokyTHKKa 3 1 CTOpO-
CTOpOHaMK HaM¥

Origin of axes at centroid:

C = centroid (at center of polygon),
n = number of sides (#23),

#+= length of a side,

/3 = central angle for a side,

o = interjor angle (or vertex angle),

] [ -2 :
g e L——}}w, a+B=180°;
n \on
Ry= radius of circumscribed circle (line
C4),
R, = radius of inseribed circle (line CB),
Rlzgcsc'éf Rzzbcotg.l _E[Z t'B;
A regular polygon with n sides 202 22 2

I, — moment of inertia about any axis
through € (the centroid C is a principal peint and every axis through C is a principal axis),
2 3
b

I= ”_(cmﬁ (fwotz L \, I,=2l,.
1924 2 ) AN

Geometrical properties of a FeomeTpuueckue xapakte- [eomeTpuuti  xapakTepuc-
right triangle (see also cen- PUETHKM NPSIMOYFONBHOFO  THKW NPAMOXYTHOTO TPHKYT-
troidal (central) moments of  Tpeyronnuwka HHWKa

inertia of a straight triangle)

.yC y

RN
¢ ” |

Y

A right triangle
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a) Origin of axes at centroid:

b) Origin of axes at vertex:

b F 3 3 2,2
/‘:%’ Xo ==, :‘/C:l; / :/A)ﬁ;’, :-@}L :M—'
2 3 3 AR AR R A
bi hh’ b2h? bh 3
=20 =0 =20 2,2 bh
=360 Ty Ty lp=g Wb Iy =
3
bh, 2 2 bh
Iy=—(h"+b%), [ly=—.
P =53¢ A T
Gometrical properties of a Fometpnueckve Xxapakre- FomeTpuyHi Xapakrepu-
semicircle PHCTHKY TIoAyKpyra CTHKK niBKpyra
v T Origin of axes at centroid;
_ Azm_‘z y, =3
2 ¢ 3’
972 —64)r?
= f— I 010987
4
_ T
,1( g
. 4
A semicircle [xy( - /J‘c.Vc =0 I = 727T )
Gometrical properties of a FeomeTpuueckme Xxapakre- FeomeTpuuti  Xxapaktepwc-
semisegment of n th degree  puCTHKK RonycermexTa n-i THKM niBcerMesTa n-ro cre-
cTeneHw nexs
"f”\"hl-xn >0):
y=rfix= o ) (>0);
} b(n+1)
=il - ].
4 bh(n+l}’ Y =3(nr2)’
o
Ye T a1
g 2k _ _hbn .
¥ T+ D)2e+ 0B+ Y 3(r+3)]

A semisegment of nth degree

2,2
B2ptn?

o = dnrin-2)
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Geometrical properties of a FeoMeTpuUECKUE XapakTe- FeoMeTpuuni  xapaxrepwu-
sine (half-sine) wave PUCTUKN (NONy)BOMHbLE CH-  CTUKK (NiB)xBUNI CHHYCOinK
HyCONgAb!

Origin of axes at centroid:
A= 4bh . Vo= % .
I, = (—— z };h3 ~0.08659b%°,

1, = (i-ﬁ]hzﬁ ~0.2412h5°,
(3 n II‘3

b

A semisine wave I

_8bK
XYe Ix}’c =0, I

o9
Geometrical properties of a  'eomeTpuyecke xapaxrepu- TeoMeTpUUHi  XapaxTepu-

spandrel of n th degree CTWKM NNOWAAM, OTPaHMyeH-  CTMKM  Anowi, obmexeHol
Ho¥ Napabonoit n-# crenexu napabonoio n-ro creneHa

Origin of axes at point of tangency:
= £y = SO)-
y=fl)= T (>0},

am b LMD e
a4l T Thr2 0 YT am+n’

__br® 1, S %

s 1 =.07h7
] b e % ¥ 33n+1)’ Tue3 Y T iy’
1 _!2
A spandrel of nth degree I =1 —y2 e bh> _( hin+1) | bh
Fe X OTET 3(3041) L2(2n+1)J n+1
2, W b+ bh
1 ¥, —-xzA= _—_ .
¢ n+3 | n+2 | n+t
Geometrical properties of a  loomeTpuueckme xapakte-  [eomeTpuuHi  xapaktepm-
thin circular arc PUCTUKA OyfM  TOHKOro CTHMKM AYTH TOHKOro Kpyro-

KRyrosoro Kofibua BOTO KiNbus

Origin of axes at center of circle.
A,,prox mate formulas for case when 7 is

,B - angle in radians, (f#<7/2);

A=2prt, y="S2L

B

Ix=r3t(ﬂ+sinﬂcos[z’),

I, =r’t(B-sinfcos B),
Ly, =1y, =0,

XeYe

A thin circular arc
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/ 31 _— 3
I, = r3tt_2ﬂi sin2f8 _ ’_ﬁ’*z_ﬁ)
e 2 ¥

Note: For a semicircular arc, (8 =7/2).

Geometrical properties of a FeomeTpuyeckue xapaxre- FeomeTpuuni  xapaktepuc-
thin circular ring PUCTUKHM TOHKOTO KpYroBo- THKM TOHKOFO KpYyroBoro
ro KofnbLa Kinbus

Origin of axes at centroid.
Approximate formulas for case when ¢ is small:
A=2mt=nmdr,

3
Iy, =1, =mi=""t

l =0,

ERR

3, mdL
//,-2717‘1———4~‘

A thin circutar ring

Geometrical properties of a FeomeTpuyeckne xapakre- TeomeTtpuuni  xapaktepmc-
thin rectangle PUCTHKM TOHKOTO NpsIMO- THKM TOHKOTO MPRMOKYTHHN-
yrofibHuka Ka

Origin of axes at centroid.
Approximate formulas for case when ¢ is small:
A=bt,

3
Iy, = %Sinzﬂ,

3
I, = %coszﬁ .

N

r th® .2 p
Ly = -85 0
. 3 i

A thin rectangle
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Geometrical properties of a

TeoMeTpuyHi  XapakTepuc-

FeomeTpuyeckue xapaxre-
THEK Tpaneuii

PUCTHKY TpaneLnm

trapezoid
Origin of axes at centroid:
et h(a+b)
A=l
S 2
h(2a+b)
Ye=—0 T
3(a+b)
h - 19 5
% ;. Mt vdabrhT)
Y 36(a+h)
X
] _PGaih)
A trapezoid * 12
Geometrical properties of a TeoMeTpuyeckne Xapakre- FeoMeTpuuni xabaxrepuc-
triangle PUCTUKH TPEYrofibuka THKW TPUKYTHHKA
Ye
Y
¢ P_——yc
A g Xy
xx?
h \ A
s X
Ye
‘ 0 x
b b
a b
An arbitrary triangle
a) Origin of axes at centroid: b) Origin of axes at vertex:
o bh - _bh+e _ hw
/1—7, Xp = ”“:“; N _VC——E. Ir 54‘
3
bl bh, 2 9 bh 2
I, =%~ I, =—(b"—bc+c"); I, =—=(3b" =3bc+c?),
P e A A Yo
h /
XH=~h—(b 2), I,y~%(3b 2),
Ly =20 s B —he v ). s
3 Xy 4 '
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Geometrical properties of
angle sections with equal
legs {L shapes) (AISC)

e \3

ol

Feomerpuueckue  xapakre-
PUCTMKA CTaiM NpOKaTHOW
YI0BO#  PAaBHONONCYHOMU
(craHpapT  AmepmxaHckoro
MHCTUTYTa CTA/ILHLIX KOMCT-
pyKuUmA)

leomeTpuuHi  xapaxTepuc-
TUKKM CTani NpokaTHol KyTo-
BOi PIBHONOMMUYHOT (CTaH-
0apr AmepuKaHcbKOro iH-
CTUTYTY CT@RbHUX KOHG-
TPyKuUinA)

Notes: Axes 1-1 and 2-2 are centroidal axes

parallel to the legs.

The distance ¢ is measured from the cen-
troid to the back of the legs.

For axes 1-1 and 2-2, the tabulated value of
W is the smaller of the two section moduli for

1 those axes.

~

!q—- |

Axes 3-3 and 4-4 are principal centroidal axes.
The moment of inertia for axis 3-3, which is
the smaller of the two principal moments of inertia,

. . 2
can be found from the equation [33 = Aig, -

The moment of inertia for axis 4-4, which is
the larger of the two principal moments of inertia,
can be found {rom the equation I44 + /33 = i1} + 157

is 1-1 and Axis 2-2 is 33
Designation Weight per foot | Area ; Axis 1”, and A[‘(ls - AleS_J :
~ in. b in” in? in? in. in. in.

LE8x8x 1 51.0 15.0 | 89.0 1158 | 244 | 2.37 1.56
I.8x 8x 3/ 389 114 1} 697 {122 247 | 2.28 1.58
LE8x8x 12 26.4 7.75 | 486 | 836 250 | 2.19 1.59
Léexox] 374 11.6 | 355 | 857 1.80 | 1.86 1.17
L6xax3/4 28.7 844 | 282 | 666 | 1.83 | 1.78 1.17
Lé6x6x1/2 19.6 575 199 1461 1.56 | 1.68 1.18
L3xSx7/8 272 7.98 17.8 {517 | 149 | 1.57 0.973
Lix58x1/2 16.2 475 113 13161 1.54 | 1.43 0.983
LS5x5x3/8 12.2 3.6l 874 12421 156 1 139 0.990
Ldx4x3/4 18.5 544 | 7.67 (281 L19 | 1.27 0.778
Ldxdx 12 12.8 375 | 556 | 1971 122 | 1.18 0.782
Ldx4x3/8 9.8 286 | 436 | 1521 123 | 1.14 0.788
L3 1/2x31/2% 3/8 8.5 248 | 287 | 115} 107 | 101 0.687
L3172%x312%x1/4 5.8 1.69 | 2.01 [0.794] 1.09 | 0968 | 0.694
L3x3x1/2 94 275 | 222 {107 {0898 ,0932 | 0.584
L3x3x1/4 49 1.44 1.24 1057710930 | 0.842 | 0.592
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angle sections with equal

legs (L shapes)
(GOST 8509-72)
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(rOCT 8509-72)

FeomeTpuueckue xapakre-
PUCTHKK cTanm NPOKaTHOM
rNOBOW PaBHONONOYHON

FeOMETPUYHI  XapaKTepuc-
THKK cTani NPoKaTHOI KyTo-
gol pisHononuusoi (depx-
crangapt 8509-72)

b --width of web,

d —thickness,

7 - moment of incrtia,
i — radius of gyration,
2o — distance 1o centroid.

— Axes j

Designation Area, | X -X Xo-Xo fo-Xy 7y, Tf/iass
(number) mm sz [.x‘ > [x s ]x” max » i):n max » [_v(, min* iy‘) mins | C }:Z:’IEZ-
o . _u;__cr_nj_ cm c:m4 cm cm? cm o
s ny 131 4 | 5 | 6 7T 8 9 16 11 2]

2 20037 1.13 1040 [0,59] 0.63 0,75 0,17 039 10,60] 089

411,46 1 0,50 10,58 0,78 0,73 0,22 0,38 (0,640 115

2.5 :251 311431081 1(06,75 1,29 0,95 0,34 0,49 {0,73] 112

i l 411,86 | 1,03 0,74 1,62 0,93 0,44 048 10.76] 146

2,8 281 311,62 11,16 {0,85 1,84 i 1.07 0,48 0,55 0,80 1,27

32 32:3 1,86 | 1,77 10,971 2,80 1,23 0,74 0,63 0,89 146

i ! 41243 12261096 3.58 1,21 0,94 0,62 10,94; 1,91

3.6 ?36‘ 312,10 256 1,100 4,06 1.39 1,06 0,71 10,99 165

' 412751329 |1.09 5,21 1,38 1,36 0,70 1,04 2,16

4 {40‘ 31235 i 3,55 [ 1,23 5,63 1,55 1,47 0,79 11,09] 185

| ]‘ 4308|458 1.22 7,26 1,53 1.90 0,78 11,13} 2,42

! 513,79 5,53 11,20 875 1,54 2.30 0,79 |L,17; 2.97

4.5 ‘:45'i 312655131139 8.13 1,75 2,12 0.89 [1.21] 2,08

% ! 4348 16,63 {1,38) 10,50 1,74 2,74 0,89 (1260 2,73

! 1514298031137 12,70 1.72 3,33 .88 11,30 3,37

5 150131296 | 7.1 11,557 11,30 | 193 2,95 1.00 11,33; 232

; |4 3,89 ‘ 9.2} |1,54 14,60 | 1.94 3,80 0,99 11.38] 3.05

i 5]480 | 11,201 1.53] 17,80 1,92 4,63 0,98 (1,42} 3.77

5.6 ISGL 41438 13,1011,73| 20,80 2,18 5.41 1,11 |1,52) 3.44
: |5 5,41 116,00(1,72 25,40 2,16 6,59 1.10 11.57] 4,25 |

6.3 ‘6, 4496 11890[1,95] 29,90 2,45 7,81 1.25 11,691 3.90

! |516,13 }23.10 1,941 36,60 | 2,44 9,52 1,25 |1,74] 4.81

e 728 2700]193] 4290 | 243 | 1120 | 124 [L78] 572
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(continucd)

1 2 |3 4 5 6 | 7 8 9 101 12
7 170 45| 620 | 290 2,161 460 [2,72] 120 : 139 | 1,88 ] 4,87
5 68 | 319 | 2161 50,7 {272 132 | 1,39 | 1,90 | 538 |

6 | 815 | 376 | 2,15] 596 12,71 155 | 1,38 | 1,94 | 6,39

70 942 1 43,0 | 2,14 682 | 269 | 17,8 | L.37] 1,99 | 7.39

8 110,70 ¢ 482 | 2,13 | 764 | 2,68 | 20,0 | 1,37 | 2,02 | 837

75 075 051 739 | 39,5 {231 626 (291 164 | 1491202 580
6| 878 | 466 | 230 73,9 {290 | 193 | 1,48 | 2,06 | 689

7 [ 10,10 | 53,3 | 2,29 | 846 | 2.89| 22,1 | 148 |2,10| 796

8 [ 11,50 | 59,8 | 2,28 | 94,6 | 287 ] 248 | 1,47 | 2,15 | 9,02

9 | 12,80 | 66,1 {227 | 1050 | 2,86 | 27,5 | 1,46 | 2,18 | 10,10

8 | 80 {55] 863 | 52,7 | 247 836 |31t 218 | 1,59 | 2,17 | 678
6 | 938 | 57,0 {247 ] 904 | 3,11 | 235 | 1,58 | 2,19 | 736 |

7 110,80 | 653 | 2,45 1040 {309 270 | 1,58 223 | 851 !

8 | 12,30 | 73,4 | 244! 1160 | 3.08 1 303 | 1,57 1227 ] 9,65 |

9 190 | 6 | 10,60 | 82,1 | 278  130,0 {3,50] 340 | 1,79 | 2,43 | 833
7 112,30 1 943 | 277 0 1500 13,491 389 | 1,78 | 2,471 9,64

8 [ 13,90 | 1060 | 2,76 | 1680 | 348 | 43,8 | 1,77 | 2,51 | 10,90

9 15,60 | 118,06 | 2,75 | 186,0 | 3,46 | 486 | 1,77 | 2,55 | 12,20

10 1100 | 6,5 ] 12,80 | 122,0 | 3,09 | 1930 | 3,88 | 50.7 | 1,99 | 2,68 | 10,10
7 | 13,80 | 131,0 | 3,08 | 207,0 | 3,88 | 542 | 1,98 | 2,71 | 10,80

8 | 1560 | 147,0 | 3,07 | 233,0 | 3.87 | 60,9 | 1,98 | 2,75 | 12,20

10 19,20 | 179,0 | 3,05 | 284,0 | 3,84 : 74,1 | 1,96 | 2,83 | 15,10

12/ 22,80 | 209,0 1 3.03 | 3310 | 381 | 869 [ 195|291 1790

14 | 2630 | 237.0 13,00 | 3750 1 3,78 | 993 | 1.94 { 2,99 | 20,60

16 | 29,70 | 264,0 | 2,98 | 416,0 § 3,74 | 1120 | 1,94 | 3,06 | 23,30

11 0110 7 {1520 | 176,0 | 3.40 : 2790 | 429 | 72,7 12.19 296 | 11,90
8 | 17,20 | 1980 | 3,39 | 3150 | 4.28 | 81,8 | 2,18 | 3,00 | 13,50

1251251 8 | 197 | 294 [3,87| 467 [ 487 122 '249 {336 155
9 | 22,0 | 327 |38 520 | 486 | 135 248|340 173

10| 243 | 360 385 571 | 484 149 | 2,47 {345 19,

121 289 | 422 [3.82| 670 [482| 174 | 246 3,53 22,7
141334 | 482 380 764 | 478 200 | 245361 262

16 | 37,8 | 539 |3,78 | 853 | 475 | 224 2,44 | 3,68 | 29,6

14 3400 9 | 247 | 466 | 434 739 | 5470 192 2791378 194
101 273 1 512 | 433 814 | 546 211 | 2,78 | 3.82 | 215

12 | 325 | 602 | 431 957 | 543 248 1276|390 255

16 1160110 | 31,4 | 774 (496 | 1229 | 625 319 | 3,19 | 430 247
11 | 344 | 844 | 495 1341 | 6,24 | 348 1318|435 270

12 ) 374 | 913 | 494| 1450 | 623 | 376 3,17 {439 | 294

14 | 433 | 1046 | 492 | 1662 | 6201 431 3,16 | 447 | 34,0

16 | 491 | 1175 | 489 | 1866 | 6,17 | 485 3,14 | 455 | 385

18 | 54,8 | 1299 | 487 | 2061 | 6,13 | 537 3,13 4,63} 430

20 | 604 | 1419 | 4.85| 2248 | 6,10 | 589 3,12 | 470 | 474 |
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Geometrical properties of
angle sections with unequal
legs (L shapes) (AISC)

(finished)
S ey
112 3—];_,4_%_4__‘ 6 7 [ 8 9 TIO TR
18 180 [11 | 388 | 1216 | 5,60 | 1133 | 7.06 | 500 1359485 305

12 | 422 | 1317 (5591 2093 | 7,04 | 540 13,58 ) 489 33,1

20 200 |12 | 47,1 | 1823 ! 622 | 2896 | 7,84 | 749 | 399 537 370
13 | 509 | 1961 ;621 | 3116 | 7.83 | 805 | 3,98 | 542 | 399

4 | sa | 2097 | 620 | 3333 ) 781 86l 3,97 | 546 | 42,8

16 | 620 | 2363 1 617 | 3755 | 778 | 970 | 396 | 554 | 487

20 | 765 | 2871 | 6,12 | 4560 | 7.72 | 1182 ) 3,93 | 570 | 60.1

25 | 943 | 3466 | 6.06 | 5494 | 763 | 1438 13,91 | 5.89 1 74,0

‘ 30 | 1115 | 4020 | 6,00 | 6351 | 7.55 | 1688 | 3.89 | 6,07 | 876
22| 220 14 | 604 | 2814 | 683 | 1170 | 860, 1159 | 438 | 5,95 | 474
‘ 16 | 686 | 3175 | 681 | 5045 | 858 | 1306 . 436 | 6,02 | 538
25 \ 250 [16 | 78.4 | 4717 | 776 | 7492 | 978 | 1942 | 498 | 675 615
\ 18 | 87,7 | 5247 | 7,73 | 8337 | 975 | 2158 | 4,96 | 6,83 | 689

\ 20 | 97,0 | 5765 l 7,71 | 9160 | 9,72 | 2370 1 494 | 691 | 76,1

| 2 | 106,10 | 6270 | 7.69 | 9961 | 9.69 | 2579 | 493 | 7,00 | 833

i 25 | 119,7 | 7006 l 7.65 | 11125 | 9,64 2887 | 491 | 7.11 | 940

1 28 | 133,1 | 7717 | 7.61 | 12244 | 9,59 1 3190 l 4,89 | 7,23 | 1045
L L 130 ] 1420 | 8177 t7,59 12965 | 9.56 | 3389 | 4,89 | 7.21 | ill4

TeoMeTpnyeckme Xxapakre-
PACTHKM CTANM NPOKaTHOW
yrnoBo# HepaBHONONOY-
HoW (cTangapT AMepUKaH-
CKOrG WHCTUTYTa CTanb-
HBIX KOHCTPYXLIMM)

TeoMeTpU4Hi XapaxTephuc-
TMKM CTasni RPOKXaTHOI KyTO-
20i HepiBHORONKYHOT (CTaH-
naptT AMEpPHKZHCLKOTO iH-
CTATYTY CTanbHWX KOKC-
TPYKUiK)

Notes: Axes 1-1 and 2-2 arc centroidal axes

parallel to the legs.

those axes.
Axes 3-3

can be found from the equation I4q + 133 =11+ 122

The distances ¢ and d are measured from the
centroid to the backs of the legs.

For axes 1-1 and 2-2, the tabulated value of
W is the smaller of the two section moduli {or

and 4-4 are principal centroidal

The moment of inertia for axis 3-3, which is
the smaller of the two principal moments of inertia,
can be found from the equation I33 = Airzm»n.

The moment of inertia for axis 4-4, which is
the larger of the two principal moments of ingrtia,
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T Weight , Axis -1 | Axis22 Axis 3-3
Designation, in. | foot I VW | i |d]| I w i ¢ Imin @

b {in? |in?find | in |in [in?] in? | in in. in.

L8x6x1 442 113.00{80.8/15.1{2.49(2.65/38.8| 8.92 | 1.73 | 1.65 | 1.28 {0.543
L.8x6x 172 23.0 16.75|44.3(8.02{2.56(2.47,21.71 479 | 1.79 | 1.47 | 1.30 |0.558
L7x4%x3/4 26.2 [7.69(37.818.42|2.2212.51|9.05| 3.03 | L09 | 1.01 10.8600.324
L7x4x1/2 17.9 15.2526.7|5.81(2.25{2.4216.53; 2.12 | 1.11 {0.9170.872;0.335
L6x4x3/4 23.6 | 6,94 (24.516.25}1.88|2.088.68] 2.97 | 1.12 | 1.08 [(.860]0.428
LLo6x d4x 1/2 16.2 14.75{17.4|4.33]1.91{1.99|6.27| 2.08 | 1.15 |0.987]0.870{0.440
L5x3172x3/4] 19.8 1581 [13.9]4.2811.55{1.75{5.55| 2.22 [0.977[0.996{0.748 |0.464
L5x312x 172} 13.6 {4.00(9.9912.99|1.58|1.66]4.05| 1.56 { 1.01 [0.9060.75510.479
L3x3x1/72 12.8 13.7519.4512.91}1.5911.75|2.58| 1.15 |0.829]0.750|0.648 {0.357
1.5x3x 1/4 6.6 |1.941(5.11{1.53]1.62(1.66{1.4410.61410.861{0.65710.663]0.371
L4x312x1/21 11.9 [3.50(5.3211.9411.2311.25{3.79| 1.52 | 1.04 | 1.00 10.722]0.750
Ld4x312x1/4] 62 | 1.8112.9111.0311.27{1.16{2.09}0.808 1.07 {0.909]0.73410.759
Ldx3x1/72 11.1 [3.2515.05(1.89{1.2511.33]2.42} 1.12 |0.86410.82710.6390.543
Ldx3x3/8 8.5 [2.4813.96|1.46]1.2611.2811.92{0.86610.879]0.782(0.64410.551
L4x3x1/4 5.8 | 1.69(2.77{1.00|1.281.2411.36/0.59910.896]0.736]0.651 |0.558

Geometrical properties of
angle sections with unequal
legs (L shapes)
(GOST 8510-72)

TeoMeTpuueckue Xapakre-
PMCTUKHK CTANM FPOKATHOM
HepasHONONOoY-

yrnoBo#
Hon (FOCT 8510-72)

X

back of the legs.

leomeTpuuHi Xapakrepuc-
THKY CTani nNpoxarHoi Ky-
HepisHononnuHe!
(Bepxcranpapr 8510-72)

TOBOV

B — width of larger leg,
b — width of smaller leg,

I — moment of inertia,

i —radius of gyration,
xg, ¥g - distances from the centroid to the
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[ e
Desig- —B—T-'ij—gﬂ — Axes — Mass
nation Area,| X-X ' Y-v SRS B U R4 per
2 - ; . —tan
(num- mm em” | [, i Lly iy Wymin |y min meter,
bCI’) 3 ) 3 9 P | Cm | M kg
A T ¢cm’ i cm | cm | cm | cm cm
1 2 1314 5 6 7 . 8 9 10 11213 141 15 |
2516125 116 | 3 1161070 0,78[ 022 [044] 0,13 | 0,34 10,4210,860,392] 0,91
322 13 201 3 1149 11,521,01, 0,46 [0,55} 0,28 | 0,43 10,491,08 0,382 1,17
4 1194119311001 0,57 [0,54 0,35 | 0,43 [0,53]1,12:0,374| 1,52
425 1401251 3 118913,06 1,27 0,93 10,70 0,56 | 0,54 10,59|1,32}0,385| 1,48
4 12471393 |126| 1,18 [0,69| 0,71 | 0,54 10,63 /1,370,381 1.94
45/28] 45128 | 3 |2,14 441143} 1,32 10,79 0,79 | 0,61 10,64{1,47/0,382! 1,68
4 12,801568|142| 1,69 |0,78| 1,02 | 0,60 10,681,51 0,379 2,20
532 | 5013213 |242(6,1711,60: 199 {091 1,18 | 0,70 [0,72]1,6010,403| 1,90
4 131717981159 2,56 |090] 1,52 | 0,69 {0,76]1,85|0,401| 1,49
5.6/3,6| 56 | 36 | 4 |3,58|11,40: 1,78 3,70 | 1,02 2,19 | 0,78 |0,8411,8210,406] 2,81
5 1441[13.80/ 1,77} 448 11,01} 2,66 | 0,78 |0.88 1,860,404 3,46
63/401 63 140 | 4 14041630201 516 |13 3,07 | 0,87 {0,91]2,0310,397} 3,17
5 14981(19,90]2,00; 6,26 | 1,12} 3,72 | 0,86 |0,952,08 0,396 3,91
6 1590123,30(1,99| 7,28 | 1,11] 4,36 | 0,86 10991212 0,393| 4,63
8 l7,68 29.60| 1,96 9.15 11,09] 558 | 0,85 | 1,672,2¢10,386] 6,03
7/45 | 70 | 45| 5 15,59 ,27,80{2,23| 9,05 | 127} 534 0,98 (1,05/2,28/0,406! 4,39
755 175 150 1 5 16,11134,80:2,39) 12,50 1,431 724 1 1,09 [1.17]2,39{0,436! 4,79
6 | 7.25140,90]2,38| 14,60 | 1,42 8,48 | 1,08 |1,21]2,4410.435 5,69
% |9,47152,4012,35| 18,50 | 1.40| 10,90 | 1,07 |1,29/2,52 0,4301 743
85 18 1350 5 636(41,60,2,56]12.70 1,41 7,58 | 1,09 |1,13;2,60 0,387 4,99
6 | 7,55 149,00{2,55] 14,80 | 1,40} 8,88 | 1,08 | 1,17 2,65(0,386§ 5,92
9/56 | 90 | 56 | 5.5]7,86 (6353 (2,88 19,7 [1,58] 118 | 1,22 1,2612,920,3841 6,17
6,0 18,54 17062881 21,2 1,58} 12,7 | 1,22 |1,.28 2,950,384} 6,70
8.0 111,181 90,9 12,851 27,1 11,56} 16,3 | 1,21 11,363,0410,380| 8,77
10/6,3 1 100 | 63 | 6,0 : 9,59 | 98,3 3,20 | 30,6 1,79 18,2 | 1,38 {1,4213.23]0,393| 7,53
7.6 [11,101113,0(3,19| 35,0 {1,781} 20,8 | 1,37 | 1,46|3,28 06,392, 8,70
8,0 | 12,6 [127,013,18| 39,2 {1,77; 234 | 1,36 1,5013,32(0,391} 9,87
10,0115,501154,0| 3,15 | 47,1 {1,75] 28,3 | 1,35 |1,58|3,4010,387 2,10
11/7 1110 70 | 6,5 111,40]142,0{3,53 | 45,6 {2,00| 26,9 | 1,53 |1,58]3,55 0,402| 9,98
8,0 113.90/172,013,51| 54,6 |1,98| 32,3 | 1,52 |L64 3,6110,4001 10,90
12.5/8 ] 1251 80 | 7,0 114,10]227,01 4,01 | 73,7 1229} 434 1,76 [1,8014,0110,407 (11,00
8.0 116.001256,0/ 4,60 | 830 [2,28] 48,8 | 1,75 |1.84/4.05:0,406, 12,50
10,0119.70(312,0{3,98 | 160,06 {2,26| 59,3 | 1,74 |1,92]4,14 0,404 15,50
12,0123,401365.013,951 1170 {2,24| 69,5 | 1,72 |2,00/4,22 0,400 18,30
14/9 1140 | 90 | 8,0 {18,00]364,0, 4,49 ' 120,0 {2,58| 70,3 | 1,98 {2,03 449104111 14,10
10.0]22,201444,01 4,47 | 146,0 | 2,56 | 58,5 | 1,96 12,1214,58|0,409 17,50
16/10 1 160 | 100 | 9.0 122,90(606,0] 5,15 | 186,0 | 2,85| 110,0 | 2,20 {2,23|5,1910,3%! 18,0
10,0(25,30{667,0]5,13 { 204,0 | 2.84 | 121,0 | 2,19 12.28)5.2310,390 19,80
12,0(30,00{784,0| 5,11 | 239,0 | 2,82 142,0 | 2,18 12,36|5,32 0,388123,60
L4 14,0134,701897.0] 5,09 | 272,0 1 2.80] 162,0 | 2,16 {2,43|5.40;0.385{27,30
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5Ty

(finished)

5

| 6 171 8 [ 9719

TR NEE

18/11 [ 180

20/12,5) 200 1 1

25/16 | 250

110

160

10.0128,30;

33,70
34.9
37,9
43,9
49,8
48.3
63,6
71.1
78,5

14491 6,45 446 [3,58] 264
1568 6,43 | 482 (3,57 285
1801} 6.41 551 |3.54) 327
2026|638 617 |3,52] 367
3147 8,07 | 1032 | 4,62 | 604
4091 8,02 | 1333 |4,58| 781

45451799 | 1475 |4,56 866
4987 (7,971 1613 [ 4,53 949

952,01 5,80 1 276.0 [ 3,12 165.0 | 2.42 |2,44|5,88]0.375|22.20
112315,771324,0 13,10 1940 | 2,40 {2,52{5,97'0.374)26.40

2,75 2,791 6,5 10,392} 274 |
2,74 12,8316,54]0,392| 29,7
2,73 12,91{6,6210,390| 34,4
2,72 12,9916,7110,388! 39,1
3,54 13,5317,9710,410] 37.9
3,50 13,6918.1410,408| 499
3,49 [3,77/8,2310,407 55,8
3,48 -3,85[8,3110,405] 67,7

Geometrical properties of
channel sections
(C shapes) (AISC)

TeomeTpu4eckue xapakre-
PUCTUKHM WBEANEPHLIX Ce-
YeHuH (cTaHpgapr Amepu-
KaHCKOFO UHCTHTYT2
CTanbHbIX KOHCTPYKiLUNK)

FeomeTpuuyHi  xapaktepu-
CTMKM HIBENEePHUX nepepi-
3i8  (ctaupapr Awmepmkan-
ChKOro iHCTHTYTY CTarnbHUX
KOHCTPYKLUi#)

Notes: Axes 1-1 and 2-2 arc principal centroidal axes.
The distance ¢ is measured from the centroid to the back of

{ the web.

For axis 2-2, the tabulated value of W is the smaller of the
two section moduli for this axis.

Designa-
tion

Weigh
per
foot

Depth

Flange Axis i-1 Axis 2-2

Web Aver-

thick- | . age
ness Width thick-

i / /4 i e

1
il

ness

1a. N 1. in.

5

I = m in
. . il i, ifi.

I

5 6 7 8§ 9

10 11 12 13 14

C15x 50
C 15x 49
C15x 339

C 12 x 30
C 12x 25
C12x207

50.0
40.0
339

30.0
25
20.7

0.716 |3.716]0.650 | 404 ;53.8
0.520 |3.520}0.650 | 349 | 46.5
0.400 (3.400;0.650 | 315 |42.0

0.510 {3.170{0.501 | 162 {27.0
0.387 |3.047/0.501 | 144 | 24.1
0.282 {2.94210.501| 129|215

524) 110 | 378 10.867 {0.798
544|923 | 337 {0.8860.777
5.62] 8.13 | 3.11 |0.90410.787

429] 514 | 2.06 [0.763 [0.674
4.43) 447 | 1.88 |0.780(0.674
4.61| 3.88 | 1.73 [0.799 10.698
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(finished)

1 2 3 4 5 6 7 8 9 [ 10} 11 12 13 14

C 10 x 30 { 30.0 | 8.82110.00] 0.673 {3.033|0.436 [ 103 [20.7{3.42] 3.94 | 1.65 |0.66910.649
C10x25| 25 |7.35(10.00] 0.520 |2.886]{0.436191.2{18.2{3.52| 3.36 | 1.48 |0.6760.617

C 10 x 20 | 20.0 |5.88110.00{ 0.379 12.739|0.436]78.9|15.8/3.66} 2.81 | 1.32 | 0.6920.606
C10x153] 15.3 [4.49110.00{ 0.240 [2.600|0.436{67.4|13.513.87{ 2.28 | 1.16 |0.713]0.634

C8x18.7518.75{5.51{ 8.00 | 0.487 {2.527{0.390144.0{11.0|2.82] 1.98 | 1.01 {0.599]0.565
C8x13.75[13.75]4.04 | 8.00 | 0.303 |2.343}0.390,36.1|9.03{2.99{ 1.53 {0.854{0.615|0.553
c8x115 | 11.5 13.388.00 | 0.220 {2.260{0.390{32.6|8.14{3.11}{ 1.32 10.781 | 0.625|0.571

C6x13 |13.0}3.83|6.00] 0.437 |2.15710.343117.4}5.80{2.13} 1.05 }0.642|0.525]0.514
C6x10.5] 10.5 [3.09|6.00| 0.314 (2.034]/0.343[15.2]5.06|2.22}0.866 | 0.564 | 0.52910.499
C6x82 | 82 1240]6.00] 0.200 {1.920/0.343[13.1|4.38{2.34}0.69310.4920.53710.511

C4x725]7.25|2.13]4.00] 0.321 [1.721]0.296{4.59{2.29|1.47}0.433 1 0.343 } 0.450 | 0.459
C4x54 | 54 [1.59]4.00] 0.184 |1.584]0.296{3.85/1.93|1.56]0.31910.283 | 0.449 {0.457

Geometrical properties of [leomeTpwueckne xapaktepu- [eoMeTPHUHi XapaKkTepucT-
channel sections (C shapes) cTWKK WBENNEPHLIX COHYEHUA KN LIBEMEPHMX Nepepisis
(GOST 8240-72) {TOCT 8240-72) (DepxcrangapT 8240-72)

M xy ¥

0 1| Lo

h —height of a beam,

b — width of a flange,

s —thickness of a web,

¢t — average thickness of a flange,
W - sectional modulus,

i —radius of gyration,

S, ~ first moment of area,

I —moment of inertia,
xg — distance from the centroid to the back of the web.

Designa-| Dimensions, mm Weight
tion Area, I X3 Wx | s ‘—'x S ¥ W}’ ’ i}’ » | %, | per

Gum- | A | 5 5] ¢ e’ | oom?' lem’lom jem’ lem®lom®! om | om [meter.
ber) kg
i 213145 6 7 8 9 1011 (12| 13 {14 15

5 50 {32 (4,4[7,0] 6,16 | 22,8|9,11,92|5,59{5,61{2,7510,954}1,16| 4,84
6,5 165{36|44]72| 7,51 | 486 [15,0{2,54/9,018,7(3,68| 1,08 11,24 5,90
8 80|40 14,5/ 74| 8,98 ! 894 |22,4/3,16/13,3/12,8{4,75| 1,19 |1,31] 7,05
10 |100| 46 |45/ 7,61 10,9 | 174 {34,813,99(20,4{20,4]6,46| 1,37 11,44} 8,59
12 1120{521487,8] 13,3 | 304 |50,6|4,78/29,6!31,2{8,52] 1,53 |1,54] 10,4




shapes (l-beam sections)
{AISC)

PUCTHKRA ABYTaBPORBLIX
cevyeHuh (cTaHgapt Ame-
PUKAHCKOIO WHCTUTYTA
CTaNbLbHbIX KOHCTPYKUMMR)
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(finished)

I 127374757 6 7 [ 8[9 w0 nu]R[B 4] 15
14 1140.58 |4.9] 8,1 | 15,6 491 170,215.60140,8]45,4111,01 1,70 [1,67] 12,3
14a 1140062 (498,71 17,0 545 {77.8{5.6645,1|57,5/13.3] 1,84 |1,87] 133
16 160, 64 |5,0| 8,4 | 18,1 747 193,416,42154,1163,3/13.8| 1,87 {1.80! 142
162 1160; 68 1501 9,01 19,5 823 110316,49|59,4/78.8|16,4| 2,01 (2,00] 15,3
18 1801 70 {5,1] 8,71 20,7 | 1090 ]121{7,24(69,8] 86 |17,0| 2,04 11,941 16,3
18a [180) 74 15,1193 | 22,2 | 1190 {132}7.32]76,1{105120,0{ 2,18 Y2,135 17,4

© 200 4200076152190 23,4 | 15201152(8,07,87.8| 113]20,5]| 2,20 ‘2,07? 18,4
P 20a {200] 805,21 9,7 252 | 1670 16718,15/95.9|139(24,2! 2,35 2,28] 19,8
22 12201 82154:9,5 26,7 |21101192(8,89 110|151 (25.1| 2,37 12,21] 21,0
22a |220{ 87(5,4'10,2| 288 23301212 8,991 121187 |30,0; 2,55 :2,46| 22,6
24 (240} 90 {5,6.10.0 30,6 |2900 |242,9,737139/208131,6; 2,60 2,42 240
24a 1240} 95 5,6“0,7 329 | 3180 |26519.84| 1512543721 2,78 12,67/ 25,8
27 2706195 (6,0/10,5] 352 | 4160 308,109 178126237,3] 2,73 |2.47| 27,7
30 |3001100(6,5/11,0 40,5 5810 1387112,0/224|327(43,6] 2,84 {2,52] 31,8
33 (3301105 7,0!11,7 46,5 | 7980 484 |13,1|281 410{51,8] 2,97 |2,59! 36,5
36 (360110 7,5?1276 53,4 [10820)60114,2)350|513161,7| 3,10 2.68 419
|40 [400:11518,0{13.5 61,5 [15220] 7611157 444 1642173,4{ 3,26 12,75 48,3
Geometrical properties of S leoMeTpuueckue xapaxre- FeoMeTpuuni  xapaxTepuc-

THKHM OBOTaBPOBMX nepepi-
3iB (ctaWpapt AwmepukaH-
CbKOT0 iHCTUTYTY CTanbHUX
KOHCTPYKLIiN)

Note: Axes 1-1 and 2-2 arc principal centroidal axes.

= _|__Flange Axis 11 Axis 22

=] 7

= m = ] u A

A 2 =% v S a oL ¢
Designation % & & iz S B EE 0 lw 1 w i

2 S = > .2

= = <5

b {in® | i | in. [ in [ o | int (ol e | int | il | in

1 2 3 4 5 6 7 8 9 110 11 12 |13

S24x 100 | 100 | 29.3 |24.00,0.745]7.245[0.87012390{ 199 19.021 47.7 | 13.2 { 1.27
S24x 80 80 | 23.51(24.00{0.500|7.000|0.870:2100| 17519.47] 422 | 12.1 | 1.34




74 Chapter 4 GEOMETRICAL PROPERTIES OF PLANE AREAS
(finished)
1 2 [ 3 1 4516 1 7 8T9Jtwo[uln]i]
S18x 70 70 |20.6 [18.00]0.71116.25110.691] 926 | 103 {6.71] 24.1 | 7.72 } 1.0%
S18x 547 | 54.7 1 16.1 118.0010.461[6.001]0.691] 804 189.417.07} 20.8 | 6.94 | 1.14
S15x 50 50 | 14.7 {15.00/0.550{5.640|0.622| 486 164.8|5.75} 15.7 } 5.57 | 1.03
S15x 42.9 {4291 12.6 {15.0010.411{5.501{0.622| 447 |59.6|5.95| 14.4 | 5.23 | 1.07
S12x 50 50 | 14.7 112.00|0.687{5.477]0.659| 305 |50.8|4.55| 15.7 | 5.74 | 1.03
S12x 35 35 | 103 {12.00{0.428(5.078]0.544| 229 {38.2{4.72| 9.87 | 3.89 |0.980
S10x 35 35 1 10.3 [10.0010.59414.94410.491; 147 {29.413.78] 8.36 | 3.38 10.901
S10x 254 | 254 7.46 |10.00{0.311|4.661|0.491| 124 124.7]4.07} 6.79 | 2.91 |0.954
S8x23 23 16.77 1 8.00 |0.441}4.17110.426] 64.9 |16.2|3.10| 4.31 | 2.07 [0.798
S8x 184 | 1841541 8.00[0.271{4.001}0.426!57.6|14.4{3.26} 3.73 | 1.86 |0.831
S6x 17.25 |17.25] 5.07 | 6.00 10.465(3.565,0.359126.3 {8.77|2.28} 2.31 | 1.30 }0.675
S6x 12,5 | 12.513.67 | 6.00 |0.232(3.332(0.359]22.1 |7.37|2.45| 1.82 | 1.09 |0.705
S4x95 0.5 12,791 4.00 10.326]2.79610.293| 6.79 13.3911.56/0.903 |0.64610.569
S4x77 77 1226 4.0010.193]2.663]0.293] 6.08 13.04|1.6410.7640.574]0.581

Geometricai properties of S [eomerpnyeckue xapakrepu-
shapes {i-beam sections) CTHKM ABYTABPOBLIX CEYEHWHA

(GOST 8239-72)
}I

(FOCT 8239-72)

h — height of a beam,
b — width of a tlange,
s — thickness of a web,
t —average thickness of a flange,

FeoMeTpuuHi XapakrepHcTu-
KW AROTAaBPORMX Nepepisis
{DepxcTraHgapr 8239-72)

hyx C * [ — axial moment of inertia,
W — sectional modulus,
i —radius of gyration,
S, — first moment of a half-section.
o b R
| Dimensions, mm 1 Mass
Desig- 1 o
nation s L Wi [ S | s WL, B
Area, cm 4 3 3 " RN me-
(um- | h | b | s | ¢ cm' | om’ | cm | cm’ {em” fem’ | om | e
ber) i , Lg
1 2 |3 14 5 6 7 1 8 9 10 11 12113 14
10 110005514572 | 12,0 198 139,714,06123,0117916,49(1.22|9.46
12 |120] 64 148! 7.3 14,7 350 | 58,4 (4,8833,7279|8,72|138| 11,5
14 140173 (4975 174 572 |81,71573146,8|41,911,5/1,55113,7
16 1160) 81 |50 7.8 20,2 873 | 109 16.57] 62, 1586 ,14511,70| 15,9




Chapter 4 GEOMETRICAL PROPERTIES OF PLANE AREAS 75

1 273415 6 7 8 {910 | [l
18 |1801 90 15,1781 ] 234 [1290 143 ]7,42|81,4|82,6|18.4]1,88] 18.4
18a | 180 100|511 83| 254 [1430 {159 (7,5189.8| 114 |22.8(2,12!199
200 12001100(5,2| 8,4 | 26,8 | 1840 | 184 [8,28| 104 | 115 |23,1{2.07| 21,0
20a |200(110(521 8,6 28,9 2030|203 (837 114 | 1552821232 22.7
22 12201 110154| 54 | 306 | 2550232 |9,13{ 131 | 157 |28,6(2,27|24.0
22a 2201120|54 |89 | 328 |2790 | 254 19,22/ 143 | 206 1343 {250 258
24 [2401115(56]9,5 | 348 | 3460|289 [9.97| 163 | 198 134,5|2.37|27.3
24a 12401125561 9.8 | 375 | 3800 317 |10,1] 178 | 260 |41,6!2,63 29.4
27 12701125{6,0| 9,8 | 40,2 | 5010 371 |i1,2] 210 | 260 |41,5/2,54| 31,5
27a 2701135 6,0110,2} 43,2 15500 | 407 [11,3] 229 | 337 |50,0,2,80] 33.9
301300 135(6,5/10,2] 46,5 7080 | 472 12,3 268 | 337 {49.9|2.69 | 36,5
30a |3001145(6,5(10,7; 49,9 | 7780 | 518 |12,5 292 | 436 |60,1{2,95| 39,2
33 1330(140(7,0]11,27 53,8 19840 | 597 |13,5] 389 | 419 {69,9]2,79 | 42,2
36 136014517,5112,3 ) 61,9 |13380] 743 | 14,7] 423 | 519 |71.1 (2,89 48,6
40 4001 155(8.3(13,0] 72,6 [19062] 953 |16,2] 545 | 667 | 86,113,03| 57,0
45 1450|160 9 1142 84,7 |27696{1231[18,1] 708 | 808 | 101 |3,09| 66.5
50 |S001170) 10 {152 100 /397271589 19.9| 919 |1043| 123 13,23 | 78.5
55 15501180| 11165 118 35962/2035|21.8 1181!1366] 151 13,39 92,7
60 600190} 12 [17,8] 138 |76806,256C|23,6|1481/1725] 182 13,54| 108

Geometrical properties of FeoMeTpuyecKkKe  Xapak- TeomeTpuyHi xapakrepw-

W shapes (wide-flange sec-  Tepuctnkn peytaBpoBbIX CTUKN [BOTABPORMX LIK-

tions) {AISC) HWNPOKONONOYHLIX Ceye- POKONONUYHUX nepepisia
umiA  (ctanpapr Awmepu- (cTavgapt AMepuKaHCh-
Kanckoro MHCTHTYTA KOTO THCTUTYTY CTanbHuX
CTanbHbIX KOHCTPYKUWA) KOHCTPY KUi#)

Note: Axes 1-1 and 2-2 are principal centroidal axes.

Weight Area | Deoth t?;V‘C,lt() Flan%;1 — Axis 1-1 Axis 2-2

Designation |per foot P recs | Width s | LS| ls |
b |in? | in | e | in. | in | it [ind i [0 | i
1 2 3 4 5 6 7 8 19 fwlnunlnrls
W30X211 | 211 | 62.0 [30.94|0.775{15.105 | 1.315]10300] 663 | 12.9] 757 | 100 | 3.49
W30X132 | 132 | 389 130.31]0.615]10.545 [ 1.000 | 5770 [ 38¢ | 12.2{ 196 1372 | 2.25
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(finished)
1 57T 3 [ 4 15 ] 6 | 7 1 8 Tolwojiijiz, iy
W24X 162 162 | 477 125.00{6.70512.955 | 1.220 | 5170 4141104443 16841 3.05
W24 X 94 94 277 1243110.515| 9.065 {0.875| 2700 | 222 |9.87 109 [24.0] 198
WigX 119 119 1351 | 18.9710.655]11.265 | 1.060] 2190 | 231 790|253 {449 2.69
W18 X 71 71 20.8 | 18.47 |0.495} 7.635 | 0.810¢ 1170 | 127 7.50160.3115.8| 1.70
W16 X 100 100 | 29.4 | 16.97|0.585| 10.425:0.985 | 1490 | 175 7.10 186 135.71 251
W16 X77 77 226 116.5210.4551 10295 [0.760| 1110 | 134 17.00 1381269247
W i6 X 57 57 168 | 1643104301 7.120 10.715} 758 [92.2(6.72 43.1]12.1] 1.60
W i6 X 31 31 912 | 1588 10.275| 5.525 | 0.440| 375 147.216.41 1241449 1.17
W14 X 120 120 | 353 |14.48]0.590 | 14.670 | 0.940 | 1380 | i90 624|495 167.513.74
W 14 X 82 82 24.1 114.310.510110.130 | 0.8551 882 {123 |6.05 148 {29.31 2.48
W 14 X 53 53 15.6 | 13.9210.370 | 8.060 0.660| 541 [77.8/5.89 57.7114.31 1.92
W14 X206 26 769 {13.91]0255] 5.025 [0.420| 245 |35.3{5.65 891]3.54) 1.08
W12 X 87 87 256 | 1253105151 12.125[0.810| 740 | 118 |5.38| 241 39.713.07
W12 X 50 50 14.7 | 12.196.370 | 8.080 {0.640| 394 164.7|5.18 56.3113.9| 1.96
W12 X35 35 103 | 12.50 | 0.300 | 6.560 10.520| 285 {45.615.25,24.5 7471 1.54
wi2X 14 14 416 11191102001 3.970 {0.225] 88.6 |14.9]4.62 2361.19]0.753
W 10 X 60 60 17.6 11022 16.4201 10.080 | 0.680 | 34} {66.7[4.39 116 |23.01 2.57
W10 X 45 45 13.3 [ 10.10 10.350 | 8.020 [0.620| 248 |49.114.32 53.4113.3} 2.01
W 10 X 30 30 8.84 110470300 5.810 |0.510| 170 |32.44.3816.7 5.75) 1.37
Wi X 12 12 354 | 9.87 10.190| 3.960 |0.210( 53.8 |10.9|3.902.18 1.10]0.785

W8X35 35 103 | 8.12 10.310] 8.020 {0.495| 127 {31.2/3.51(42.6{10.6}2.03

W8X28 28 825 | 8.06 10285 6.535 |0.465| 98.0 |24.3]3.45|21.7/6.63} 1.62

W8X21 21 6.16 | 828 102501 5.270 [0.400| 75.3 |18.2{3.4919.77|3.71| 1.26

W8X15 15 | 444! 811 [0245] 4015 10.315] 48.0 [11.8]3.29[3.41]1.7010.87%

Polar moment of inertia of a fonApHLIA MOMEHT HHEP- Mlonsipuki . MOMeHT iHepuii

circle uMM kpyra (kpyrnoro ce-  kpyra (kpyrnoro nepepisy)
YeHHUA)

To illustrate the determination of po-
lar moments of inertia and the use of the par-
allel-axis theorem, we’ll consider a circle of
radius r. Let us take a differential element of
area dA in the form of a thin ring of radius p
and thickness dp (thus, dd = 2mpdp ). Since
every point in the element is at the same dis-
tance p from the center of the circle, the po-
lar moment of inertia of the circle with re-
spect to the center is:

R

Z

r
) 3 r
Uple= jpza’A = IZﬂdep =
0

A circle
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The polar moment of inertia of the circle with respect to any point B on its circum-
ference (sce figure) can be obtained from the parallel-axis theorem:
2 4
) 7 bl 3ar
Uplg=Up)c+Aa” = T (r?) = -
Note: The polar moment of inertia has its smallest value when the reference point is
the centroid of the area.

Product of inertia of a UeHTpobexHbik  MOMEHT BigueHTpoBuit MOMeHT
rectangle WHepLUKN NPAMOYIONLHNUKA iKepuii npAMOKYTHMKa

Using the parallel-axis theorem, let us determine the
—5 product of inertia of a rectangle with respect to x, y axes
having their origin at point O at the lower Ieft-hand corner
ol the rectangle (sec figure). The product of inertia with
respect lo the centroidal x,, y. axes is zero because of

Y Je

e symmetry. Also, the coordinates of the centroid with re-
spect to the xy axes are:
h h
dy=+-; dy=+-.
T 202

o5 __F ¥
Parallel-axis theorem for prod-
ucts of inertia. x., y. — cen-

fral axes T =1y y
L oo

Substituting into parallel-axis theorem equation, we

obtain:
2,2
+Ad,d2=0+bh[+ﬁ1+é):+é~}?_.
202 2

This product of inertia is positive because the entire arca lies in the first quadrant. If
the xy axes are translated horizontally so that the origin moves to point B at the lower right-
hand corner of the rectangle. the cntire area lics in the second quadrant and the product of

inertia becomes - b2 /4.

Product of inertia of a LleHTpOGeKHLIN MOMEHT BigueHTpogmiA MOMeHT
right triangle VHEpUUH  NPAMOYIONib- iHepuli  NPAMOKYTHOroO
HOFO TpeyronkHuka TPUKYTHMKA

A right triangle with base b and height # is shown in figure. Let’s determine the

product of inertia [, with respect o thc xy axes having their origin O ai the 96° vertex of
the triangie, and the product of inertia iy ,, wiih respect to the centroidal axes x., y..

1. Product of inertia with respect to the x, y axes. We will use the method of inte-

B,

gration to evaluate this product of inertia. We begin by considering a differential element of
area d4 (see figure) in the form of a thin, horizontal strip of height dy and width equal to

b(x) = &Eyﬁ :

The area of this elemental strip is
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and the coordinates of its centroid with respect to the x, y axes are known. The product of

inertia of the strip with respect to axes through its own centroid and parallel to the x, y
axes is zero (from symmetry). Therefore, its product of inertia dl,,, with respect to the x,

y axes (from the parallel-axis theorem) is:
- | B-ph (h=yb|_ % ;32
dlxy_0+dAdld2_[ h dy y 2h _2h2(h y) }’afV

The product of inertia I, of the entire triangle

is obtained by integration:
h
g = b 2 B2H?
Ixy - j‘dlxy ‘Efé‘(h“Y) yab)_' 24

Note: The entire area lies in the first quadrant,
and therefore the product of inertia is positive.

2. Product of inertia with respect to the x., y,
axes. The product of inertia with respect to axes

through the centroid may be determined from the paral-
Products of inertia of a triangle lel-acis theorem:

Iy, =1 _A( Xb) b2h2 bh( Xb) b2h2,

in which #/3 and b/3 are the coordinates of point C with respect to the x, y axes. Smce

most of the area is located in the second and fourth quadrants, the product of inertia turns
out to be negative.

Product of inertia of a 2- LeHTpoBexHbii  MOMEHT BiaueHTpoBMIA MOMEHT
section MHepUXM Z-obpasnoro iHepuii Z-nogibxoro ne-
CeUeHUHA pepisy

Determine the product of inertia 7, ,, of the

Z-section shown in figure. The section has width b,
[~ height A, and thickness ¢.

To obtain the product of inertia with respect
to the », y axes through the centroid, we divide the
area into three parts and use the parallel-axis theo-
rem. The parts are as follows: (1) a rectangle of
width b—¢ and thickness ¢ in the upper flange, (2) a
similar rectangle in the lower flange, and (3) a web
rectangle with height 4 and thickness .

The product of inertia of the web rectangle
with respect to the x, y axes is zero (from symme-

try). The product of inertia ( )1 of the upper flange

[ SR

N
| M

A Z-section
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rectangle (with respect to the x,, y, axes) is determined by using the parallel-axis theo-
rem:

(I =1y y, +Ad)dy,
in which 7, , s the product of inertia of the reciangle with respect to its own centroid, 4
is the area of the rectangle. dj is the x coordinate of the centroid of the rectangle, and @ is
the y coordinate of the centroid of the rectangle. Thus,

h b
! =0, A==, d=——=, dy=—;
e (b=0 17272 17

and the product of inertia of the upper flange rectangle is
/
(Ixy)l = lxuyc +Addy =0+1(b —l)L? *%I—g‘}= %(/’l—l)(b—f) .

The product of inertia of the lower flange rectangle is the same. Therefore, the prod-

uct of inertia of the entire Z-section is twice (! v )], or

bt ,
Ixy:E(h—z)(b~t).

Note: This product of inertia is positive because the flanges lie in the first and third
quadrants.



angle section with equal legs (syn. . shape,
equal-leg angle section), 29

angle section with unequal legs, 29

area {of a plane figure). 3

axial moment of inertia (of a planc area) (syn.
second moment (of a plane arca), geo-
metric(al) moment {of a plane area), mo-
ment of inertia (of a plane area)), 5

axial moment of inertia of a composite area, 6

axial moment of inertia of a parabolic
semisegment, 52

axis of symmetry, 7

bulb angle, 29

C shape (see channel section), 29

center of arca (see centroid), 8

center of figure (sce centroid), 8

central axes (see centroidal axes), §

centroid (syn. center of area, center of
figure). 8

centroid of a circatar sector, 43

centroid of a circular segment, 43

centroid of a composite area, 44

centroid of a isosceles triangle, 45

centroid of a parabolic semisegment, 45

centroid of a parabolic spandrel, 47

centroid of a quarter circle, 47

centroid of a quarter-circular spandrel, 48

centroid of a rectangle, 48

centroid uf a right triangle, 49

centroid of a semicircle, 49

centroid of a semisegment of # th degree, 49

centroid of a sine wave, 50

centroid of a spandrel of n th degree, 50

centroid of a thin circular arc. 50

centroid of a trapezoid, 51

centroid of a triangle, 51

centroid of an arbitrary arca. 51

Index

centroidal (central) axial moment of inertia of
arcctangle, 53

centrotdal (central) moments of inertia of a
straight triangle, 53

centroidal (syn. central) axes, 8

centroidal axes of right triangle, 9

centroidal axial momeats of inertia of a para-
bolic scmisegment, 55

channel section (syn. C shape), 30

circle, 30

circle with core removed, 30

circular sector, 31

circular segment, 31

composile area (cross section}, 9

cross section, 10

cross section with one axis of symmetry (see
singly symmetric cross scction), 10

doubly symmetric cross section, 11

ellipse, 31

equal-leg angle section (see angle section
with equal legs), 31

cquilateral triangle, 32

first moment (of a plane area) (syn. static
mioment (of a plane area)), 12
flange, 32

eometric(al) moment (of a plane area) (see

axial mement of inertia (of a plane
area)), 12

geometrical properties of a circle, 53

geometrical properties of a circle with core
removed, 56

geometrical properties of a circular sector, 56

geometrical properties of a circular
segment, 57

geometrical properties of an cllipse, 57
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geometrical properties of an isosceles
triangle, 57

geometrical properties of a parabolic
semisegment (see also axial moment of
inertia of a parabolic semisegment), 58

geometrical properties of a parabolic span-
drel, 58

geometrical propertics of a quarter circle, 58

geometrical propertics of a quarter-circular
spandrel, 59

geometrical properties of a rectangle (see also
centroidal (central) axial moment of iner-
tia of a rectangle), 59

geometrical properties of a regular polygon
with n sides, 60

geometrical properties of a right triangle (sec
also centroidal (central) moments of iner-
tia of a straight triangle), 60

geometrical properties of a semicircle, 61

geometrical properties of a semisegment of
n th degree, 61

geometrical properties of a sine (half-sinc)
wave, 62

geometrical properties of a spandrel of 1 th
degree, 62

geometrical propertics of a thin circular
arc. 62

geometrical properties of a thin circular
ring, 63

geometrical properties of a thin rectangle, 63

geometrical properties of a frapezoid, 64

geometrical proporties of a triangle, 64

geometrical properties of angle sections with
equal legs (1. shapes) (AISC), 65

geometrical properties of angle seciions with
equal legs (L shapes) (GOST
8509-72), 66

geometrical properties of angle sections with
uncqual legs (L shapes) (AI1SC), 68

geometrical propertics of angle sections with
unequal legs (L shapes) (GOST 8510-
72), 69

geometrical properties of channel sections (C
shapes) (AISC). 71

geometrical properties of channel sections (C
shapes) (GOST 8240-72), 72

geometrical properties of $ shapes (1-beam
sections) (AISC), 73

geometrical properties of S shapes (I-beam
sections) (GOST 8239-72), 74

geometrical properties of W shapes (wide-
flange sections) (AISC), 75

hollow box (see thin-walled tube of rectangu-
lar cross section), 32

hellow circular cross section (syn. hollow cir-
cular tube), 32

hollow circular tube (see hollow circular
cross section), 32

hollow square cross section {doubly symmet-
ric), 33

I-beam section (syn. S-shape) (AISC), 33
isosceles right triangle, 33

isosceles trapezoid, 33

isosceles triangle, 34

L shape (see angle section with equal
legs), 34

major axis of ellipse, 34

minor axis of ellipse, 34

moment of inertia (ol a plane area) (se¢ axial
moment of inertia (of a plane area)), 12

noncentroidal axes, 12
open cross section, 13

paraholic semisegment, 34

parabolic spandrel, 35

parallel-axis theorem for axial moments of
inertia (syn. Steiner’s theorem), 13

parallel-axis theorer for polar moments of
inertia, 14

parallel-axis theorem for products of inertia
(syn. Steiner’s theoremy), 14

polar moment of inertia (of a plane area), 15
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polar moment of inertia of a circle, 76

principal axis (of inertia), 16

principal central axes (sce principal centroidal
axes), 16

principal central axes for equal-legs angle, 16

principal centroidal axes (syn. principal cen-
tral axes), 18

principal moments of inertia (at a point), 21

principal point, 22

product of inertia, 23

product of inertia of a rectangle, 77

product of inertia of a right triangle, 77

product of inertia of a Z-section, 78

quarter circie, 35

quarter-circular spandrel, 35

radius of gyration, 24

rectangle, 35

regular hexagon, 36

reguiar hexagon hollow cross section (syn.
regular hexagon tube), 36

regular hexagon tube (sec regular hexagon
holow cross scction), 36

regular polygon with n sides, 36

right triangie, 37

sandwich cross section, 24

second moment (of a plane area) (sce axial
moment of inertia (of a plane area)), 25

section(al) modulus (of the cross section), 25

section(al) modulus of torsion, 26

semicircle, 37

semisegment of # th degree, 37

sign conventicns for a product of inertia, 27

sine wave, 37

singly symmeiric cruss seciion {syn. Cross
section with one axis of symraetry), 27

spandrel of » th degree, 38

square chirancey, 38

square cross section, square, 38

square tubular cross section, 38

S-shape (see [-beam section), 39

static moment (of a plane area) (sce first mo-
ment (of a plane area)), 28

Steiner's theorem (sce paraliel-axis theorem
for axial moments of incrtia, paraliel axis
theorem for polar moment of inerlia, par-
allel axis theorem for product of
ineriia), 28

T-beam. 39

thin circular arc, 39

thin circular ring, 39

thin rectangle, 39

thin-walled rectangalar tube (sce thin-walled
tube of rectangular cross section), 40

thin-walled tube of elliptical cross section, 40

thin-walled tube of rectangular cross seciion
(syn. hollow box, rectangular tube, thin-
watled rectangular tubc), 40

transformation equations for axial moments
and products of inertia, 28

trapezoid, 40

triangie, 41

tube with variable wall thickness, 41

unsymmetric I-beam, 41
W shape (see wide-flange cross section), 41

web, 42
wide-flange cross section (syn. W shape), 42
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Gosibluas ock snaunca, 34
Gyme00BBI yronok, 29

BTOPOH MOMeHT (1motuagu), 25

ICOMETPHYECKHE XapaKTepHCTHK IBYTARPO-
sbix cedennit (IOCT 8§239-72), 74

FEOMETPHYECKHE XaPaK TCPHCTAKM IBYTaBPO-
BLIX CeURTIAH (CTaHAAPT AMEPUKAHCKOrO
MHCTHUTYTA CTANLHBIX KOHCTPYKIM), 73

TEOMETPUYCCKHE XapaKTEPHCTHKH By TABPO-
BRIX ILVPOKOTIONOTHBIX CCUeEmi (CTan-
JapT AMEPHKAHCKOI0 MHCTHTY T2 CTalh-
HbIX KOHCTPYKIHH), 75

FEOMETPHYCCKIEC XAPaKTCPHCTHRH AYTH TOHKO~
0 KPYToBOTO KobUa, 62

FEOMETPHYECKUE XAPAKTEPUCTNKY Kpyra, 55

reOMETPHYECKHE XapaKTeNHCTHKH KpyTa ¢ OT-
BEPCTHEM, 56

TEOMCTPIYECKHE XAPAKTEPHCTHKN KPYTOBOFQ
cerMenTa, 57

TCOMETPHYCCKIC XAPAKTEPACTHRH KPYTOROTO
cekropa, 56

TEOMETPHIECKAC XAPAKTEPHCTHRH napadosin-
9ECKOTO TI0/LyCerMenTa, 58

TE0METPHUCCKHE XapAKTEPHCTUKE FTOMIAM,
orpanuyeHHoH napadoioi, 58

FeOMETPANCCKIE XapaKTCPHCTHKH [UIOTIAH,
orpaxMgeHHO# 11apadoiolt #-i crerican, 62

TEOMETPHYCCKIE XapaKTCPUCTHKH THIOMIAIN,
OTpaHyHeHNO GCTRCPTHIO KpyTa, 59

TEOMETPMHECKHE XaPAKTCPACTHAKH HONYBOJIHbT
CHHYCOMTBI, 62

[COMETPUIECKIE XapaKTePHCTHRH HOJLYKPYYa,
61

TCOMEIPHISCKHE XaPaKTePHCTUKH L0y Cer-
meHTa 1-# crerenn, 61

TSOMCTPHIECKHE XapaKTEPHCTUKH UPAMO-
YrOJIBHUEA, 59

FEOMCTPIIECKAE XapUKTEPHCTHKY UPAMO-
YPOABHOTO TPEYFOJibHIKa, 60

[EOMETPHUCCKHE XaPaRTCPHCHKM paBHoGeA-
PEHHOI'O TPEYTonsHuKa, 57

FEOMETPHUCCKHE XaPAKTEPHCTHKH PABHOCTO-
POHHErG MHOTOYTOJLHIKE C # CTOPOHAMH,
60

FEOMCTPHYCCKHE XapaKTEPHCTHKM CTAV 1Po-
KaTHOH YISTOBOH HEPaBHOMOIOTHOM
(TOCT 8510-72), 69

FEOMETPHYECKAE XapaKTEPHCTHKH CTAMM 1Ipo-
KaTHOH yril0BOH HEPABHOMOI0YHON (CTaH-
apT AMEDPHKAHCKOTO HHCTHTYTa CTalb-
HbIX KOHCTPYKLME), 68

ICOMETPHYECKHE XapaKTCPHCTHKH CTAV IPo-
KaIHOH YITI0BOI paBHOIOI04HOMH
(I'OCT 8509-72), 66

TCOMETPHIECKAE XapaKTCPUCTUKH CTATH 1IPO-
KaTHoH YTI0ROM PaBHOMONOYHOH {CTan-
JapT AMEPHKAHCKOTO MHCTHTYTa CTajth-
HbIX KOHCTPYKITHIA), 65

TEOMETPHUECKHE XAPAKTEPUCTHKH 'TOHKOTO
KPYrOROro Kombua, 63

FEQMETPHUHCCKAE XapaKTEPHCTHKM TOHKOTO
APSIMOYTOIBHNKE, 63

IeOMETPREECKUE XaPaKIePUCTHKH
Tpaneiym, 64

TEOMETPHMECKHC XRPAKTEPHCTHKE TPEYIOMh-
imKa, 64

FEOMCIPHIECKAE XapaKIepuT LUKH YeTBepi
kpyra, 58

PEOMETPHIECKHE XapaKTePHCTHKY 11seniep-
meix cewenuit (1'OCT 8240-72), 72

IeOMETPHYCCKHE XaPaKTEPHCTHRY 1uBemnep-
HHIX CCueHMif (CTatmapT AMEPHKAHCKOrO
HHCTHTYTA CTATIBHLIX KOHCTPYKIRL), 71

TCOMCTPHYECKHE XapakTepHCTHRY Jmrica, 57

TEOMCTPHIECKHH MOMEHT (TUIOLIAMH), 0CeBOM
MOMEHT HHepIHM (1u1owmann), 12

FEOMETPHICCKHI IEHTD TUIOMIM, LISHTP TH-
KECTH wiow@m, 8

reoMeTpRucckui UeATp GHUTypsl, ICHTP THKE-
cTH durypsy, 8

rasHag och (FHepuma), 16

I'7IABHBIE MOMEHTHI MHEPLHH (B ToTkC), 21

TAaBHBIE USHTPaNbHEIC ocH, 16, 18

IIaBHLIE LEHTPAILHBIE OCH CTANK NPOKATHON
YINIOBOH PABHOTIONOUHOH, 16

[TaBPOBOE TIOHEPSHHOC CEHCHMUC (
Kar), 39

ABYTARPOBCE TIONEPEMHOE ceyetne (TIPoKaT)
{AMepHKaTCKUi WHCTHTY'I CTaTBHEIX KOH-
crpyanti). 33

JIBYTAaRPOBOE IMUPOKOTIONOTHOE NOTIEPEHHOE
ceqedue, 41

JIBYTABPOBOE WHPOKOTIONOTHOE TIOTIEPEHHOE

CEYEHNE (MIOCTOSIHHOR TOIIMHEL TI0-

10k), 42

JiB apo-
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KBajpaT C KPyTOBLIM BHIpE3oM, 38

KBAZpPATHOE HONIEPETHOE CeueHne, keazpar, 38

KBaIPATHOE TPY(HaTOE NONCPEIHOE CeUe-
Hue, 38

Kopo6uaToe ceHeHue, TOHKOCTEHHAA Tpyba
TPAMOYTQIBHOTO Ceternd, 32

¥pyT, 30

KPYT C IeHTpasbHbIM 0TBEpCTHEM, 30

Kkpyrosoif cerment, 31

KpyroBo# CeKTop, 31

Manast 0ch JUIHIIC, 34

MOMEHT HHEpIHH (TUTomany), 12

MOMEHT CONPOTHBICERSA (IONIEPETHOTO cede-
uua), 25

HECHMMCTPHYHbIH (Pa3HONONOYHEIH) ABYTABD,
41
HeNeHTpaTbHbIE OCH, 12

0ceBOM MOMEHT HHEPUHH (TUIOMANH) (CHH.
BTOPOH MOMEHT (IIOLIA/IH), [eOMeTpHYe-
cxui MOMeHT (IUomanm)), 5

0ceBOil MOMeHT MHEPUH NapaboHIecKoro
TONYCerMeHTa, 52

0CEBOI MOMEHT HHEPIIHH COCTABHOH ILTOMNA/IH,
6

0Ch CHMMETpHH, 7

OTKpBITOE NONEPETHOE CEYEHNME, HEIAMKHYTOe
ToriepeHoe cedcHHe, 13

napabosmueckuii TOMyCETMEHT, HOyCErMEeHT
mapabomsy, 34

IICPBEL MOMEHT (IUIOMATH), CTATHIECKHH MO-
MexT (Iiomamx), 12

nnomans (Locko# GErypel), 5

IIOmAIs, OrpandieHHad napaGonoi n-ii cTe-
resy, 38

WIOIA/H, OTPaHHIeHHAs ITapaGooH, Nox-
CBOTHOE IPOCTPAHCTBO IapabomsL, “napa-
SommecKiy vrompauk”, 35

IUIOMIANh, OTPAHIYCHHAN YETBEPTHIO KPYTa,
HOACBOKHOE IPOCTPAHCTBO YETBEPTH KPy-
ra, 35

nonad Kpyrosas Tpy0a, Tpy(aaToe nonepetioe
cesdenne, 32

FIOJN0E KBaPATHOE OTEPedHOE Cedenwe, 33

(momy)Bornta cHEycommE, 37

monyxpyr, 37

TIONYCErMEHT #1-it cTemens, 37

TIONAPHBI MOMEHT HHEpIHH (IUiotiazmy), 15

[OJAPHBI MOMEHY MHEPLMHK KPYTa (KpYIJIoro
ceuenus), 76

TONAPHbI MOMEHT CONPOTHBNEHKS, 26

nonepedHoe cevenne, 10

ITONEpeYHOE CEUCHHE C ABYMA OCAMH CHMMET-
pyy, 11

FOTIEPEIHOE CEYCHHE C OFHOH OCHIO CHMMET-
pun, 10,27

nosic, noJika (Gaky ABYTaBPOBOTO IGIEPEIHO-
O ceyeHHs), 32

IPARIIO 3HAKOB 11 HERTPOGEKHOTO MOMEHTA
wHepuHy, 27

NpAMOYTOIBHas Tpy6a (Tpyfa MpAMOYTONEHO-
ro cederns), 40

NPAMOYTONBHHK, 35

[PAMOYTO/TLHBIN TPEYTOMBHHK, 37

paBrOGePEHHEN IPAMOYTOMBLHLI TPEYTOTh-
HHK, 33

paBrOGE/PeHHEL TPEYrOILHHK, 34

pasroGokas Tparernys, 33

PaBHOCTOpOHEEE IECTHYTONbHOE TpyGaaroe
HONEPETHOE CEUeHHE, 36

PABHOCTOPCHHHK MHOTOYTOJIBHHK C 12 CTOPO-
HamH, 36

PaBHGCTOPOHHMH TPEYTONBHUK, 32

PABHOCTOPOHHI IECTHYTOIBHIK, 36

paiayc UHepiH, 24

COCTABHAS! IUTOMAND (TONEPEHOE CedeHHE), 9

COCTABHOE MHOTOCTIONHOE TIONEPCIHOE CEHe-
Hme, 24

crans ropsuexaratas. [[Benneps! (cyst. mBen-
fieproe cederHe, mBeep), 29-30

CTAJTb IPOKATHAA YITIOBAs HEPABHOMONOTHAL
(cHH. HEPABHOGOKOE YTOIKOBOE CEICHHE,
yrosiok HepasHoGOKHit), 29

CTaims IpoKaTHas YIIOBas PaBHOIOIOY-
nag,31,34

CTANE MPOKaTHad YTI0BaA PABHONONORHAS
(crm. paBHOBOKOE YTONKOBGE cevente), 29

CTaTMYecKui MOMEHT (TUIomann), 28

Creitsepa Teopema, 28

CTerKka (TOHKOCTEHHOFO HONEPETHOTO CCHEHHA,
Hanp. AByTaBpa), 42

TABPOBOE CEYEHHE, TaBp, 39

Teopema o iapa/LIesLHOM NEpeHoce ocell, Teo-
peMa 06 0CeBEIX MOMEHTAX HHEPIHMH OT-
HOCHTEILHO OCEH, MaparUIebHbIX KCXO-
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HBIM UEHTpAILHBIM. 13

TEOPCMA O TIONAPHOM MOMEHTC HHEPIHH IPU
IaparsieNi-HOM 1Iepetoce oceit, 14

TEOPEMA O UEHTPODEKHEIX MOMEHTAX HHCPIHH
OTHOCKICITLHO TIAPBI OCEH, NapanienbHhX
HCXGHBIM IIEHIPaIbHBIM, 14

TOHKad AyTa xpyra. 39

TOHKHI JIPIMOYTOILHEK, 39

TOHKOC KPYToBOe KonbLo, 39

TOHKOCTCHHAA TPyOa IPAMOYTOITBHOIG Ceuc-
1w, 40

TOHKOCTEHHaA TPYGa L UHITIFIECKOTO TIoTie~
pertoro ceuenust, 40

TOYKA-HAYATIO TIaBHKIX ocell uuepiwn, 22

Tpancims, 40

TPEYroMLHAK, 41

TpyGa ¢ HepeMesHoN TOIMHOM cTeHky, 41

Tpy0uaroe rotepedHoe ceucrue, 32

VPABHEHHA jYisl TIPEOGPA30BAHIA OCEBAIX 1
LEHTPOOCIKHOIO MOMEHTOB HCPIAK Ll
NOBOpOTE Ocel, 28

HEHTP “IsHKecTH” (IO JBOMHRY CHHYCA, Fe0-
MCTPHYECKHI 1EHTD (110JTy }BOTHBI CHEY CR,
50

HEHTP “THRECTH JIYTH TOHKOTO KpYroBOro
KOJIBIIA, TCOMCTPUICCKMET LIEHTD J[yTH TOH~
KOTO KPYIOBOTO KOTbua, 590

HCHTD “BHKECTH” KPYTOBOrO CEIMENITa, reo-
MCIPUUECKHNI LIEITP KPYTOBOIO CErMeNTa,
43

ICHIP “DDKECTH ' KPYTOROTO CCKTODA, [EOMeT-
praecKuii LEHTP KPYTOBOIo cexropa, 43

LenTp “rmxeeTd’” NapabomHecKOro MoMycer-
MCHT, FCOMETPHYSUKII LCHTP Tapabomi-
HECKOTO NOTYCerMeHTa, 45

HEHTP “THKeCTH MWIOIIATH, OTPAUHMCHAOH
napabonoil si-if CreneHu, reoMeTpHHeCKi
UEHTP IO LM, OF PAHHHEHHOM uapabu-
0¥ y-i crenenn, 50

HEHTP “TAAKECCTH 1LIOLHAIM, OFPAHUMCHHO
napabosion, TCOMETPHIECKHH UCHTP 1010~
HIaiy, OTPaHM4CHHON Hiapalomoi. 47

HEHTD “TAKECTA™ 1I0IHAIH, OTPAHMYCHHO
HETBCPTRIC KPYTa, FEOMETPITICCKAN HEHTD
TUIONIA/Y, OTPAHIMEHIION YeTREPTHIO KPY-
ra, 48

UCHTD ““Is%eCTH MOTYKPYTa, FeOMETPHIECKHH
TICHTP HOTYKpyTa, 49

HEHTP “TAXECTH 1101y CErMEHTA 1-1 CTENeHTL.
ICOMETPHHYCCKMIA HIEHTD TOJTY CETMEHTa 1-i
creneny, 49

HEHTP “ISKCCTH IPOM3BOILHOM IDIOLIANH,
reoMETPHIECKHIA EHTp [POM3BOIBHOIN
mwiomamm, 51

HEHTP “THKECTH APSMOYIOLHUKA, TeOMET-
PYMCCKHH LIEHTD LIPAMOYTOTbHUKa, 48

HEHTP “THKCCTH TIPAMOYIOHBHOTO TPEYTO b=
HVIK4, TCOMETPHUCCKUI LIEHTD NPAMO-
YTOJBLHOFO TPCYTOiIbHUKS, 49

UCHTP “THAKECTH PaBHOOEIPEHIONO TpeyIoL-
HEK4, FCOMETPHYECKHH LielrTp pasHobes-
PEHHOIO TPeYroNbHuKa, 45

HCHTP “TSOKCCTH' COCTABHOTO CEUEHMS, TE0-
MCTPRYCCKMI HEITTP COCTABHOT( CEUeHHS,
44

HEHTP “THKECTH” 'TParIeli, TeOMETPHYUCCKII
[EHTP Tpaucumy, 5§

LEHTP “THKECTU” TPEYrONsHAKY, TCOMETPHYE-
CKAI USHTIP TPCYTOibHnKa, 51

UEHTP “TKECTH YErBCPIA KPyTa, TEOMETpH-
4CCKHH LCHTP HeTBepTy Kpyra, 47

UCHTPAILHBIC OCEBBIE MOMENTH! HHEPIIMHN lia-
PabOIMHECKOTO TOTY CErMEHTa, 55

NEHTPATLHBIE OCERBIC MOMCHTHE MHCPLMA s~
MOYTOJBHOTO TPCY FOiTbHUKE, 53

HENTPATEHRIE OCH, §

UEHTPATHHBIC OCH HPIAMOYI0LHOTO TNEYTOIh-
HRKG, 9

HEHTPAILHBLT GCEBOM MOMEHT MHEPHMH TIPS~
MOYIOTbHENKa, 53

HCHTPOOCHKHBIA MOMSHT UHEPIIHK, 23

HCHTPOOCHHBIH MOMEHT HHepLIH Z-00pasHero
ceuern, 78

GCHTPOOEAHBII MOMCHT HHEPLIHH TIPAMO-
YrOsHMKa, 77

LEHTPOOEKHLHE MOMCHT HHCDLMN HPSIMO-
YPOJILHOTO TPEYTONbHAKA. 77

qeTRepTL Kpyra, 33

anammc. 31
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OynrGoBHIt Ky THK, 29

BENMKA BiCh eMMiTIca, 34

BI/IKPHTRIA ONEPETHIN 1ICPEPI3, HC3AMKHE-
HHi nonepedHui nepepis, 13

BiITICHTPORMI MOMEHT iHepiii, 23

BLUEHTPOBHI MOMEHT iHepHii Z-noibHoTo
nepepisy, 78

BIIICHTPOBHIT MOMEHT iHEPIIT TIPAMOKY THH-
K4, 77

Bi/IEHTPOBUIl MOMEHT HEPL{T NMPAMOKY THO-
O TPAKYTHUKA, 77

Bich cumeTpil, 7

reOMeTpUHBHI MOMCHT (IL10ILLE), OCBOBNIL
MOoMeHT iHepuil (mnomi), 12

TEOMETPUUHHMIA LEHTP ILIOII, HEHTP Bark
naomi. 8

TCOMCTPUYHAL 1ICHTP IUTOI, HEHTD Bard
nyoud, 8

TeOMETPHYHI XapaKTePHCTHKY JTBOTABPOBHX
niepepizis (Jepxcrangapr 8239-72), 74

reoMeTpHYHi XapaKTEPACTHKH JROTABPOBAX
nepepiziB (CTaHAEPT AMEPHKAHCLKOTO
iHCTHYYTY CTANIRMMX KOHCTPYKIH), 73

reoMeTpuHLl XapaK repHCTAKM JBOTaBPOBUX
ITHPOKOLCTIMHUX NEPEPi3iB (CraHiuapT
AMepUKAHCEROTO IHCTUTYTY CTATHHUX
KOHCTpYKUiit), 75

FeOMETPHURI XapaKTCPHCTHKH JyTM TOHKOTO
KPYroBOTO KiTb1ld, 62

rCOMETPHYHI XapaKTepyucTHkH eninca, 57

[COMETPHYH] XapaKTepUCTUKH KpyTa, 55

reoMeTpUYHi XAPAaKTEPHCTHKY KPyra 3 OTBO-
poM, 56

TEOMeTPHTHI XAPAKTEPHCTHKY KPYroBOro
cextopa, 56

[€OMETPHYH XapAaKTEPUCTHKA MIBCETMEHTA
n-ro cTercHs, 61

FeOMETPHIHI XAPaKTepHCTAKY HapabomiiHo-
ro miscermenva, 58

FEOMCTPUYHI XApaKTePUCTHKHM THBKpYTa, 61

reoMeTpIHi XapaKTepHCTHKY MiBXBUIL cH-
Hycoinm, 62

FEOMETPIMHI XapaKTEPUCTHIM IO, 00Me-
#xenoi napabonoro. 58

TEOMETPHYHI XapaKTepUCTHKA N0, 0OMe-

KeHoi napabo10io n-ro creiens, 62

FeOMCTPHTHL XapaKTCPHCTHKY TIOUTH, 0Ome-
HeHOT TIBEPTIO KpyTa, 59

reoMeTpHYHI XapaKepPHUCTHKH IPAMOKY THH~
Ka, 59

reOMETPHYHI XapaKTePUCTHKHA NIPIMOKY THOTO
TPUKYTHMKa, 60

reOMETpPHYHI XapaKTePHCTHKH piBHOGCApE-
HOTO TPUKYTHUKA, 57

TEOMETPHYHI XapaKTePHCTHKY PiBHOCTOPUH-
HLOTO DAraToOKyTHHKA 3 # CTOPOHaMH, 60

TEOMETPHUH] XapakTePHCTHKH CCIMEHTA Ky~
ra, 57

TeOMETPHYHI XaPAKTCPHCTHKH CTati IPOKaT-
HOI KyToBOi HepiBHODOMMHOT (JlepXk-
craugapt 8510-72), 69

PCOMETPHYH] XaPaKTePHCTHKH CTali HpOKaT-
HOT KyTOBOI HepiBHOTIONAIHOT {CTaHIapT
AMEPHKAHCHKOTO 1HCTHTYTY CTABHUAX
KOHCTpYKIiit), 68

FCOMETPUTHI XapaK ePHCTHKI CTalli NpoKat-
HOT KyT0BOI piBHONO;MuHO (epx-
craunapr 8509-72), 66

TEOMETPATHI XapAKTEPHCTHKH CTali Apoxat-
HOi KYTOBOT piBHONONYHOT (AMeprKal-
CBKOTO IHCTHTYTY CTAbHHAX KOHCTPYK-
wiif), 65

TEOMCTPUHHI XaPaKTePUCTHKH TOHKOTO Kpy-
FOBOTO Kinbii, 63

TCOMETPHIHI XapaKTEPUCTHKY TOHKOIO Ipsi-
MOKYTHHKa, 63

TCOMETPHIHI XapakTePHCTHKH Tpaieiil, 64

reOMETPITIH] XapaK1ePUCTHKH TPUKY IHI-
Ka, 64

TEOMETPHYHI XapaKTePHCTHKY YBCpTi Kpy-
ra, 58

rCOMETPHIEL XapaKTePHCTUKH LIRCHCPHAX
nepepiais (Jlepxcraniapr 8240-72), 72

reOMCTPHYHI XapaKTCPACTHKH HIBEICPHIX
nepepizis (CTAHAAPT AMCPHKAHCHKOTO
JHCTHTYTY CTalbHWX KOHCTpYKIif), 71

ronosHa Bick (iHepuii), 16

TOIOBHI MoMeHTH inepuii (y Touni), 21

rosioBHI LEHTpaisHi oci, 16,18

YOJIOBHI LEHTPanbHI 0Ci CTam HpoKaTHO! Ky-
TOBOT piBHOTIO;IMTHOT. 16
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JBOTARPOBMI HOTIEPEYHNI nepepis (1po-
Kkar), 39

JIBOTABPOBMIA HIOTIEPCHHUH nepepis (npokar)
(AMEPMKAHCHKIHN THCTHTYT CTATLHNX
KOHCTPYKI#), 33

JBOTABPOBHA MIMPOKOTONMIHAN HOICPEYHIH
mepepis. 41

JUBOTABNOBHA [IMPOKOTIONHHAH HOTEpeHYIil
nepepis (oCTifHOT TOBIMHY 110-
anp), 42

Jpyruif MOMeNT (o), 25

emine, 31

KBa/JIPaT 3 KPYTORMM BHPI30M, 38

KBalparuuii nonepednmit uepepis, kpax-
par. 38

KRapatHMi Tpy6dacTuil noucpe AN nepe-
pis, 38

kopobuactall niepepis, TOUKOCTIHHA TpyGa
APIMOKYTHOTO 11Cpepisy, 32

Kpyt, 30

KpPYT 3 UCHTPAILHNM 0TBODOM, 30

Kpyroruii cerment, 31

Kpyrosuft cexiop, 31

Mana Bics eninca, 34
MOMEHT inepuit (torormd), 12
MOMCHT OTIOpY {[ONEpeHHoro mrepepizy), 25

HECUMCTPHUNIME (PI3HODOTHANHI) 1BO-
Tanp, 41
HELCHTpanbr oci, 12

OCBOBHII MOMEHT iHepii {fnowyi) (cHH. j1ipy-
FHI{ MOMEHT (FTOIN1), TCOMETPITHI
MOMENT (1u1010)), 5

OCHOBUIA MOMEHT THCPUIT TapaboaitHore nis-
cervesTa, 52

0CKOBUI MOMEHT IHEPUIT CKIIRICHOY 1IOLI, 6

napaGoniduanii HiBCCIMEHT, TMBCCTMCHT TTapa-
6onn, 34

HEpIIAA MOMEHT (TUTOIHI), CTaTHYHHiA MO-
MenT (o), 12

niskpyr, 37

IHBCCIMEHT A-T0 CTeNEeHs, 37

(miByxenns cunycoium, 37

1oma (maockoi girypm), 3

110U, 0OMCKeHa Napabo:1010 #-To
crenens, 38

TI0ME, OOMEIKCHA IPADOIION, 111 ACKIICITIH-
Huit npoctip napabonu “napaGoniunmii
TPUKYTHHK, 35

1LI0Ha, 0OMeKeHa YBEPTIO KPYTa, MiAcKic-
UHHW 1IpocTip aBepri KpyTa, 35

nonapuuii MOMeHT iRepuii (rnom), 15

1O#APHAH MOMENT 1nepuii kpyra (kpyrioro
nepepizy), 76

HOMSIPHAR MOMEHT omopy , 26

nonepetHi nepepis, 10

HOMENEUHIEHA NePepis 3 ABOMA OCIMU CUMET-
pii, 11

THOMNEDETHUI TePEPi3 3 ONHICIO BICCH) CuMeT-
pii, 10, 27

NIOPOIKHIICTA KpyroBa TpyGa, TpyGuacruii
LOFEPEUHIIA riepepis, 32

1108C, TIONALE (GATIKH TBOTABPOBOI'O 10TIC-
PETHOTO nepepisy), 32

TIPABUIIO 3HAKIR /LA BLLEHTPOBONO MOMEHTY
imepuil, 27

IIPSMOKYTHA TpyGa (Tpyba RpIMOKy THOTO
nepepisy), 40

NPAMOKY THUH TPUKYTANK, 37

HPAMOKY THHK, 35

UVCIOTUIMIE KBAAPATHHI HoNepesi il liepe-
pia. 33

paniyc inepuii, 24

piBHOOeApEHNE IPAMOKY THWI TPAKYTHUK, 33

piBHOGCAPCHIIT TPUKY THHK, 34

pisnoGoka Tpaneiis, 33

PiBHOCTOPOHHI GaraToKy THIK 3 # CTopona-
MH, 36

NonepedHuii nepepiz, 36
PIRHOCTOPOHHIH IIECTHKYTHHK, 36
PIBHSHNA 1 TICPETBOPSHHS OCHOBHX Ta Bij-
HEHTPOBOTO MOMCHTIB IHEpUil 1TPpH NOBO-
poTi ocedt, 28

CKJiajieHa 110 (nonepedHii mepepi), 9
CKIAACHK DararowapoBMii nonepeyutmii 1e-
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pepis, 24

crans rapsuckaraga. [lseaepn (cuil. msciie-
pruii Tiepepis, wmenep). 29, 30

CTans MPOKATHA KYTKOBA HEPIBHOYIONMIHA
{cuH. HepiBHOOUKLH Ky THHKOBHI Ticpe-
pi3, KyTHK HepikHoOOKH#), 29

CTanb IPOKATHA KyTOBA PIBHOTIONAY-
Ha, 31,34

CTaib HPOKATHA KyTOBa PIBHOTIOMHIHA (CHHL
pisHOGOKK Ky THHKOBHI repepis), 29

craTHYEuMit MomenT (o), 28

CreiiHepa Teopema, 28

CTifKa (TOHKOCTIHHOTO HOTIEPEHOTO TIepepi-
3y, Hanp., [BOTaBpa), 42

TABPOBHI Ticpepi3, Tap, 39

Teopema npo BLAUEHTDOB] MOMCHTH iHcpiii
BiHFIOCHO LIapH OCCH, NApATICTLHEX BH-
XinHuM neHTpansHnM, 14

TeopeMa 1po NapajieNbiiii 11CPEeHoC ocei,
TeopeMa [Po OCbOBI MOMERTH iHepnii
BIAOCHO OCEH, MapanelbHIX BUXIAHAM
HenTpanbruM, 13

TeopeMa TIPO TO/APHAN MOMEHT iHepii npn
TapanenpHOMY fepenoci ocelt, 14

Towuxa Ayra xpyra, 39

TOHKE KpYroBe kiisie, 39

TOHKHIT IPAMOKY THEK, 39

TOHKOCTiHHa TpyDa eninTU4HOTO I0NepeyHo-
ro uepepizy, 40

ToukocTiHia Tpy6a NpIMOKYTHOTO li€pepi-
3y, 40

TOUYRa-T0YATOK FONOBHMX ocel iHepuit, 22

tpaneis, 40

TpHKy THUK, 41

Tpy6a 3i IMiHHOIO ToBUMHOW CTiHkH, 41

TpyGuacTril monepeuk Hepepis, 32

eHTp “Bark” (MiB)XBHJI CHHYCA, ICOMETDH-
ynii nedTp (LiB)XBHIi cuHyca, 50

LeHTp “BarW HOBLTEHOT MO, TeOMETPHY-
HWit LEHTP JOBLIBHOT Tuiomi, 51

LieHTp “‘Bark” oyr'd TOHKOrO KPYToBoTo Kib-
s, FEOMETPHYHUH LIEHTP JyT'H TOHKOTO
Kpyrogoro kisiy, 50

IIEHTp “Bard’’ KPyTOBOTO CETMCHTA, FEOMCT-
prHEi LeHTp KPYToBOro cerMeta, 43

LeHTp “pard” KPYrOBONO CEKTOPa, FEOMETPU-
S NEHTP KPYTOBOrO cexTopa, 43

LEHTP “BAru’’ MBCETMEHTa N-1'0 CTCNEHA,
FEOMETpHIHHUY [[CHTP NIBCETMEHTA 1-T0
creniens, 49

niesTp “Barn” 1apaGoTiTHOTO TiBCETMEH13,
FEOMETPITIEMI LICHTP Mapadoiuioro
niBcermenta, 45

TenTp “Baru’” MBKpyra, reoMeTpusHu
ueHTp niskpyra, 49

TicHTp “pary” ILIOLL, 06MEKEHOE napabonolo
#-TO CTETeHs, PFCOMEeTPHIHUE LieHTp
15I0I, 06MEXeHOT TTapabolioro n-To cTe-
nend, 50

UCHTp “Baru” TIOLL, 06mexenoi uzpabo-
J1010, TEOMCTPIYHHMI LEHTP o1, 00~
MexeHot uapatonow, 47

TieHTp “Bary’” Mo, 0GMEXEeHOT YBepTIO
KPyTa, TEOMCTPIIIRA LIeHTD Tnowl, 06-
MEKCHOT YBEPTIO Kpyra, 43

HeHTp “BaTi” IPAMOKYTHHKA, TEOMETPUTHFI
(TEHTp TIPAMOKY THHKa, 48

nenTp “avd’ MPAMOKYTHOTO TPUKYTHHKA,
reoMCTPHUHHI LCHTP TPAMOKY THOTO
TPUKYTHHKA, 49

HEHTp “Baru” PiBHOOEAPEHOTO TPHKY THHKA,
reOMeTPHTIH EHTP PIBHODEAPEIIOTO
TPUKyTHHKA, 45

LiCHTD “BarA” CKIAJEHOTO HEPCPizy, reomet-
PIIHHMIE HEITP CRIAeHoro Tepepisy, 44

LIGHTp “Bary’” TPAICHl, TeOMCTPUHHUA HICHTP
Tpanenii, 51

TieHTp “Barn’ TPUKYTHUKA, TeOMETPHUHUM
[IEHTpP TPUKYTHAKA, 51

LEHTp “Bark’ YBEPTI KPyra, FeOMETpHInIHii
entp gsepri xpyra, 47

NeHTPAITLHNI OCLOBHH MOMEHT inepuii npst-
MOKYTHHEKa, 53

UeHTpaBHI oct, 8

LEHTpaIbHI 0Ci NPAMOKYTHOTO TPHKY THH-
xa, 9

HEHTPaTEHI 0cLOBi MoMeHTH itepii apato-
TiMHOro NiBCErmMeHTa, 55

IEHTPaNbHi OCHOBI MOMEHTH iHepLil npamo-
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